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Abstract

A wide range of electronic, optical and magnetic properties of solids are
determined by electronic structure. Computational methods, such as density
functional theory, have been used successfully to model electronic structure
and thus allowed the investigation and prediction of properties of materials.
However, even now, the high computational cost of these ab initio methods
severely limits their applicability in material modelling to thousands of atoms
for static and hundreds of atoms for long-time dynamic simulations.

In modelling tasks involving only the mechanics of the atoms, one may
bypass the electronic structure model entirely and replace it with a surrogate
interatomic potential (IP), a functional form that may be fitted to theoretical
data from a high fidelity ab initio model. The aim of this thesis is to provide a
rigorous basis for IP models by justifying some of the underlying assumptions, in
particular with an eye towards physics-informed machine learning approaches.

More specifically, we consider the tight binding model, a quantum mechan-
ical model sharing many similarities with the more complex Kohn-Sham density
functional theories, and prove that the potential energy landscape (PEL) can
be decomposed into atom-centred site energy contributions depending only on
atoms within a small cut-off radius of the central atom. Moreover, we obtain
error estimates for body-ordered approximations, which allows one to reduce
the dimensionality of the site energy contributions. In particular, we are able
to decompose the PEL into low dimensional components which are easier to

analyse, manipulate, and fit.
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CHAPTER 1

Introduction

“The underlying physical laws necessary for the mathematical theory
of a large part of physics and the whole of chemistry are thus
completely known, and the difficulty is only that the exact application
of these laws leads to equations much too complicated to be soluble.
It therefore becomes desirable that approximate practical methods
of applying quantum mechanics should be developed, which can lead
to an explanation of the main features of complex atomic systems

without too much computation.”

— P. Dirac, 1929 [37]

Many properties of materials observed at the macroscopic scale are ulti-
mately driven by the quantum mechanical laws governing the behaviour of
matter at the atomistic level. A drastic example of this phenomenon is the
formation and evolution of defects in crystalline solids, a process involving the
breaking and formation of chemical bonds and thus also on the quantum mech-
anical nature of the electrons, which has the potential to lead to catastrophic

failure on a macroscopic scale, with serious consequences for engineering ap-



plications.

However, except in the very simplest of cases, the governing equations
necessary for a complete description of these physical systems are far too
computationally expensive to solve. Therefore, a hierarchy of approximate
models must be considered where a reduction in computational complexity
is obtained at the expense of accuracy and transferability. Depending on
the application, one chooses an approximate model that is sufficiently rich to
describe the physical phenomenon of interest, while remaining computationally
tractable.

Figure 1.1 illustrates a ladder of approximations of the many-body problem,
allowing for the simulation of larger system sizes and longer timescales but
at the cost of accuracy. In the following sections, we describe the successive
coarse-graining steps starting from Kohn—Sham density functional theory
(DFT), which is itself already an approximation to the underlying quantum

mechanical many-body problem, to interatomic potentials.
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Figure 1.1: Schematic representation depicting coarse-graining of the underlying
quantum mechanical many-body problem. The solid box indicates the main
focus of this thesis. Image courtesy of Gabor Csanyi.



1.1 Electronic Structure Models

A first and commonly made approximation to the fully quantum mechanical
many-body problem is the Born—-Oppenheimer approximation where the nuclear
degrees of freedom are approximated by discrete points in space whereas
the electrons are quantum mechanical particles. Indeed, this is a reasonable
assumption in most situations because the mass of the electrons is much smaller
than that of the nuclei and the electrons move with a higher velocity. Therefore,
for a system of N nuclei with positions r € (R?)" and charges Z € R¥, the
electronic degrees of freedom are governed by the high-dimensional wave
function ¥: (R3)" — R solving the time-independent Schrodinger equation
HY = EoV where Fy is the smallest eigenvalue of ﬁ, representing the ground
state energy of the system.

The extremely high-dimensionality of the many-body wave function motiv-
ates the mean field approximation where the interactions between the electrons
is replaced with a potential representing the mean potential generated by the
electrons. This idea, together with the observation that ground state properties
of the system can be written as functions of the electron density [72], leads to
Kohn—Sham density functional theory [78]. In this context the single particle

Schrodinger equations are known as the Kohn—-Sham equations:

(= 58+ Ve lol(r) ) ou(r) = () (L.1.1)

p(r) = 3 lu(r)P (1.1.2)

n ocC

where Vog[p] = Vext + Vi[p] + Vic[p] is an effective potential (depending on

the electron density p) describing the interaction between the nuclei and the

electrons and between the electrons themselves. Here, Veyi(r) = ), %

is the potential generated by the nuclei (where Z; are the atomic numbers),

Vilpl(r) = [ £ (_r;),ldr’ is the Hartree potential representing the repulsion

|r

between the electrons at the mean-field level, and Vi.[p] is the exchange-

correlation potential, an (unknown) universal function of the electron density



which must be approximated. We may interpret &, as the energy of the
electron occupying orbital ¢, and the summation is over the occupied (lowest
energy) orbitals. In particular, the Kohn—-Sham equations must be solved self-
consistently. That is, for a fixed input density p™, the effective potential Vg[p™]
is constructed, the (linear) eigenvalue problem (—iA + Vig[p™])1hn = e,y
is solved, and the output density p°'® = 3" |4,|? is defined. Then, a new
input density is constructed from previous output densities and the procedure
is repeated until self-consistency (i.e. until the input and output densities are
equal to within a given tolerance).

The computational cost involved in solving the linear eigenvalue problem
step scales cubically with respect to the system size N which limits the ap-
plicability of such calculations to systems consisting of tens to hundreds of

atoms [86)].

1.2 Tight Binding Models

Throughout this thesis we will consider a class of tight binding models which
can either be seen as discrete approximations to density functional theory [53] or
alternatively as electronic structure toy models sharing many similarities with
the more complex Kohn—Sham DFT. Tight binding models therefore provide a
mathematically convenient framework allowing one to study properties of the
system without the need to deal with the additional technicalities related to
the continuous setting and underlying system of partial differential equations.

We briefly introduce the construction of the tight binding Hamiltonian from
the Kohn-Sham equations (1.1.1). To each atomic site ¢, we assign N}, local
“atomic orbitals” ¢y, = ¢z, .q( - —7¢) centred on r, and only depending on £ via
the atomic species Z;. Then, by projecting the Kohn—-Sham equations (1.1.1)
to this basis (that is, writing ¢, = >, Cp kp®rp), We obtain an approximate

discrete operator eigenvalue problem which is the basis for the tight binding



framework:
HC,, = ,S5C,, (1.2.1)

where the Hamiltonian is given by Heq b == [ qﬁgaﬁqﬁkb and Spa kb = | GraPrb
is known as the overlap matrix. Since the orbitals ¢y, are localised about
atom /¢, the discretised Hamiltonian H has off-diagonal decay. By applying the
Lowdin transform, we can (with out loss of generality) assume that {¢y,} is
orthonormal (that is, S =1d) [12,29].

The specific form of the tight binding Hamiltonian discussed in this thesis
(that is, the three-centre model described in §2.2) is obtained by approximating
the effective potential with a sum of site contributions Veg = >, Vg =

>0 Vett,z, (- — 7¢) and noting that

1
Heakp = 2/V¢ea'V¢kb+/¢ea(Veﬁf,e+%ﬁf,k)¢kb+ Z /¢eaVeﬁf,m¢kb
mg{l,k}

— 5 [ Vo Vozna(- —ra)
+/¢>Zéa (Veff,Zg + Vet z, (- — Tﬁk))¢zkb(- — Tek)

+ Z /¢Zea(' — Tem)Vert, 2, 02,0 (* — Thom) (1.2.2)
me{l,k}

where 7y, = rp — rp. This defines the linear three-centre Hamiltonian used in

this thesis.

1.2.1 Self-consistent Tight Binding

Of course, the effective potential should depend on the electron density p(z) =
S falthn(x)|? (where f,, are the occupation numbers depending on &,, from
(1.1.1)) which in turn depends on the Hamiltonian itself. In particular, (1.1.1)
or (1.2.1) must be solved self-consistently. For example, if we assume a local
density approximation (LDA) for the exchange-correlation energy Fy. =

[ p(z)exc (p(m)), the effective potential V g may be approximated by the sum



of the following site contributions

Pl Z ‘x ?NI + exe(p(2)) + p(z)ere(p(x)) (1.2.3)

~D [ o= m (sxc(pz) + peei(c(pe)>><zvé(x)] (1.2.4)
)4

where Ny := 7y + Ny, is an atomic neighbourhood of ry (possibly depending on
the atomic species Z;) and py =, fo >, |Cn.eal?. Therefore, (1.2.2) should

contain terms of the form

|:Qm/ |¢€a¢kb ch(pm) +pm5;c(pm)) /Nm ¢Za¢kb:| (125)

~ Ok, [5ab Z g + vg(pg)ab] = (5@k[vg]ab (1.2.6)
Ttm
m#l
where 7, == |Pom| = |Pm — 74|, g0 = pe — Zy are the partial charges, and vy is

some function with values in R™Vo*™  Here, we have used the fact that {¢g,}
is a local basis to make the approximation me GraPrp ~ 0 unless £ =k =m
Throughout this thesis, we suppose that vy is diagonal with constant diagonal,
which simplifies the notation without affecting the results presented.
Therefore, the self-consistent tight binding Hamiltonian considered in this

thesis takes the following form

H(p)takp = Hip g + Sendapv(p)e (1.2.7a)
- Z fn Z 1Chtal” (1.2.7b)
where Hip|Cp = enCy (1.2.7¢c)

and H is the linear tight binding Hamiltonian of the form (1.2.2). Since the
Hamiltonian depends on the electron density which in turn depends on the
eigenpairs of the Hamiltonian, (1.2.7) is a system of nonlinear (self-consistent)
equations. The formulation (1.2.7) naturally incorporates the density function
tight binding (DFTB) method [49,79,106].

In Chapters 3 and 4, we consider the case where r and v are independent



inputs into the Hamiltonian and show that the site energies Fy from (1.4.1) are
local functions of {(7g,vx)}. In Chapter 5, we discuss self-consistent models
and describe the extent to which the results can be extended to this setting. We
briefly note here however that our analysis explicitly excludes full long-range
Coulomb interactions and must instead consider the screened Yukawa potential
> mte %e‘”’”m (for some 7, > 0), for example. We briefly comment on the

Coulomb case in §5.5.1.

1.2.2 Bond-order Potentials (BOP)

Due to the underlying eigenvalue problem, standard implementations of the
tight binding model scale cubically with the number of particles in the system.
However, to access key quantities of interest, only integrals with respect to
certain spectral measures (the local density of states (LDOS)) are required
rather than the whole eigen-decomposition of the Hamiltonian.

The main idea behind bond-order potentials (BOP) [39, 54, 74] is to bypass
the eigenvalue problem by instead approximating the LDOS directly using only
the information from finitely many moments [H"|g where H is the tight binding
Hamiltonian (1.2.2). Since H is sparse, BOP methods are linear scaling [57].

Related approaches, albeit in a slightly different setting, are the linear-
scaling spectral Gauss quadrature (LSSGQ) [116] and spectral quadrature
density functional theory (SQDFT) [117] methods where the LDOS is approx-
imated by various quadrature rules.

We show that the quantities of interest in the BOP formalism converge
exponentially to the corresponding tight binding quantities, thus rigorously
justifying this linear-scaling approach. Moreover, we go some way to justify

the LSSGQ and SQDFT methods.

1.3 Interatomic Potentials

The high computational cost of electronic structure models (e.g. naive imple-

mentations of tight binding models scale cubicly with the number of particles)



motivates the use of surrogate models for the simulation of materials, devised
to remain computationally tractable but capture as much detail of the reference
ab initio potential energy landscape (PEL) as possible.

Therefore, it may be advantageous to replace the electronic structure model
with an interatomic potential (IP). Empirical IPs are purely phenomenological
and aim to capture a minimal subset of desired properties of the reference ab

initio PEL, severely limiting their transferability [36,114].

Example 1.1 (Stillinger—Weber potential). A classical example of this ap-
proach is the Stillinger- Weber potential [114] for Si, which assigns to each atom

l € A the site energy

ES¥(r) = Z (Ar,P + Brp?) folrok)

k£l
2
+ Y M08 Okmn + 3) " felrmk) fo(rmn) (1.3.1)
mny

where A, B,p,\,y > 0 are fixed parameters and f.(r) = eﬁx[o’m)(r) for
some cut-off radius rog > 0. The summation in the second term is over all bond
angles O, between Ty, and Ty, involving atom €. The angular part of this site
energy favours systems with tetrahedral bond angles. Then, a “limited search”
is carried out to choose parameters which capture certain desired properties.
For example, the choice of parameters ensures that diamond structures are

stable at low pressure.

Empirical IPs, such as the Stillinger—Weber potential, are computationally
inexpensive and can thus be used for large-scale, long-time dynamic simulations,
for example. However, the simplicity of these parametric models limits their

accuracy and transferability, and they are not systematically improvable.

1.3.1 Machine Learned Interatomic Potentials

The rapid growth in computational resources, increased both the desire and

the possibility to match as much of an ab inito PEL as possible. A continuous



increase in the complexity of parameterisations [7,8,51] has over time led to a
new generation of machine-learned interatomic potentials (MLIPs): for some

functional form ¢ depending on parameters 6, one writes

E"(r) =Y "c(0:{rc — rets) (1.3.2)

L

and learns the parameters 6 by a fitting procedure with observations from the
reference PEL. Examples include artificial neural networks [9-11], symmetric
polynomials [16,108], and kernel methods [6]. A striking case is the Gaussian
approximation potential for Silicon [4], capturing the vast majority of the PEL
of Silicon of interest for material applications.

In practice, there are two main parts in the construction of (1.3.2): (i) a set
of descriptors (also known as fingerprints) that encodes information about the
atomic environment, and (i1) a function of the descriptors (the regression model).
If the set of descriptors satisfy the various physical symmetries (invariant under
rotation, translation, reflection, and permutation of like-atoms), then the model
respects the same physical symmetries. Moreover, if the system of descriptors is
complete (that is, the descriptors uniquely determine the atomic environment),
then the regression model is systematically improvable by increasing the number
of descriptors [5].

For example, in the neural network potentials [9,10], a set of Behler and
Parrinello atom centred symmetry functions [11] are used as the descriptors,
while the regression model is an artificial neural network. However, it is an
open question as to whether these descriptors are complete.

More recent advances have been aimed at directly deriving a spanning
set of functions invariant under rotations and permutations (of like-atoms).
Examples include permutation invariant polynomials (PIPs) [16,127], moment
tensor potentials (MTPs) [108], and the atomic cluster expansion (ACE) [38].
For more details of the ACE construction and a review of PIPs and MTPs,
see [2].

One of the main purposes of this thesis is to rigorously evaluate some of the



implicit or explicit assumptions underlying these machine-learned interatomic
potential models, as well as more general models for atomic properties. The
overarching principle in this work is to search for representations of properties
of ab initio models in terms of simple components which are easier to analyse,

manipulate analytically, and to fit than the PEL itself.

1.4 Summary of Results

1.4.1 Locality

For many materials (at least as long as Coulomb interaction does not play a
role) the first step in the construction of an IP is to decompose the PEL into

site energy contributions,

E(r) =Y Eur), (1.4.1)

e

where one assumes that each Ej is local, i.e., it depends only weakly on atoms
far away. Partial justification for this assumption was given in [26,29] for linear
tight binding models at finite Fermi-temperature. In Chapter 3, we extend
these results to insulators at zero Fermi-temperature and significantly improve
the estimate for point defects.

In practice, one may therefore truncate the interaction by admitting only
those atoms within a finite cut-off range. Typical cut-off radii range from
5A to 8A, which means that on the order 30 to 100 atoms still make important
contributions. Thus the site energy is still an extremely high-dimensional
object and short of identifying low-dimensional features it would be practically

impossible to numerically approximate it, due to the curse of dimensionality.

Example 1.2 (Embedded Atom Model). A classical example that illustrates
our search for such low-dimensional features is the embedded atom model

(EAM) [36], which assigns to each atom £ € A a site energy

By (r) = Z B(ro) + F(Zk;&f P(Tek))‘

kL

10



While the site energy EJ*™ remains high-dimensional, the representation is in
terms of three one-dimensional functions ¢, p, F' which are easily represented,
e.g. using splines or polynomials. Such a low-dimensional representation
significantly simplifies parameter estimation, and vastly improves generalisation
of the model outside a training set. Unfortunately, the EAM model and its
immediate generalisations [7] have limited ability to capture a complex ab initio
PEL. Still, this example inspires our search for representations of the PEL

involving parameters that are both low-dimensional and short-ranged.

1.4.2 Body-ordered Approximation

To control the dimensionality of the representation, a natural idea is to consider

the following body-ordered expansion,

Eor)~Vo+ Y Vilra) + Y Valro,Tok,)

=z
“+ ..o+ Z VN(rﬂkp---arfk‘N)v (142)

Bk L

kp<--<kp
where rg, == rp—r¢ and V,,(rery, - - -, Tk, ) is an (n+1)-body potential modelling
the interaction of a centre atom ¢ and n neighbouring atoms {k1,...,k,}. This

expansion was traditionally truncated at body-order three (N = 2) due to the
exponential increase in computational cost with N. However, it was recently
demonstrated by Shapeev’s moment tensor potentials (MTPs) [108] and Drautz’
atomic cluster expansion (ACE) [38] that a careful reformulation leads to models
with at most linear N-dependence. Indeed, algorithms proposed in [2, 108]
suggest that the computational cost may even be N-independent, but this has
not been proven. Even more striking is the fact that the MTP and ACE models
which are both linear models based on a body-ordered approximation, currently
appear to outperform the most advanced nonlinear models in regression and
generalisation tests [89,134].

These recent successes are in stark contrast with the “folklore” that body-

order expansions generally converge slowly, if at all [14,38,40,64,114]. The

11



fallacy in those observations is typically that they implicitly assume a vacuum
cluster expansion. We demonstrate in Chapter 4 that a rapidly convergent
body-order approzimation can be constructed if one accounts for the chemical
environment of the material. We will precisely characterise the convergence
of such an approximation as N — 0o, in terms of the Fermi-temperature and
the band gap of the material. In the process, we also prove (asymptotic)
error estimates for bond order potentials [74], as well as more general abstract

approximation schemes.

1.4.3 Thermodynamic Limit

To study bulk properties of a material with local defects, it is convenient to
consider an extended system of infinitely many nuclei where a naive definition
of the total energy is of course ill-defined. However, as a result of the strong
energy locality estimates described in §1.4.1, we are able to apply results of [27]
to obtain a well-defined renormalised energy functional for infinite systems.

Of course to simulate such a system, we must consider finite computational
domains and impose artificial boundary conditions. In Chapter 6, we consider a
sequence of supercell models and extend [26] to the zero Fermi-temperature case
by showing that, under a specific choice of electron numbers in the sequence of
finite domain approximations, the thermodynamic limit is given by a grand
canonical model with a defect-dependent chemical potential.

Moreover, in practice, a low but positive Fermi-temperature is chosen in
order to approximate the sharp cut-off with a smooth Fermi-Dirac function,
which ensures there is a unique Fermi-level, for example. We give detailed
justification for this approach by identifying the limiting model as Fermi-
temperature is sent to zero and obtain an exponential rate of convergence for

the nuclei configuration.

12



CHAPTER 2

Mathematical Formulation of the

Tight Binding Models

In this chapter, we briefly introduce the tight binding Hamiltonian and the

main mathematical definitions which will be used throughout the thesis.

2.1 Atomic Configurations

For atomic index set A (for example A = {1,..., Ny} or A = N, or a multi-
lattice as in Chapter 6), we denote by r = {r;}scn C R? the set of atomic
positions (for some spatial dimension d € N). We write 7y, = r; — r; for the
atomic positions relative to a central atom ¢ and ry = |rg|. Moreover, to
each atomic site £ € A, we assign an effective potential (1.2.6) vy € R and
the atomic species Z;. The state of atom ¢ will be denoted Xy := (r¢, vy, Zy)
and, to simplify notation further, we write Xy = (g, v¢, Vg, Zs, Zy) for the
state of atom k relative to the central atom ¢. To denote the whole atomic
configuration, we write X = (r,v,2) = ({r¢}een, {ve}oen, {Ze}tocn)-
Throughout this chapter, we will assume that the configuration satisfies

the following no-collision assumption:
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(ACQC). There exist positive constants m = m(X),¢c = ¢(X) > 0 such that

ro = m and |vg] < ¢ for all €,k € A.

2.2 Tight Binding Hamiltonian

We consider V}, atomic orbitals per atom and denote the corresponding indices
by 1 < a,b < Np. Then, by arguing as in §1.2, the tight binding Hamiltonian
H = H(X) is given by the following block matrix:

(TB). For X satisfying (AC), and £,k € A, we suppose that

H(X ) =h(Xe) + Y (X, Xpm) + 0pveddy,  (22.1)
me{l,k}

where h and t have values in RV>*Nb

, are independent of the effective
potential v, and are v times continuously differentiable with respect to
the relative atomic positions for some v > 1. Moreover, we assume that

there exist hg,vo > 0 such that

’th(ngﬂ < hoe 07k and

VIt Xy Xiom)| < hoe™2r0lremFrmi], (2.2.2)

forO<j<vandalll k,meA.
Symmetries. (i) We suppose that H(X) is symmetric (i.e. h(X) =
(X)) and t(Xem, Xem) = t(Xpm, Xem)™ ). (i) For orthogonal

Q € R4 there exist orthogonal D*(Q) such that
H(QX) = D(QH(X)D(Q)"

where D(Q) = diag({D*(Q)}ren) and QX = ({Qr¢},v,Z). The nota-
tion D(Q) is inspired by the fact that they are most commonly block

Wigner-D matrices.

Remark 2.1. (i) It is important to emphasise that the constants hy,yo > 0 in

(2.2.2) are chosen to be independent of the atomic sites {,k,m € A.
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(ii) The condition in (2.2.2) with j = 0 is satisfied for most common linear
tight binding models. In fact, in most tight binding models, a finite cut-off
radius is used and so Hamiltonian entries are zero for atoms beyond a finite
interaction range.

(i1i) The symmetry properties [112] are derived, e.g., in [29, Appendiz A].

(iv) In practice, the number of atomic orbitals per atom depends on the
atomic species. This notational complication can easily be avoided as outlined

Appendiz B.1.

We now briefly review elementary properties of the tight binding Hamilto-

nian:
Lemma 2.1. There exists constants v; > 0 such that

OTH(X ) g,

| < Ce Siailrentrasl (2,23
'(‘3an tot aan ) o | ( )

|H(X )| < Ce "% and

for1<j<vandng,...,n; €A

As a result of (TB), H(X) is symmetric and so the spectrum is real.
Moreover, as a direct result of Lemma 2.1, the spectrum is uniformly bounded

[29, Lemma 4]:

Lemma 2.2. There exists 0,0 depending only on X through m(X) and ¢(X)
from (AC) such that o(H(X)) C [o,7].

2.3 Metals, Insulators, and Defects

The structure of the spectrum a(’H(X )) will have a key role in the analysis.
To illustrate the main ideas, we briefly describe typical spectra seen in metals
and insulating systems.

In the case where X describes a multi-lattice in R? formed by taking the
union of finitely many shifted Bravais lattices, the spectrum J(H(X )) is the
union of finitely many continuous energy bands (see [77] or Appendix B.2).

That is, there exist finitely many continuous functions, €%: BZ — R, on the
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Figure 2.1: Schematic plots of the spectrum o (H(X)) of a metal (top) and
insulator (bottom).

Brillouin zone BZ, a compact connected subset of R%, such that
o(H(X)) = Je*(B2).

In particular, in this case, J(H(X )) = Oess (H(X )) is the union of finitely many
intervals on the real line. The band structure {¢“} relative to the position of the
chemical potential, i, determines the electronic properties of the system [118].
In metals p lies within a band, whereas for insulators, u lies between two
bands in a spectral gap. Schematic plots of these two situations are given in
Figure 2.1.

We now consider perturbations of the reference configuration X consisting

of a small global perturbation combined with a point defect:

(Ps). Let § > 0. Suppose X = (r,v,Z) satisfies (AC) and the defect con-
figuration X9 = (rd 04, Z4) defined on some index set AY satisfies

(AC) and, for some Rq > 0,
o AT :={te A |rd| > Ry} = {€ € A: |re| > Ra},
o Zg =7, for all k € A%, and
o supean [|T8 — vl + v — vil] <6
For (X, X9) satisfying (Ps), the Hamiltonians H(X) and H(XY) may
be defined on different spatial domains (e.g. when considering a vacancy or
interstitial defect). Therefore, in order to directly compare these operators, we

extend their definitions to the larger spatial domain A UA9 by inserting finitely

many additional zero rows and columns. We denote the resulting operators by
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H(X) and H(X ) (full details are presented in the proof of Proposition 2.3,
below). We now see how the Hamiltonian is affected by considering point

defect configurations:

Proposition 2.3 (Decomposition of the Hamiltonian). Fize > 0. Then, there
exists § > 0 such that if (X, XY) satisfies (Ps), then there evists R > 0 and

operators P., Per such that
H(X) =H(X) + Peg + P, (2.3.1)

[Prr]er = 0 if |rg| > R or |rg| > R, and || P:||p2—p2 < €.

Moreover, o(H(X%)) \ Bz(0(H(X))) is a finite set.

In particular, if X describes a multi-lattice, then, since local perturbations
in the defect core are of finite rank, the essential spectrum is unchanged and
we obtain finitely many eigenvalues bounded away from the spectral bands.
Moreover, a small global perturbation can only result in a small change in the
spectrum. A schematic plot of this situation is given in Figure 2.2.

To summarise this discussion, we make the following definitions:

Definition 2.2. Fir e > 0 and suppose (X, X9) satisfies (Ps) with § = 6(¢)
coming from Proposition 2.3. Then, we define I_ and I to be compact intervals

and {\;} to be a finite set such that
B:(o(H(X))) CI-UIL, o(H(XY) CI_u{)N}uL, (2.3.2)
and max I_ < p < min I. Moreover, we define

g:=minl; —maxl_ >0, and (2.3.3)

gl i=min I, U{N\;: \j > p} —max T U{\: A < pl) (2.3.4)

The parameters in Definition 2.2 are also displayed in Figure 2.2. The
constant g is slightly arbitrary in the sense that as long as B. (a (H(X ))) C

I_ U I, then there exists a finite set {\;} as in (2.3.2). Choosing smaller g
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Figure 2.2: Top: Schematic plot of the spectrum J(H(X )) for an insulating
system, together with two compact intervals I_ and I} as in (2.3.2) and the
constant g from (2.3.3). Bottom: The spectrum o (H (X)) after considering
perturbations satisfying (Ps). While the edges of the spectrum may be accu-
mulation points for a sequence of eigenvalues within the band gap, the number
of such eigenvalues bounded away from the edges is finite.

reduces the size of the set {\;}.

2.4 Local Analytic Observables

Fix X, X4 satisfying Definition 2.2. We suppose that O: U — C is analytic
for some open subset U C C containing I_ U Iy D J(’H(X)) Then, for £ € A,

the corresponding local observables are defined as

0u(X) = trO(H(X)),, = tr{ 0() (= - H(x) "= (2.4.1)

%o 2mi ] g

where %o C U is a simple closed positively oriented contour (or union of
contours) encircling I_ U I. We use the notation O(X) = {O¢(X)}een.

Similarly, if €o encircles I_ U {\;} U I, we may use (2.4.1) to define Oy(X9).

Remark 2.3 (Holomorphic Functional Calculus). In (2.4.1), we have applied
the holomorphic functional calculus to define the operator O(H) for functions
O analytic in some neighbourhood of o(H). This approach for the tight binding
model has been widely used [26, 29, 45, 58].

The distance between the contour o and the spectrum will be important

for the analysis:
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Definition 2.4. For %o as in (2.4.1), we define

00 = inf dist(z,I-UI;) (2.4.2)
1S 7o)

0 = inf dist(z, I U{\;}ULy). (2.4.3)
zZECo

If it is clear from the contest, we write € = €p, 0 = 00, and 34 = D‘g).

Although all of the results apply to general local observables, we will be
primarily interested in the following two special cases.
Electron density. For fixed inverse Fermi-temperature 5 € (0,00] and

chemical potential u, the electron density is given by

(1 + eﬂ(z_“))_l if B< o0
p=F(X) where FA(z) =

X(—ooy)(2) + 3xgu3(2) if B = o0.

(2.4.4)

When making the choice of chemical potential explicit in the notation, we will
write F?(z;u) and FP(X;u). In Chapter 5, we consider the case where the
effective potential, vy, itself depends on the electron density, introducing a
nonlinearity into the system.

Grand potential. While nuclei are treated as classical particles, we assume
that electrons are described by a grand canonical potential model. That is, the
Fermi-temperature, volume and chemical potential are fixed model parameters

and we consider the grand potential:

G?(X) = tr [Gﬁ (H(X)),] where

GP(z) = Flog (1-FF(z)) if B <o, (2.4.5)

2(2 = p)X(—oou)(2) if B =o00.

Again, we will also write Gf(X;,u) and G8(z; ) for (2.4.5).

Remark 2.5 (Zero Fermi-temperature Limit). We justify the zero Fermi-

temperature definitions via a limiting argument, see Chapter 6 for the details.
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The next results summarise the main properties of these analytic functions:

Lemma 2.4. For fized B € (0,00], the functions FP(-) and G®(-) extend to

analytic functions on Dg(p) == C\ {u+ir:r e R,|r| > F}.

Therefore, to define (2.4.1), for O = F” or G, we must choose €3 C Ds(p).
In particular, for zero Fermi-temperature (5 = o0), we require a spectral
gap (that is, u & o(H)) in order to define local observables (2.4.1) via the
holomorphic functional calculus.

In order to describe the asymptotic behaviour in the zero Fermi-temperature

limit, we require uniform bounds on F# and G as f — oo:

Lemma 2.5. Suppose 63 is a family of contours contained in a bounded set
such that (2.4.1) holds for O = F® or GB. Moreover, suppose there exists
b € (0,7) such that dist(z, {p & inB~1}) = bB~! for all = € €5. Then, for
Bo > 0, we have

sup sup |0P(z)| < oo
B=Bo 2€63

for both O = FB and GP.

See Fig. 2.3 for a representative example of such a contour.

2.5 Proofs

2.5.1 Tight Binding Hamiltonian

For this section, we fix a configuration X and corresponding Hamiltonian
H = H(X) satisfying Definition 2.2 and (TB), respectively.

We first show that the tight binding Hamiltonian is short ranged:

Proof of Lemma 2.1. In the j = 0 case, the result follows from the estimate
S, €20kt rme] ¢ %e*%””f for some Cp, 4 depending on m and d (see
0
Appendix B.3).
Now suppose that 1 < j < v. The result clearly holds if £ = k and so

we assume £ # k. Since h and t are independent of the effective potential all
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Figure 2.3: Schematic plot of an admissible integration contour ¢ for F' B or
GP (see (2.4.1)).

mixed partial derivatives are zero. Moreover, we have

OH(X) ek
———— = dpbppldy, . 2.5.1
Do, ekOenIdn, (2.5.1)
and all higher order partial derivatives are zero.

A simple calculation reveals that

DIh(Xur) (—1)Zi=1%n VIn(Xy,) ifny,...,n; € {6k},
ory, ...0ry, N )
’ 0 otherwise.

On the other hand, derivatives of the three centre term take the form

i X, X
t m m
Oy .. Oy, (X Xim)
me{Lk}
- ¥ <V®jt;um,...,unmj>(Xgm,ka), (2.5.2)
m@{Lk)

where u™ = (8nm — Ont, Onm — Onk) *. (Here, we use the notation from (A.2.1)).
In particular, if n € {£, k}, then ™ # 0 and if n & {¢, k}, then v = (1, 1)1,

and the summation over m ¢ {¢, k} can be restricted to the single term m = n.
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Therefore, in the case ny,...,n; € {¢,k}, the left hand side of (2.2.3) can
be bounded above by

VIR(Xu)| +C) Y [V K, Xi)| < Ce 0 Ehaalrmtrond - (25.3)
me{l,k}

where v, = %'yo.
On the other hand if ny,...,n; € {{,k,n} and n; = n & {¢,k} for some

1 <1< j, then the left hand side of (2.2.3) can be bounded above by
Cj\vjt(in, le)‘ < thoe_Q'YO[TZn+Tnk] < Ce Siilren, 7] (2.5.4)

In all other cases the left hand side of (2.2.3) is zero. O
As a direct corollary, U(H(X )) is bounded [29, Lemma 4]:

Proof of Lemma 2.2. The off-diagonal decay of the Hamiltonian allows us to

conclude by applying the Gershgorin circle theorem [73]: for fixed ¢ € A, we

have
X < —YoTek —0lrlqp = Cm,d
S HX)m| <CY e <Cn [ e r=—md (2.5.5)
kA0 kA0 Y0
and 50 [A| < ho + ¢ + Coayp @ for all A € o(H(X)). O

2.5.2 Perturbation of the Spectrum

In this section, we prove Proposition 2.3, a slightly stronger statement than
Weyl’s theorem [76] on the stability of the essential spectrum.

First, in order to compare H(X), an operator on £2(A; R™), and H(X9),
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an operator on £2(Ad; RM), we first extend the definitions to AUA? by defining

/

_ H(X )y iflkeA,
H(X ) eg, = and

0 otherwise
(2.5.6)

o H(XY)y iflkeAd
k=

0 otherwise.

\

Since this only introduces at most finitely many additional zero rows and
columns corresponding to additional atoms within the defect core, the spectra
only change by the addition of finitely many zero eigenvalues. Shifting the
spectrum away from {0}, we are able to replace H(X) and H(X9) with H(X)
and H(X9), respectively.

That is, for an appropriate contour %, we choose zy € C such that the
contour % + zy does not encircle {0}, and note that for O(-;u) = F? or G*
with chemical potential u, we have
1 %

e 2mg

—1 dz
& o

Oy(X) = yggO(Z;u)(z - H(X))
:5]5 O(z — 20; 1) (2 — 20 — H(X))
C+20

_ —1dz
N ygﬁ-l-zo Oz 1+ 20) (2 = (H(X) +20)) gy 5

The exact same argument also applies to ﬁ(X 4). In the following we assume
that the spectra o (H(X)) and o(H(X9)) are bounded away from zero.
Now that the Hamiltonians are directly comparable, we obtain the following

decomposition:

Proof of Proposition 2.3. For fixed Ry > 0, we let P. be the operator (depend-

ing on Ry) with matrix entries

[(H(X) - H(XY)], iflkeATorry > Ry,
[Pelex =

0 otherwise
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and suppose that Ppg is defined such that (2.3.1) is satisfied. In particular,
[Prr]er = 0 if |ry|, |7k > Rq (ie. if £,k € AT), or if |ry| < Rq and |ry| > R ==
R4+ Ro (or vice versa). It remains to show that || Pz||,2_s2 < € for sufficiently
small § and sufficiently large Ry.

We first consider the case £,k € Af. Along the diagonal (¢ = k), we have
the bound |[H(X) — H(X)]w| < |ve — v < §. Moreover, supposing § is
sufficiently small such that |07y + (1 — H)T?k’ > %’l“gk for all £,k € A and

0 € [0, 1], we have
dy| _ d — 3707k
|h(ng) — h(ng)‘ = ]Vh((ggk, Zg, Zk)) . (’l“gk - rgk)| < Coe 2 (257)
for some &pi € [, r?k]. Similarly, we have
ST (Xt Xiom) — H(X, X, < e 370708, (2.5.8)

In particular, using the off-diagonal decay of the Hamiltonian (Lemma 2.1),

we have: for ¢ € £2 with ||[¢|2 = 1,

IPols <R e wmmp e Y ] (sg)
Ck AT ke AUAY:
o> Ro
< 0[52 +/ e‘VO'“"‘dx] (2.5.10)
|z|>Ro

Therefore, we may choose § sufficiently small and Ry sufficiently large so that
[Pelle2e2 <e.

Using the operator norm perturbation result [76, p. 291], we have

dist (a("ﬁz(Xd)),a(ﬁ(X) + pFR)) <|Pllpe < e

and so a(ﬁ(Xd)) C B.(0(H(X) + Prr)). Therefore, we have

o(H(X)\ B [o(H(X))] € B:[o(H(X) + Prr) \ 0(H(X))].
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We conclude by showing that a(ﬁ(X )+ Prr) \ a(?—N[(X ) is finite. Since
Prg is finite rank, we may directly apply Weyl’s theorem [76] on the stability

of the essential spectrum (i.e. oegs (ﬁ(X )+ PFR) = Oess (ﬁ(X ))) and conclude

o(H(X) + Prr) \ 0(H(X)) Co(H(X) + Prr) \ 0ess(H(X))

= Odisc (ﬁ(X) + PFR) \ Oess (ﬁ(X) + PFR)
is both compact and discrete and therefore finite. O

2.5.3 Fermi-Dirac Distribution and Grand Potential

Proof of Lemma 2.4. Firstly, we note that FA(-) is analytic away from the
simple poles at {z € C: 1 +e#C~#) =0} = p+4i(2Z + 1)np~ "
Moreover, extending G?(-) into the complex plane amounts to choosing a

branch cut of the complex logarithm. Therefore, for each n € Z, we define,

GB(z) = Z{log 11— F’B(z)‘ +iArg, (1 — F?(2))| where (2.5.11)

Arg,(z) = Arg(z) (mod 27) and Arg,(z) € ((n—1)m, (n+ 1)x].

Choosing the principal branch of the complex logarithm, we get Gg which
agrees with G® on the real axis.
Now, Gg( -) is analytic on the set that avoids the branch cut of the complex

logarithm and the non-analyticity of 1 — F%. That is, Gg( -) is analytic on

. 1— FB _ @kt )mi
{zeC:1-FP(z) & ( oo,O]}\{u+ 5 }keZ for n even,

1 _ B (2k+-1)mi
{z€C:1—-FF(z) &€ [0,00)}\ {,u + =5 }kEZ for n odd.

Rewriting 1 — F# we obtain,

eBz—n) (1 + eB(E—M)) eBRe(z)—p)

J— ﬁ P— pu—
1 - Ff(2) 11+ efle—m)|2 1+ efl—w)|2

(ew Im(z) | eﬁ(Re(z)w))_
(2.5.12)
The factor, efRe()=1)[1 4 B(=—1)|=2 ig real and positive and so 1 — FP(z)
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avoids the branch cut if and only if h(z) = e# ™) 4 BRe(2)=1) does. Now,
h(z) € (—o0,0] if and only if Re(z) < p and fIm(z) € w(2Z+1). On the other
hand h(z) € [0,00) if and only if SIm(z) € 27Z.

In particular, we may conclude that Gg is analytic on
A% = {z € C: Re(z) > u} U {z € C: plIm(z) € (—7T,7r)}
and G (for n # 0) is analytic on the set
A = {z € C: Re(z) < p, BIm(z) € ((n — ), (n + 1)7r)}.

Since A% N Angl ={z € C: Re(z) < p, fIm(z) € (nm, (n+ 1))}, and by
(2.5.12), we have that

Arg,, (1 — FP(2)) = Arg, 1 (1 = F7(2)) € (nm, (n + 1)n]

for all z € Ag N Ag“. That is, GE = GQH on Ag N Ag“.
We may therefore consider the analytic continuation of G5 to Ag U AZH.
We do this for each n € Z and since |J,cz A = Dp(p) this concludes the

proof. O
We now denote by z — G®(2) the analytic continuation of (2.4.5) to Dg(p).

Proof of Lemma 2.5. Since 63 are contained in a bounded set S, we can find
a strip of width r > 0 about the real axis containing all €3. This means that
for fixed 8 > 0, the number branches of the complex logarithm that we must
consider, as in (2.5.11), in order to have extended G¥ to the whole of S is at

most a constant multiple of % This means that
|Arg, (1 — F?(2))| < (n+ 1)r < Crp

for all n such that SN {fIm(z) € ((n — )m, (n+ 1)m)} # 0 and z € Aj.
Therefore, for z € S and 8 > 0, we have that Im(G#(2)) is bounded on S
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independently of .
Fix 8 > Bp. Now we show that, away from the singularities, Re(GB (z))
is uniformly bounded. Since Re(G”(z;p)) = 2Re(z — p) — %log‘l + eﬂ(z_“)‘

and 2(z — p) is uniformly bounded on S, we conclude by showing

%log‘l + eﬁ(z_“)‘ < glog<1 +exp<ﬁsup]Re(z) — M|>) <C
z€S

for some C' > 0 depending only on S and By. Therefore, all that is left to
show is that |1 + e (Z_“)| is uniformly bounded below by a positive constant.
If Re(z — ) < —¢B~! for some ¢ > 0 then |1 + eG~#)| > 1 —e¢ > 0 and if
Re(z — p) > ¢! then |[14+eP=1)| > e¢—1 > 0. Moreover, if |#Im(z) —7| > 6

for all r € R such that |r| > &, then |1 + e?¢=#)| > tan() > 0. O
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CHAPTER 3

Locality of Interatomic Interactions
in Linear Tight Binding Models

This chapter is based on the article [98] “Locality of interatomic
forces in tight binding models for insulators” published in ESAIM:
Mathematical Modelling and Numerical Analysis, 54(6): 2295-2318
(2020). This paper is co-authored by Huajie Chen, who ran the

numerical simulations, and Christoph Ortner.

3.1 Introduction

A starting assumption in most interatomic potential (IP) models for materials
is that the potential energy landscape (PEL) can be decomposed into site
energies, i.e. contributions from individual atoms that depend only on a small
neighbourhood.

Partial justification for this assumption was given in [26,29] for linear tight
binding models at finite Fermi-temperature. In particular, it was shown that

the grand potential has the site energy decomposition ), Gf (X) where the
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site contributions Gf, defined in (2.4.5), are local:

0G} (X)

< e 3.1.1
o e (3.1.1)

~

for some 1 > 0. Similar estimates hold for higher derivatives.

However, one expects (and this is made precise in this chapter) that the
exponent 7 in (3.1.1), which measures the interatomic interaction range, in
general satisfies n ~ B71. This means that, for moderate to low temperature
regimes (e.g. room temperature), the practical value of (3.1.1) is limited. The
main purpose of this chapter is to demonstrate that, for insulators, the presence
of a spectral gap significantly improves the estimate. Specifically, we consider
a linear tight-binding model at either zero or finite Fermi-temperature, with
electrons in a grand-canonical ensemble. In this setting we prove that (3.1.1)
holds with n independent of 5 but instead 7 is linear in the spectral gap.

Moreover, we demonstrate that “pollution” of the spectral gap by a point
spectrum caused by local defects in the crystal, affects only the pre-factors,
but not the exponent n in (3.1.1). We therefore significantly strengthen
the estimates of [26,29] to the case of insulating multi-lattice materials in
the presence of point defects as well as extending the results to zero Fermi-

temperature models.

3.2 General Locality Estimates

With the notation of Chapter 2, we have the following locality estimates
for general systems at finite Fermi-temperature or insulators at zero Fermi-

len(%) O(Z)’

temperature. Recall from Appendix A that [|Oll¢ = 5~ sup,cq

denotes the contour norm.

Theorem 3.1. Suppose that X and O satisfy Definitions 2.2 and 2.4, re-

spectively. Then, for 1 < j < v, there exist positive constants C; and 1; such
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that

D 0y(X) o

< GjlOflem e 3.2.1
‘8Xm1 0 X, illOllze . (3.2.1)
for any £,my,...,m; € A. Moreover, Cj ~0~UtD andn; ~ 0 as 0 — 0 where

0 is the constant from (2.4.2) applied to O.

Remark 3.1. In the case O = F? or GP, we may choose € (depending on [3)
so that ||O||¢ is independent of B (Lemma 2.5) and d > (B~ +dist(u, [_UIL,))
for some fized constant ¢ > 0. In particular, we have (3.2.1) with n; ~ B l4g

as =1 4+g — 0 as long as the g — 0 limit is approached symmetrically about .

Sketch of the Proof. The estimate (3.2.1) for some Cj,n; > 0 was previously
known [29, Theorem 10] for functions O analytic in a neighbourhood of [, 7]
(in particular, for O = F® or G? at finite Fermi-temperature). Here, we
carefully track the ? dependence in the estimates and, in particular, extend the
results to the zero Fermi-temperature case (i.e. O = F* or G* for insulators).

The exponents in these estimates depend on the distance between the
spectrum o (H(X)) and the integration contour € as in (2.4.1), see Figure 2.3
for a schematic plot of such a contour. Therefore, the asymptotic behaviour
of these constants comes from the analyticity of O (see Lemma 2.4) and the

spectral gap (see Definition 2.2). We give a full proof in §3.6.1 below. O

3.3 Locality Estimates for Point Defects

In this section, we consider a reference configuration X and corresponding
point defect reference configurations X9 arising as in (Ps). Moreover, we use
the notation from Definition 2.2.

Proposition 2.3 allows us to approximate H(X?) as a finite rank update of
the reference Hamiltonian (X ). This means we can apply the existing locality
estimates of Theorem 3.1 on the reference spectrum. The approximation does
not affect the exponent in the estimates and only increases the constant pre-

factor. We show that the pre-factor may be chosen to depend on the atomic
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sites and this converges to the corresponding pre-factor in the defect-free case,
as we send the atomic sites away from the defect core. That is, away from
the defect, the locality estimates resemble the corresponding estimates for the

reference configuration.

Theorem 3.2. Fiz (X, X%) and O satisfying Definitions 2.2 and 2.4, respect-
ively, and the constants (Cj,m;) from Theorem 3.1 when applied to O(X).
Then, for 1 < j < v, £ € A, and m = (mq,...,m;) € (A, there exist

positive constants C']‘-i = C’f(ﬁ, m) such that

< CJdHO ge i Tem, (3.3.1)

DI0,(X9)
aXd .. 0Xd

m;

Moreover, Cf(ﬁ, m) is uniformly bounded independently of ({,m) and, if
,my,...,mj € Br(&) for some R > 0, then Cf(ﬁ,m) — Cj as || = oo,

with an exponential rate.

Remark 3.2. In the j =1 case, we have
G (¢, m) — C1| S emmlreltirml=lreml]

For higher derivatives, the relationship between £ and m is more complicated.

3.4 Numerical Experiments

In the following numerical simulations, we use the NRL tight binding model
[32,91,99] to test the force-locality in bulk carbon and silicon, both with and
without an interstitial defect. Since we are unaware of established codes that
compute site energies and their derivatives, these models were implemented in
the Julia package SKTB.j1l [28]. The implementation was tested against an

NRL tight binding implementation in the QUIP package [13].
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3.4.1 The NRL Tight Binding Model

The NRL tight binding model, developed by Cohen, Mehl, and Papaconstanto-
poulos [32], is slightly more general than our formulation in (TB). Since this
model is non-orthogonal, the energy levels are now determined by the following

generalised eigenvalue problem
H(X)ps = AsS(X)bs  where by S(X)ths = 1. (3.4.1)

Furthermore, the NRL Hamiltonian and overlap matrices are constructed both
from hopping elements as in (6.3.1) as well as on-site matrix elements as a
function of the local environment. For carbon and silicon they are parameterised
as follows (for other elements the parameterisation is similar): To define the

on-site terms, each atom £ is assigned a pseudo-atomic density

2
pei=>_ e N fo(ra),

k

where A is a fitting parameter, f. is the cutoff function

B O(R. —r)
~ 14exp ((r = Re)/le + Le)’

fe(r):

with 6 the Heaviside step function, and the parameters [, = 0.5, L. = 5.0
for most elements. Although, in principle, the on-site terms should have off-
diagonal elements, the NRL model follows traditional practice and only include

the diagonal terms. Then, the on-site terms for each atomic site £ are given by

2/3 4/3
H(X) = au + bup,> + copy” + dup?, (3.4.2)
where v = s,p, or d is the index for angular-momentum-dependent atomic
orbitals and (ay), (by), (cv), (dy) are fitting parameters. The on-site elements
for the overlap matrix are simply taken to be the identity matrix.
The off-diagonal NRL Hamiltonian entries follow the formalism of Slater

and Koster who showed in [112] that all two-centre (spd) hopping integrals can
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be constructed from ten independent “bond integral” parameters h,,,, where
(') = sso, spo, ppo, ppr, sdo, pdo, pdr, ddo, ddr, and ddo.
The NRL bond integrals are given by
howrn (1) = (vvrp + fovrut + Govrur®) e w'n” fo(r) (3.4.3)

with fitting parameters ey, foo'us Gou'us fvorp- The matrix elements H (X )}/,’g'
are constructed from the Ay, ,(r) by a standard procedure [112].

The bond integral parameterisation of the overlap matrix is given by
SUU’M(T) = (51)11’ + jvfu’//r + kvv’uTz + ZUU/MT3)6_m“U/“TfC(T) (344)

with the fitting parameters juous Koo' us lov’ s Mowr -

The fitting parameters in the foregoing expressions are determined by fitting
to high-symmetry first-principle calculations. In the NRL method, a database
of eigenvalues (band structures) and total energies was constructed for several
crystal structures at several volumes. Then the parameters are chosen such
that the eigenvalues and energies in the database are reproduced to within some
acceptable tolerance. For practical simulations, the parameters for different

elements can be found in [99].

3.4.2 Test systems

Our two test systems are diamond cubic bulk carbon and bulk silicon, which
provide ideal test cases of our theory due to their clearly defined band gaps.
Since carbon has a much larger band gap than silicon we will also be able to
test how this affects locality of interaction.

For both elements, we simulate a supercell model consisting of 5 x 5 x 5
diamond cubic unit cells, containing 1000 atoms in total. First, we use the
NRL tight binding model to relax the cells to their ground states (this only

rescales the cells but does not change their shape). We then compute the band
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structures which are, respectively, shown in Figures 3.1 and 3.2. We verified
our implementation by comparing the band structure for the silicon model
against that published in [100]. The chemical potential is chosen to be the
mid-point between the highest occupied state and the lowest unoccupied state
of the 1000-atom system. For both systems, we observe clearly defined band

gaps, approximately 0.98 eV for Si and 3.83 eV for C.

C
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Figure 3.1: Band structure of C; spectrum of the homogeneous lattice (supercell
approximation) and defective system.
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Figure 3.2: Band structure of Si, spectrum of the homogeneous lattice (supercell
approximation) and defective system.

Next, we create a self-interstitial near the origin, and observe (in Figures
3.1 and 3.2) the expected pollution of the band gap in the defect system. By
tweaking the position of the interstitial we are able to create configurations

where an eigenvalue is arbitrarily close to the chemical potential in order to
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provide a challenging situation to confirm the result of Theorem 3.2.

3.4.3 Site energy locality

To test the locality of interatomic interaction we evaluate all first and second site
energy derivatives Gy ; = O, G¢ and Gy ;; = Or,0r, G in both the homogeneous

and defective system, and plot the data points

(rejs |Gegl)  and (74 + 75, [Gegl)

in Figures 3.3 and 3.4. For the homogeneous systems all sites are equivalent,
hence we only plot the site energy derivatives for a single site. For the defective
systems we plot the data points for the interstitial site itself (“|r,| small”) as
well as for the site in the computational cell that has the largest distance to
the interstitial atom (“|ry| large”).

We clearly observe the exponential decay of interaction strength as predicted
in Theorem 3.2. Moreover, we also observe that for sites ¢ far from the defect
the site derivative decay perfectly matches that of the bulk system.

Two additional observations were unexpected for us: (1) the decay of site
derivatives for “near-defect sites” does not exhibit the increased prefactor that
we predicted; however we do see this increase in the second derivatives. (2)
the decay of interaction in the silicon system is nearly identical (after rescaling
by the lattice constants) to the carbon system even though silicon has a much
smaller band gap.

These observations suggest that there are further effects leading to improved
locality of interaction that our analysis does not fully capture. While a possible
explanation is that the locality of the bond integral functions dominates the
locality of the resolvents, this does not explain the excellent locality of the Si

systems which have a fairly small band gap.
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Figure 3.3: Carbon: Locality of site energies in homogeneous lattice and
defective system.
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Figure 3.4: Silicon: Locality of site energies in homogeneous lattice and
defective system.

3.4.4 Force Locality

Finally, we compare the decay of site energy derivatives to the decay of force
derivatives. The reason for this additional test is that our definition of a
site-energy is somewhat arbitrary. Indeed, there are infinitely many possible
decompositions of total energy G = 3, Gy into site energies and each choice
may lead to a different rate of decay of the interaction. Forces, on the other
hand, are uniquely defined.

In Figure 3.5, we compare the decay of site energy derivatives and force
derivatives. We evaluate the force derivatives fy; = Op, f¢o, where the force is

defined by the (negative) derivative of the total energy f; = —0p,G, and plot
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the data points

(ij ‘ff,j|) and (7“&' + o5, ’Gf,ij’)

in Figures 3.5. We observe that the site energy locality matches force locality
very closely, which suggests that our choice of site energies leads to near-optimal

locality of interaction.

2 - R o - -
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 } ‘ o |feil defect | fo| defect
102
10
0

(a) Carbon. (b) Silicon.

Figure 3.5: The decay of force derivatives in homogeneous lattice and defective
system.

3.5 Conclusions

In this chapter, we have extended existing locality estimates [29] to insulators
at zero Fermi-temperature. We have described a site energy decomposition
for a zero Fermi-temperature linear tight binding model and shown that the
site contributions are exponentially localised. Most importantly, we have
shown that the exponents in these estimates are independent of the discrete
spectrum inside the band gap caused by point defects, and even the pre-factors
converge to the pre-factors that would result from using the homogeneous
site energy in the estimates, as the distance of a site to the defect increases.
Our numerical results strongly support our analysis, but also point to possible
further extensions in particular in the limit of small band gaps where our
results may not yet be sharp.

The results of this chapter allow the formulation of zero Fermi-temperature
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lattice relaxation as a variational problem on the energy space of displacements
analogous to the finite Fermi-temperature problem of [26]. Results regarding
the zero Fermi-temperature limit in these geometry optimisation problems are

presented in Chapter 6.

3.6 Proof of the Main Results

3.6.1 General Locality Estimates: Proof of Theorem 3.1

Using the resolvent calculus formulation (2.4.1), it suffices to prove that deriv-

atives of the resolvent operators are local. That is, since

ajf%z(X)%
DXy - O X,

< [|O]l% sup

‘ & 0y(X)
Z€EF

0Xmy - 0Xm,

where [|O||4 =% sup_ . |O(2)| and Z.(X) = (H(X) — z)_l.
In order to show that derivatives of the resolvent %,(X) are local, we
start by stating the following Combes—Thomas [33] estimate (which we state

for general operators because we will later apply it to the stability operator,

introduced in Chapter 5):

Lemma 3.3 (Combes—Thomas). Suppose that A: £2(A;R™) — 2(A;R™) is a
invertible bounded linear operator with the off-diagonal decay |Ag| < cae™ 1Ak

for some ca,v4 > 0. Then, for 0 :=infyc,(a) ||, we have
-1 -1 —
HA ]ék‘ <20 e 'YCT(D)le7

d
where yor () = coya min{l, Z—ﬁb} and cy > 0 depends only on m and d.

Remark 3.3. We obtain the estimate for the resolvents (H — z)_l in (3.6.1)

by setting A :=H — z and 0 == 0o from (2.4.2).

Proof. The estimate follows the proof of [29, Lemma 6] (or the main ideas
of [45]), however, to obtain the explicit d-dependence in the exponent, we

require sharper bounds. We sketch the argument for completeness.
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First, we observe that if |[I — A™'B||z ;2 < 3, then B is necessarily
invertible on ¢ with |[B™'| < [|B Y iee < 2|A7 Y 2p2 < % The final
inequality follows from ||A=Y|,2_p2 = SUP\eo(A) A7 < 1. In particular, if B
given by By = e€7°T %o Aye” YCT ko for some kg € A and yor > 0 sufficiently
small such that || B—Al|z_2 < 50, then we obtain [[A™1]4,| < %e‘VCT[WO_T’f’CO].
The result follows by choosing kg = k.

Proof of | B— Al|g2_,2 < 30. We consider the (> — (> operator norm and
note that the exact same arguments work for #! — ¢*, therefore by interpolation,

the same bound holds for 2 — ¢2. We have

|B — Al|gso_spc < casup Z e~ AT (ot — 1), (3.6.2)
Len oy

Now for fixed ¢, the function 6(ycr) = Y, cp €747k (e70170k — 1) satisfies
071

0(0) = 0 and is differentiable on [0, 3v4] with |¢'| < 7;1‘11 where Cp g is a
A

constant depending on m and d. In particular, we have

CA
d+1/CT

1B = Allpp < —A
Cm,d'yA

C

d
for all vor < %VA- We conclude by choosing yor == %’yA min{l, C’“’ZWAD} >

cryamin{l, ¢ 'y%0}. O

We are now ready to conclude the proof of Theorem 3.1. For z € C with

dist(z, 0 (H(X))) >0 > 0, we define Z. = (H(X) — z)fl, and obtain

R Jee| OH
‘ X, || ox,7,
<C Z 2 et ek +rnd o= Y1 Rm A Tmn]
kn
< 00_2yf2d€_ min{yor,y1}rem (3.6.3)

39



Similarly, for the second derivatives,

O*( %)y OH OH M
0Xp, 0Xmy ‘%axml%axm;% _%axmlaxm% (3.6.4)
2 OH 2. OH 2.

Xy 20X |y

Each of the terms in (3.6.4) can be bounded separately:

OH oH
5% %357

24

< 00—3 E e er (Teel gt +7“z4z)e*’71(1”z1m1 +Tmq by tTezmy +7"m2£4)
01 ,02,03 L4€EN

< 00_367% min{'ych'yl}(rlml +T'm1m2 +rm2£) (365)

and

O?*H
‘ {%z 0X 1,0 X m, '%Z} ”w

-2 - - m m m + m
<00 Z e 'YCT(TZ£1+7'E2Z)€ Y2 (Teymy +7my g+ my+HTmoty )
l1,02€A

< Co 272 min{ycr,92}(remy +7mymy+Tmse) (3.6.6)

For higher derivatives the same arguments can be made and analogous
estimates hold.

To conclude the proof of Theorem 3.1 for O = F# or G#, we apply (3.6.1)
with an appropriately chosen contour % (depending on § and the spectral
gap g). Provided the limit g — 0 is approached symmetrically about u, the
distance d may be chosen to be linear in both f~! and g as 87! +g — 0, see
Figure 2.3. Here, we apply Lemma 2.5 to conclude that the prefactor ||O||«
may be chosen to be 5 independent in the zero Fermi-temperature limit for

both O = F? and G?.

3.6.2 Point Defects: Proof of Theorem 3.2

We first prove an improved Combes—Thomas resolvent estimate for finite rank

updates (which, in particular, applies to H(X ) + P from Lemma 2.3 and thus
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gives improved resolvent estimates for H(X?)):

Lemma 3.4 (Improved Combes—Thomas). Suppose that A, P: £?(A;R™) —
2(A;R™) are bounded linear operators such that A and A+ P are invertible,
| Ag| < cae™ 747 and Py, =0 if |rg| > R or |rg| > R for some R > 0. Then,

for v == inf\c, () [\ and 2 = infyeo(atp) [N, we have
[(A+ P)Y],,| < 20 Teer@ren 4 cpe=rer@lreltin] (3.6.7)

where yor(0) is the constant from Lemma 3.3 when applied to A and cp > 0

depends on 09.

Remark 3.4. This result applies to A = H(X )+ P: — z and P = Pyr where
P., Prr are from Lemma 2.8. Since A+ P = H(XY) — 2, we may choose d

and 04 as in Definition 2.4.

Proof. First, we note that (A+ P)™! — A=l = (A+ P)"[A— (A+ P)|A~1,
I + PA~! is invertible with inverse A(A + P)~!, and I + A~!P is invertible

with inverse (A + P)~!A. In particular, we have

(A+P)t=Aa1- A T+PA Y IPAT! (3.6.8)

= A AT P+ ATIP) T AT (3.6.9)

and [(I+ PA_I)_lp]gk = [P(I+ A_IP)_l]gk =0if ”l‘g’ > R or ’Tk’ > R.
Therefore, applying the standard Combes—Thomas estimate (Lemma 3.3)

to A, we obtain

‘ [(A + P)~ ]ék‘ 2 Le—rer(@)rek
+4D_QH(I+PA_1)_1PHInaX Z o 1T (®)[ree, +regn]
01,42 :
[rel|rkl<R
We conclude by bounding “(I—i—PA*l)*lP“max = [[A(A+ P) 1PHmaX or
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fixed ¢, k, we have

|[A(A+ P)~'P]

Ek‘ < QCA(Od)_l Z e 1ATeey o= YT (0)re 0, | Py,

01,02 ‘7‘52 ‘SR

Sk ea®) T Pllmas, (3.6.10)

where VCT(Dd) is the Combes—Thomas exponent from Lemma 3.3 when applied

to A+ P. O

We are now ready to combine Lemma 3.4 (applied to A := H(X)+ P. — z
and P = Ppgr as in Remark 3.4) together with the general estimate (4.2.2) to

prove Theorem 3.2. Directly applying Lemma 3.4, we have
‘ [(H<Xd> - Z)il] Kk‘ < (20_1 + Cp)e_'YCT(D)Tek

In particular, we may apply the exact same arguments as in §3.6.1 to ob-
tain locality estimates with defect-independent exponents but with increased
prefactors.

We now show that the prefactors in these improved estimates converge to
the corresponding defect-free prefactors as the subsystem containing ¢ and
mi, ..., mj move away from the defect core.

The improved resolvent estimate of Lemma 3.4 is given as the sum of the
resolvent estimate from the defect-free case 20 te=7cT(@)7ek and the additional
term cpeYer@lred+lrell  Therefore, we may bound quantities such as (3.6.3),
(3.6.5), and (3.6.6) for Z, = (H(X?) — z)_l by the sum of the corresponding
quantity in the defect-free case, and terms that arise by replacing estimates
of the form 20 te cT@rtk with ¢pe—rcr@lred+imill - That is, we replace an
exponential depending on the length of the path between r, and r; with an
exponential depending on the length of the path between 7, and 7, which also
visits 0 € R? in-between.

For example, first derivatives of the resolvent Z, := (’H(X d) - z)_l may

be bounded above by the sum of (3.6.3) and a constant multiple (depending
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on cp and 0 but independent of ¢, m) of

3 [e—ﬁl[lrkHT‘nz] 1 emmlretlrnl] e—murk|+\rn\+|reu} e~ MlIrel+7km+Timn]
kn

< (e—ém[lwlﬂrml—rem] +6_771“7'l|+|7'7n|_7'2m])e_nlrém’ (3.6.11)

where 71 := min{ycT(9),71}. In particular, the constant prefactor in (3.6.11)
vanishes and thus the prefactor in the locality estimate (3.2.1) converges to
the corresponding defect-free prefactor as the subsystem (¢, m) moves away
from the defect core: that is, C{(¢,m) — C1 as |7y + |7m| — Tem — 0.

The same argument may be applied for second derivatives. First, we write
(3.6.4) and consider each term in turn. The exponent in (3.6.5) is the length of
the path starting at ry, visiting r,,, and 7y, in that order, and returning to
r¢. Each time a resolvent is applied in the line above (3.6.5), we now need to
also consider an additional cpe=7cT@lrel+Ir&ll term. Therefore, we may bound
(3.6.5) above by the sum of the defect-free quantity and all paths starting and
ending at ry, visiting r,,, and r,,, in that order, and visiting 0 at least once

in-between. The latter is a constant multiple (independent of ¢,my,m2) of

1 1 1
e gMlIrelHrmy [=rem ] 4 o= gnllrm [+1Pmy | =rmyms] 4 o= 50lrmy | +Irel=Tem,]
1 1 1
+ 6—577[|7'e|+|7’m1 |_r€m1]e_§77[|rm1 ‘+|"'m2 |_7’m1m2}€_§77[|"’m2 |+|"°Z|_7"ém2]
1 emgnllreltirmy | =rem,] (e—énnrml [Hlrme | =rmyms) | e—én[\rm2|+m|—nm2])

+ 6_%77“"'7”1 H“"'mz |_""m1m2]e_%n“"'m2 |+|"'é|_7"£m2}:| e‘%"?["'éml +Trmymy +rm2€] .

Similarly, the second term in (3.6.4) may be bounded by the sum of (3.6.6) in

the defect-free case, and a constant multiple of

[e—%nz[lrelﬂrm I=remy ] 4 o 32ll7 el mg | =T em, ]

1 1 1
—s5n2||re|+|T - —5n2l|re| |7 - —5n2|r +r +7
+e 37 H fl ‘ m1| Zml}e 2™ “ 2‘ | m2| ng]:|e 2™ [ tmq TTmimg mQZ}’

where 72 := min{ycT(?),v2}. Therefore the prefactor in the improved estimates
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converges to the corresponding defect-free prefactor as the subsystem moves
away from the defect core together: that is, CS(¢,m1,m2) — Cy as |rg| +

|Pm| — km — oo for all distinet k,m € {¢, m1, ma}.
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CHAPTER 4

Body-ordered Approximations
of the Potential Energy Landscape

This chapter is based on the article [123] “Rigorous body-order
approximations of an electronic structure potential energy landscape”
submitted to the arXiv preprint server, arXiv:2106.12572 (2021).

This paper is co-authored by Huajie Chen and Christoph Ortner.

4.1 Introduction

In this Chapter, we construct body-ordered approximations (1.4.2) to local
analytic observables (2.4.1) and prove an exponential rate of convergence. That

is, for fixed body-order N € N, we construct

OéV(X) = Z Z VnN(XEQXZkly--wXEkn) (4.1.1)

(for some (n+1)-body potentials V, ), and show ’Og(X) - OéV(X)‘ <e N for
some v > 0 depending on the Fermi-temperature and band gap of the material.

Moreover, we show that related nonlinear approximation schemes lead to
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superior theoretical properties, with convergence rates only weakly depending
on defect states within the band gap, similarly to the locality estimates in
Chapter 3.

In addition to justifying and supporting the development of new models for
general atomic properties, our results establish generic properties of ab initio
models that have broader consequences, e.g. for the study of the mechanical
properties of atomistic materials [27,48,98,122].

Recall from Chapter 3 that we have decomposed the PEL into local contri-
butions from each atomic site (1.4.1). In practise, one may therefore truncate
the interaction introducing a finite cutoff radius. However, as we have seen
in Chapter 1, the site energy Ej is still an extremely high-dimensional object,
and so in order to control the dimensionality of the representation, we consider
the body-ordered approximation (1.4.2).

The vacuum cluster expansion (which we review in §4.5) is the traditional
and, arguably, the most natural many-body expansion of a potential energy
landscape. However, in many systems, it converges extremely slowly with
respect to the body-order and is thus computationally impractical. An intuitive
explanation for this slow convergence is that, when defining the body-order
expansion in this way, we are building an interaction law for a condensed
system from clusters in vacuum where the bonding chemistry is significantly
different.

The approach considered here uses an entirely different mechanism where
environment information is incorporated. In the simplest scheme, we approx-
imate the local observables Oy(X) = trO(’H(X))M (2.4.1) by approximating
O with a polynomial p on the spectrum J(H(X )) This approach results in

the approximation tr p(’H(X )) which is naturally body-ordered. To obtain

o
quasi-optimal approximation results, naive polynomial approximation schemes
(e.g. Chebyshev) are suitable only in the simplest scenarios. For the insulating
case we leverage potential theory techniques which in particular yield quasi-

optimal approximation rates on unions of disconnected domains (the occupied

and unoccupied bands). Our main results are obtained by converting these into
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approximation results on atomic properties, analysing their qualitative features,
and taking care to obtain sharp estimates in the zero Fermi-temperature limit.

These initial results provide strong evidence for the accuracy of a linear
body-order approximation in relatively simple scenarios, and would for example
be useful in a study of the mechanical response of single crystals with a
limited selection of possible defects. However, they come with limitations
that we discuss in the main text. In response, we then explore a much more
general framework, generalizing the theory of bond order potentials [74], that
incorporates our linear body-ordered model as well as a range of nonlinear
models. We will highlight a specific nonlinear construction with significantly

improved theoretical properties over the linear scheme.

4.2 A General Framework

Before we consider two specific body-ordered approximations, we present a
general framework which illustrates the key features needed for a convergent
scheme: To that end, we introduce the local density of states (LDOS) [53]

which is the (positive) measure D, supported on o(H) such that
/w"dDg(x) = tr[H"] e, for n € Ny. (4.2.1)

Existence and uniqueness follows from the spectral theorem for normal operators
(e.g. see [1, Theorem 6.3.3] or [121]). In particular, (2.4.1) may be written as
the integral Oy(X) = [ OdD;.

Since the moments [H"]y have finite body order (see Proposition 4.1), on
constructing a (possibly signed) measure DY with [ 2"dDY (z) = tr[H"]s for
n=0,1,..., N, we may define the body-ordered approximate local observable
ON(X) = [OdDY. Now, the conditions on the moments of DY imply that

[ Pnd(Dg — Dév) = 0 for all polynomials Py of degree at most N, and thus
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we obtain the following general error estimates:

04(X) = OF (X)| = _inf ’/(O—PN)d(Dg—DéV)’

PnePN
N .
<|loe- D, it fo-Pul, @22
where Py denotes the set of polynomials of degree at most N, and || - ||op is
the operator norm on a function space (S, || - ||so). For example, we may take

S to be the set of functions analytic on an open set containing %, a contour

encircling supp(Dg - Dév) and satisfying (2.4.1), and consider

_len(%)
T o

1O

O] oo () -

Alternatively, we may consider S = L™ (supp(Dg — DY )) leading to the total
variation operator norm. Equation (4.2.2) highlights the key generic features

that are crucial ingredients in obtaining convergence results:

o Analyticity. The potential theory results of §4.8.1 connect the asymptotic
convergence rates for polynomial approximation to the size and shape of

the region of analyticity of O.

e Spectral Pollution. While supp Dy C o(H), this need not be true for Dév.
Indeed, if supp Dév introduces additional points within the band gap, this

may significantly slow the convergence of the polynomial approximation;

cf. §4.5.

e Regularity of D). Roughly speaking, the first term of (4.2.2) measures
how “well-behaved” Dév is. In particular, if Dév is positive, then this
term is bounded independently of N, whereas, if Dév is a general signed
measure, then this factor contributes to the asymptotic convergence

behaviour.

In the following sections, we introduce linear (§4.3) and nonlinear (§4.4)
approximation schemes that fit into this general framework. Moreover, in

§4.5, we also write the vacuum cluster expansion as an integral against an
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approximate LDOS and investigate which of the requirements listed above fail.
This analysis complements the intuitive explanation for the slow convergence
of the vacuum cluster expansion.

In the appendices, we review other approximation schemes that fit into this
general framework such as the quadrature method (Appendix C.3), numerical
bond order potentials (Appendix C.4), and the kernel polynomial method
(Appendix C.5).

4.3 Linear Body-ordered Approximation

To construct our first model we exploit the observation that polynomial ap-
proximations of an analytic function correspond to body-order expansions of
an observable.

An intuitive approach is therefore to write the local observable in terms
of its Chebyshev expansion and truncate to some maximal polynomial degree.
The corresponding projection operator is a simple example of the kernel
polynomial method (KPM) [110] and the basis for analytic bond order potentials
(BOP) [101]. We discuss in Appendix C.5 that these schemes put more
emphasis on the approximation of the local density of states (LDOS) and, in
particular, exploit particular features of the Chebyshev polynomials to obtain
a positive approximate LDOS. Since our focus is instead on the approximation
of observables, we employ a different approach that is tailored to specific
properties of the band structure and leads to superior convergence rates for
these quantities.

For a set of N + 1 distinct interpolation points X = X, and a complex-
valued function O defined on X', we denote by IxO(z) the degree N polynomial
interpolant of z — O(z) on X. This gives rise to the body-ordered approxima-

tion

IxO0y(X) = tr[IxO(H(X)) (4.3.1)

el
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We may connect (4.3.1) to the general framework in §4.2 by writing

IvOy(X) = / OdD,"™ where D™ :=tr )" ;(H)ed(- —g;) (4.3.2)
J

and ¢; are the node polynomials corresponding to the interpolation set X' = {¢;}

(that iS, gj(&') = (511)

Proposition 4.1. IxO;(X) has finite body-order. More specifically, there
exists a mazimal body order M € N and (n + 1)-body potentials VN for
n=20,...,M — 1 such that

M—-1
Ix0uX) =Y Y Van(Xe Xy, Xuk,)- (4.3.3)

For two-centre tight binding models M = N, whereas M = 2N in the three-

centre case.

Sketch of the Proof. Since (4.3.1) is a linear combination of the monomials

[H"]ee, it is enough to show that, for each n € N,

[(H"]or = Z Heo,Hojey - He, 0 (4.3.4)

L1yeiln—1

has finite body order. Each term in (4.3.4) depends on the central atom ¢, the
n — 1 neighbouring sites /1, ..., ¢,—1, and the at most n additional sites arising
from the three-centre summation in the tight binding Hamiltonian (TB). In
particular, (4.3.1) has body order at most 2N for three-centre tight binding
models, and at most N for two-centre models. See §4.8.2 for a complete proof

including an explicit definition of the V. O

If one uses Chebyshev points as the basis for the body-ordered approx-
imation (4.3.1), the rates of convergence depend on the size of the largest
Bernstein ellipse (that is, ellipses with foci points +1) contained in the region
of analyticity of z +— O(z) [124]. This leads to a exponentially convergent

body-order expansion in the metallic finite-temperature case (see §4.8.1 for the
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details).

However, the resulting estimates depend on 3~ and deteriorate in the zero-
temperature limit. Instead, we apply results of potential theory to construct
interpolation sets X’ that are adapted to the spectral properties of the system
(see §4.8.1 for examples) and (i) do not suffer from spectral pollution, and
(i) (asymptotically) minimise the total variation of Dév’lin which, in this
context, is the Lebesgue constant [124] for the interpolation operator Iy.
This leads to rapid convergence of the body-ordered approximation based on
(4.3.1). The interpolation sets Xy depend only on the intervals I_, I, from
Definition 2.2 (see also Figure 2.2) and can be chosen independently of X as

long as B.(o(H(X))) C I-UI,.

Theorem 4.2. Suppose X satisfies Definition 2.2. Fix 0 < 8 < oo and
suppose that, either 8 < oo or g > 0. Then, there exist constants yny > 0 and
interpolation operators In = Ix, satisfying (4.3.3) and with Xy C I_ U I,

such that

|0J(X) — INOJ (X)| < Cre™ N, and

90)(X)  9InO/(X)

1
<C e 3NN o=N7im
0X 0x,, |72 ’

where OF = FB or GP and C1,Co > 0 are independent of N. The asymptotic
convergence rate v = limy_oo YN %S positive and erhibits the asymptotic

behaviour

Ci~(g+B 1) Co~(g+B8 ) andy,n~g+B8" asg+p'—0.

In this asymptotic relation, we assume that the limit g — 0 is approached

symmetrically about the chemical potential p.

Remark 4.1. Higher derivatives may be treated similarly under the assumption
that higher derivatives of the tight binding Hamiltonian (TB) ezist and are

short ranged.
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Remark 4.2 (Locality). (i) By Theorem 4.3, and the locality estimates for
the exact observables O? (Theorem 3.2), we immediately obtain corresponding
locality estimates for the approximate quantities:

dINO, (X)

< e Mrem, 4.3.5

(11) We investigate another type of locality in Appendiz C.1 where we show
that various truncation operators result in approximation schemes that only
depend on a small atomic neighbourhood of the central site. An exponential

rate of convergence as the truncation radius tends to infinity is obtained.

4.3.1 The role of the point spectrum

We now turn towards the important scenario when a localised defect is embed-
ded within a homogeneous crystalline solid. Recall from §2.3 (see in particular
Fig. 2.2) that this gives rise to a discrete spectrum, which “pollutes” the
band gap [95]. Thus, the spectral gap is reduced and a naive application of
Theorem 4.2 leads to a reduction in the convergence rate of the body-ordered
approximation. We now improve these estimates by showing that, away from
the defect, we obtain improved pre-asymptotics, reminiscent of similar results
for locality of interaction (Chapter 3).

In the following, we suppose that (X, X4) satisfies Definition 2.2. While
improved estimates may be obtained by choosing {);} as interpolation points,
leading to asymptotic exponents that are independent of the defect, in practice,
this requires full knowledge of the point spectrum. Since the point spectrum
within the spectral gap depends on the whole atomic configuration, the ap-
proximate quantities of interest corresponding to these interpolation operators

would no longer satisfy Proposition 4.1.

Remark 4.3. This phenomenon has been observed in the context of Krylov
subspace methods for solving linear equations Az = b where outlying eigenvalues
delay the convergence by O(1) steps without affecting the asymptotic rate

[43]. Indeed, since the residual after n steps may be written as rn, = pp(A)rg
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where p, s a polynomial of degree n, there is a close link between polynomial

approximation and convergence of Krylov methods.

On the other hand, we may use the exponential localisation of the eigen-
vectors corresponding to isolated eigenvalues to obtain pre-factors that decay

exponentially as |r;| — oo:

Theorem 4.3. Suppose (X, XY) satisfies Definition 2.2 with g > 0. Fix
0 < 8 < 0o and suppose that, if § = oo, then gl > 0, and let C1, Ca,vN, 7,7,

and Iy = Iy, with Xy C I_U I, given by Theorem 4.2. Then,

‘Og(Xd) - INO?(Xd)‘ < Cre WN 4 C3€—VCT‘7-£|6_%,Y§1VefN

00/ (X?)  9IyO)(X)
X4 oxXd

1 1, def
< (C2€_§'YNN + 046—’YCT|7'2\€—§7N€ N>6—777‘zm

(4.3.6)

where O = FB or GP and Cs,Cy > 0 are independent of N. The asymptotic

convergence rate ¥4 = limy_ o0 'yflvef 1s positive and we have

,Ydef ~ gdef + ,8_1 as gdef + ,8_1 N 0’

Yor,n~ g+ B as g+ B — 0.

In these asymptotic relations, we assume that the limits gi*f, g — 0 are ap-

proached symmetrically about the chemical potential .

In practice, Theorem 4.3 means that, for atomic sites ¢ away from the
defect-core, the observed pre-asymptotic error estimates may be significantly

better than the asymptotic convergence rates obtained in Theorem 4.2.

Remark 4.4 (Connection to the General Framework §4.2). The fact that the
exponents in Theorem 4.3 depend on the discrete eigenvalues of H(X) can be

seen from the general estimate (4.2.2) applied to the approximate LDOS Dév’lin

from (4.3.2):

e Spectral Pollution. We choose the interpolation points so that the support
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of Dév’hn lies within J(H(X)) and so spectral pollution does not play a

role,

n

e Regularity. The total variation of Dév’h can be estimated by the Lebesque

constant [124] for the interpolation operator Iy :

)
1D ™ lrv = sup |Inf(H)el
11l zoo (o (2)y=1

< s swp |Inf(@)]
[1fll Lo (o (m)y=1 €T (H)

= sup Z |0;(z)]. (4.3.7)

x€o(H) J

This quantity depends on the discrete eigenvalues within the band gap.

4.4 Nonlinear Body-ordered Approximation

The method presented in §4.3 approximates local quantities of interest by
approximating the integrand O: C — C with polynomials. As we have seen,
this leads to approximation schemes that are linear functions of the spatial
correlations {[H"]gp}nen. In this section, we construct a non-linear approx-
imation related to bond-order potentials (BOP) [39, 54, 74] and show that
the added non-linearity leads to improved asymptotic error estimates that
are independent of the discrete spectra lying within the band gap. In this
way, the nonlinearity captures “spectral information” from H rather than only
approximating O: C — C without reference to the Hamiltonian.

Applying the recursion method [66,67], a reformulation of the Lanczos
process [81], we obtain a tri-diagonal (Jacobi) operator T on ¢?(Ny) whose
spectral measure is the LDOS Dy [120] (see §4.8.3 for the details). We then
truncate T by taking the principal £(N + 1) x £(N + 1) submatrix Ty N1y

diagonalise T%( N—1) tO find the normalised eigenpairs (g, ?¥s), and define the
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spectral measure

DM = N [R5 — As)  and (4.4.1)

S

O (Hee, [H?)ee, - [HV]ue) = O(Ts(y_1))o0 = / oAD" ™M (4.4.2)

By showing that the first N moments of Dév’nonhn are exact, we are able to
apply (4.2.2) to obtain the following error estimates. The asymptotic behaviour
of the exponent in these estimates follows by proving that the spectral pollution

of Dév’nonlin in the band gap is sufficiently mild.

Theorem 4.4. Suppose (X, X9) satisfies Definition 2.2 and H = H(X?).
Fiz 0 < 8 < 0o and suppose that, if B = oo, then g > 0. Then, for N odd, there
exists an open set U C CN such that (4.4.2) extends to an analytic function

O: U — C, independent of H, such that
Ou( XYY — O (Hae, [H?)er, - - -, [HN]M)’ Se N (4.4.3)

where O = FB or GP. The asymptotic convergence rate v = UMy _yo0 YN 15
positive and v ~ g+ B~ as g+ B~ — 0 where the g — 0 limit is approached

symmetrically about the chemical potential.

Remark 4.5. It is important to note that ©: U — C can be constructed
without knowledge of H because, as we have seen, if the discrete eigenvalues are
known a priori, then Theorem 4.4 is immediate from Theorem 4.3 by adding
finitely many additional interpolation points on the discrete spectrum.

In particular, the fact that © is a material-agnostic nonlinearity has poten-

tially far-reaching consequences for material modelling.

Remark 4.6 (Connection to the General Framework §4.2). The fact that the
exponents in Theorem 4.4 are independent of the discrete eigenvalues ofH(Xd)

can be seen from the general estimate (4.2.2) applied to the approximate LDOS
Dév’nonlin from (4.4.2):

e Spectral Pollution. We prove that if [a,b] N o(H(XY)) = 0, then the
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number of points in [a,b]Nsupp Dév’nonhn is at most one (see Lemma 4.5).

In particular, the spectral pollution within the band gap is sufficiently
mild to ensure that the asymptotic error estimates in the polynomial
approzimation problem in (4.2.2) are independent of the discrete points

in the band gap,

e Regularity. By construction, Dév’nonhn is a positive measure and thus the

first term of (4.2.2) is bounded independently of N .

Remark 4.7 (Quadrature Method). Alternatively, we may use the sequence
of orthogonal polynomials [55] corresponding to Dy as the basis for a Gauss
quadrature rule to evaluate local observables. This procedure, called the Quad-
rature Method [68, 93], is a precursor of the bond order potentials. Outlined in
Appendixz C.83, we show that it produces an alternative scheme also satisfying

Theorem 4.4.

Remark 4.8 (Convergence of Derivatives). In this more complicated nonlinear
setting, obtaining results such as (4.3.6) is more subtle. We require an additional
assumption on Dy, which we believe may be typically satisfied, but we currently
cannot justify it and have therefore postponed this discussion to Appendix C.2.
We briefly mention, however, that if Dy is absolutely continuous (e.g., in
periodic systems), we obtain
9 B 2 N 1N —nr
'm(og (X) = O (Hue, [Hues ., [H ]M))' < e BN gmnrim,

4.5 Vacuum Cluster Expansion

The vacuum cluster expansion is a many-body expansion of the form (1.4.2)
where the (n + 1)-body potentials V() are constructed by considering all
isolated clusters of j < n atoms. That is, on defining the restriction of the

Hamiltonian matrix #|, . corresponding to the finite system {¢} U K C A,

[H}K;K] k1ka = h(Xk1k2) + {z}: t(X]ﬂTm ngm) + 5k1k2vk11dNb7 (4'5'1)
me{L}UK
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we define
O™ (X)=> > VO(XyXy,....,Xu,), where (45.2)

v (X4 Xkys - kan) = Z (_1)n_|K|O(H‘g;K)M' (4.5.3)
Kg{klv---vkn}
For a system of N particles, this expansion is exact.
Therefore, on defining the measure Dy == Y, 0( - —Xs(K))|[00s(K)]e|?
where (As(K),1s(K)) the are normalised eigenpairs of ’H‘M{, we may write

the vacuum cluster expansion as in §4.2:

Oév’vac(X )= / @) dDéV’V&LC where

N-1
D=3y > () HDg. (4.5.4)

n=0 ki, -kn# KC{kq,....k
k1<A“gkn _{ 1 n}

While D, is a generalised signed measure (with values in R U {#00}),

all moments are finite:

/ AN @) = S MMty He, (4.5.5)

Equation (4.5.5) follows from the proof of Proposition 4.1, see (4.8.17). In
particular, the first N moments of Dév’vac are exact. Therefore, we may apply
the general error estimate (4.2.2) and describe the various features of Dév’vac

which provide mathematical intuition for the slow convergence of the vacuum

cluster expansion:

e Spectral Pollution. When splitting the system up into arbitrary sub-
systems as is the case in the vacuum cluster expansion, one expects
significant spectral pollution in the band gaps, leading to a reduction in

the convergence rate,

e Regularity. The approximate LDOS is a linear combination of countably

many Dirac deltas and does not have bounded variation. Moreover,
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D" has values in R U {00}

4.6 Pre-asymptotic Regime

Possibly the most significant limitation of our analysis of the linear body-
ordered approximation scheme is that the estimates deteriorate when defects
cause a pollution of the point spectrum. Here, we briefly demonstrate that
this appears to be an asymptotic effect, while in the pre-asymptotic regime
this deterioration is not noticeable.

To explore this we choose a union of intervals £ O o(#) and a polynomial

Py of degree N and note

“O(H) - PN(H)]M‘ < HO(H) - PN(H)H@—M? = HO - PNHLOO(O'(H))

< HO—PNHLOO(E). (4.6.1)

We then construct interpolation sets (Fejér sets) such that the corresponding
polynomial interpolant gives the optimal asymptotic approximation rates
(for details of this construction, see §4.8.1). We then contrast this with a
best L*°(E)-approximation, and with the nonlinear approximation scheme
from Theorem 4.4. We will observe that the non-linearity leads to improved
asymptotic but comparable pre-asymptotic approximation errors.

As a representative scenario we consider the Fermi-Dirac distribution
FP(z) = (1 4 €*)~! with 8 = 100 and both the “defect-free” case E; =
[—1,a]U[b,1] and Es = [—1,a]U]c,d]U[b, 1] with the parameters a = —0.2,b =
0.2,¢c = —0.06, and d = —0.03. Then, for fixed polynomial degree N and
J € {1, 2}, we construct the (N +1)-point Fejér set for £j and the corresponding
polynomial interpolant I; yF #. Moreover, we consider a polynomial Pry of
degree N minimising the right hand side of (4.6.1) for £ = E;. Then, we
plot the errors ||F? — IjJ\]FﬁHLoo(Ej) and ||F? — Py llpeo(m;) for both j =1
(Fig. 4.1) and j = 2 (Fig. 4.2) against the polynomial degree N together

with the theoretical asymptotic convergence rates for best L°°(E;) polynomial
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approximation (4.8.13).

0
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Figure 4.1: Approximation errors for Chebyshev projection (green), polyno-
mial interpolation in Fejér sets on E; (black), and best L>°(E;) polynomial
approximation (blue) for £y = [—1,a] U [b, 1]. We also plot the corresponding
predicted asymptotic rates (from (4.8.3) and (4.8.13)). Here, we only plot data
points for N € {1,6,11,16,... }.

What we observe is that, as expected, introducing the interval [c, d] into
the approximation domain drastically affects the asymptotic convergence rate
and the errors in the approximation based on interpolation. While the best
approximation errors follow the asymptotic rate for larger polynomial degree, it
appears that, pre-asymptotically, the errors are significantly reduced. We also
see that the approximation errors are significantly better than the general error
estimate |[F5 — Ty F?|| e < e ™ "N where Il is the Chebyshev projection
operator (see §4.8.1).

Moreover, in Figure 4.2, we plot the errors when using a nonlinear ap-
proximation scheme satisfying Theorem 4.4. In this simple experiment, we
consider the Gauss quadrature rule © = f Iy, FBAD, where X are the zeros
of the degree N + 1 orthogonal polynomial (see Appendix C.3) with respect to
dDy(z) = (xm,(z) + > 0(z — Aj))dz, for a finite set {\;} C [c,d]. While Dy

does not correspond to a physically relevant Hamiltonian, the same procedure
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Figure 4.2: Approximation errors for Chebyshev projection (green), polynomial
interpolation in Fejér sets on Fs (black), best L*°(FE2) polynomial approx-
imation (blue), and errors in the nonlinear approximation scheme (red) for
By = [-1,a) U [e,d] U [b,1] and {\;} = {c, <t% d}. We also plot the corres-
ponding predicted asymptotic rates (from (4.8.3), (4.8.13), and Theorem 4.2).
Here, we only plot data points for N € {1,6,11,16,...} in the linear schemes
(which captures the oscillatory behaviour), and N € {1,7,13,19,...} for the
nonlinear scheme (since N must be odd).

may be carried out for any measure supported on E; with supp Dy N e, d] finite.
Then plotting the upper bounds [ |F# — Iy, F?|dD,, we observe improved
asymptotic convergence rates that agree with that of the “defect-free” case
from Figure 4.1. However, the improvement is only observed in the asymptotic

regime which corresponds to body-orders never reached in practice.

4.7 Conclusions

In this chapter we have seen a sequence of rigorous results about body-ordered
approximations of a wide class of properties extracted from tight-binding models
for condensed phase systems, the primary example being the potential energy
landscape. Our results demonstrate that exponentially fast convergence can
be obtained, provided that the chemical environment is taken into account. In

the spirit of the results in Chapter 3 on the locality of interaction [29,98,122],
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this chapter provides further theoretical justification — albeit qualitative
— for widely assumed properties of atomic interactions. More broadly, the
analysis illustrates how to construct general low-dimensional but systematic

representations of high-dimensional complex properties of atomistic systems.

4.8 Proofs of the Main Results

4.8.1 Preliminaries

Here, we briefly introduce the concepts needed in the proofs of the main results.

Hermite integral formula

For a finite interpolation set X' C C, we let {x(z) = [[,cx(z — x) be the
corresponding node polynomial.

For fixed z € C\ X, we suppose that O is analytic on an open neighbourhood
of X U{z}. Then, for a simple closed positively oriented contour (or system
of contours) € contained in the region of analyticity of O, encircling X', and

avoiding {z}, we have

1¢0(2) = ﬁép Ex(ﬁé)x—(;)x(z) ?Eﬁi;ﬂi (48.1)

If, in addition, % encircles {z}, then

0(z) = Ix0() = Z{‘Eg ?Egi;fi. (4.8.2)

The proof of these facts is a simple application of Cauchy’s integral formula,
[3,124].
Chebyshev Projection and Interpolation in Chebyshev Points

We denote by {T,,} the Chebyshev polynomials (of the first kind) satisfying
T, (cosf) = cosnf on [—1,1] and, equivalently, the recurrence Ty = 1,77 = «x,

and Ty41(z) = 22T, (z) — Th—1(z).
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For O Lipshitz continuous on [—1, 1], there exists an absolutely convergent
Chebyshev series expansion: there exists ¢, such that O(z) =Y ¢, Th(2).
For maximal polynomial degree NN, the corresponding projection operator is
denoted IINO(z) = Zﬁ[:o enTn(z). This approach is a special case of the
Kernel Polynomial Method (KPM) which we briefly review in Appendix C.5.

On the other hand, supposing that the interpolation set is given by the
Chebyshev points X = {cos %}OgjgN, we may expand the polynomial inter-
polant IyO = IxO in terms of the Chebyshev polynomials: there exists ¢,
such that InyO(z) = SN ¢/ T (2).

For functions O that can be analytically continued to the Bernstein ellipse
E, = {i(z4+271): |z| = p} for p > 1, the corresponding coefficients {c,}, {c},}
decay exponentially (|ey|, [c,| S [0l L(z,)p~"), which leads to the following

error estimates

-N
p
10 = IINO|| oo (—1,1)) + 10 = INOll oo -1,1) S HOHLOO(E,,)ﬁ- (4.8.3)
For Of = FP or G, these estimates give an exponential rate of convergence

with exponent depending on ~ B~1'. Indeed, after scaling H so that the

spectrum is contained in [—1, 1], we obtain

0(x) - nNof(X)( < HOB(H) CTINOP(H)

2202

< [|OP —TINOP || oo ((—1.1)) (4.8.4)

and we conclude by directly applying (4.8.3). The same estimate also holds for
Iy (or any polynomial).

For full details of all the statements made in this subsection, see [124].

Classical logarithmic potential theory

In this section, we give a very brief introduction to classical potential theory
in order to lay out the key notation. For a more thorough treatment, see [103]

or [52,82,104,124].
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It can be seen from the Hermite integral formula (4.8.2) that the approx-
imation error for polynomial interpolation may be determined by taking the
ratio of the size of the node polynomial £x at the approximation points to the
size of £y along an appropriately chosen contour. Logarithmic potential theory
provides an elegant mechanism for choosing the interpolation points so that
the asymptotic behaviour of £y can be described.

We suppose that £ C C is a compact set. We will see that choosing the
interpolation nodes as to maximise the geometric mean of pairwise distances

provides a particularly good approximation scheme:

on(F) = max ( H |zi—zj>n<n21). (4.8.5)

21,0.2n€ER
Lye®n 1<i<j<n

Any set F,, C E attaining this maximum is known as a Fekete set. It can be
shown that the quantities d,,(E) form a decreasing sequence and thus converges
to what is known as the transfinite diameter: 7(F) := nh_}ngo on(E).

We let Ly, (2) = [],cx, (# — =) denote the node polynomial corresponding

to a Fekete set A, and note that

n(n=1)
[x, (2)|0n(E) 2 = H |z — x| max H |z — 2;

21,0.2n€ER
reX), Lrofn =R Cicign

= max H |zi — 2]

205--,2n€E: zp=2 T
o o<i<j<n

n(n+1)

max  [[ |zi—zl=6n(E) 2 . (4.8.6)

20402 EER L4
s 0<i<j<n

N

1/n

Loo(B) S 7(E). In fact,

Therefore, rearranging (4.8.6), we obtain lim,,_, ||¢x, ||
this inequality can be replaced with equality, showing that Fekete sets allow us
to describe the asymptotic behaviour of the node polynomials on the domain
of approximation.

To extend these results, it is useful to recast the maximisation problem

(4.8.5) into the following minimisation problem, describing the minimal log-

arithmic energy attained by n particles lying in E with the repelling force
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1/|z; — zj| between particles ¢ and j lying at positions z; and z;, respectively:

) 1 n(n—1) 1
ELNE) = 1 = 1 . 4.8.7
B iy 2 T T e (80

Fekete sets can therefore be seen as minimal energy configurations and described

by the normalised counting measure v, = %22:1 0»; where F, = {z;}7_,.
The minimisation problem (4.8.7) may be extended for general unit Borel

measures y supported on E by defining the logarithmic potential and corres-

ponding total energy by

Bz)= [ lo o an = 0 o z
U(2) -—/1g|z_§|du(£) 4 I //1g|z_£|du(£)du( )

The infimum of the energy over the space of unit Borel measures supported
on F, known as the Robin constant for E, will be denoted —oo < Vg < +o00.
The capacity of E is defined as cap(FE) := e~V% and is equal to the transfinite
diameter [50]. Using a compactness argument, it can be shown that there
exists an equilibrium measure wg with I(wg) = Vg and, in the case Vi < oo,
by the strict convexity of the integral, wg is unique [105]. Moreover, if Vg < 0o
(equivalently, if cap(E) > 0), then U¥E(z) < Vg for all z € C, with equality
holding on E except on a set of capacity zero (we say this property holds
quasi-everywhere).

Moreover, if cap F > 0, then it can be shown that the normalised counting
measures, ,, corresponding to a sequence of Fekete sets weak-x converges to

wp. Since U (z) = % log Wl(z)\’ the weak-+ convergence allows one to conclude

that
lim ||¢ ||1/n = cap(F), and
n—oo | IL=(E) ’
lim |0, (2)]Y" = e VP () = cap(E)es=?) (4.8.8)
n—oo

uniformly on compact subsets of C \ E. Here, we have defined the Green’s

function gg(z) = Vg — U¥E(z), which describes the asymptotic behaviour
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of the node polynomials corresponding to Fekete sets. We therefore wish to

understand the Green’s function gg.

Construction of the Green’s function

Now we restrict our attention to the particular case where £ C R is a union of
finitely many compact intervals of non-zero length.
It can be shown that the Green’s function gp satisfies the following Dirichlet

problem on C\ F [103]:

Aggp(z)=0 onC\ E, (4.8.9a)
ge(z) ~log|z| as |z] = oo, (4.8.9b)
ge(z) =0 on E. (4.8.9¢)

In fact, it can be shown that (4.8.9) admits a unique solution [103] and
thus (4.8.9) is an alternative definition of the Green’s function. Using this
characterisation, it is possible to explicitly construct the Green’s function gg
as follows.

In the upper half plane, gg(z) = Re(GE(z)) where

Gg: {z€C:Im(z) >0} = {z € C: Re(z) = 0,Im(2) € [0, 7]}

is a conformal mapping on {z: Im(z) > 0} with Gg(E) = i[0, 7], Gg(min F) =
im, and Gg(max E) = 0. Using the symmetry of E with respect to the real
axis, we may extend Re(Gg(z)) to the whole complex plane via the Schwarz
reflection principle. Then, one can easily verify that this analytic continuation
satisfies (4.8.9). Since the image of G is a (generalised) polygon, z — Gg(z)
is an example of a Schwarz-—Christoffel mapping [42]. See Figure 4.3 for the
case B = [—1,—¢] U [e, 1].

We shall briefly discuss the construction of the Schwarz-—Christoffel mapping
Gpg for E = [—1,e_]U[e4, 1]. We define the pre-vertices z1 = —1,20 = e_, 24 =

£4,25 = 1 and wish to construct a conformal map G with Gg(z;) = wy as in
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Z. 2
<4 “h

Figure 4.3: The Schwarz-—Christoffel mapping Gg with E = [z1, 22] U [24, 25]
which maps the upper half plane (left) onto the infinite slit strip {w € C: Rew >
0, Imw € (0,7)} (right), is continuous on {z € C: Rez > 0} and maps the
intervals [z1, 22|, [24, 25] to [w1, w2, [wa,ws] C [0, 7], respectively. We also plot
the image of an 10 x 10 equi-spaced grid. A parameter problem is solved in
order to obtain z3 and thus wg and ws = wy whereas the other constants are

fixed. Here, we take z1 = —1,20 = —€,24 = €,25 = 1,w; = im,ws = 0 with
e=0.3.
Figure 4.3. For simplicity, we also define zy := —oc and zg := oo and observe

that because the image is a polygon, arg G’;(z) must be constant on each

interval (zx_1, 2) and
arg Gp(z) —arg Gz ) = (1 — o) (4.8.10)

where 2, € (zxp—1,2k), z,j € (zk, 2zk+1), and a7 is the interior angle of the
infinite slit strip at vertex wy (that is, oy = ae = a4 = a5 = % and az = 2).
After defining 2® = |z|*e!*®8* where argz € (—m, 7|, we can see that for
z € (2zk—1,2k), we have arg H?:k(z —zj)u ™t = Z?:k(aj — 1)7 and so the

jump in the argument of z — H?Zl(z —z)% 1 is (1 —ag)7 at 2y, as in (4.8.10).

Therefore, integrating this expression, we obtain

¢ — 23

=A ) .
2 +B/l \/C+1\/C—5_\/C—5+\/C—1dc

Gr( (4.8.11)

Since Gg(1) = A, we take A = 0 (to ensure (4.8.9¢) holds). Moreover, since the
real part of the integral is ~ log|z| as |z| = oo, we apply (4.8.9b) to conclude

B = 1. Finally, we can choose z3 such that Re Gg(z) =0 for all z € E. That
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is,

¢ — 23

+ d¢ =
/g VCHTI/C—e_\/ex —(VT=( ‘

z3 € (e_,eq): 0. (4.8.12)

For more details, see [52]. We use the Schwarz-—Christoffel toolbox [42] in
MATLAB to evaluate (4.8.11) and plot Figure 4.4.

For the simple case F = [—1, 1], by the same analysis, we can disregard
22, 23, z4 and wa, w3, w, and integrate the corresponding expression to obtain
the closed form G[_y 3j(z) = log(z + vz — 1v/z + 1).

A similar analysis allows one to construct conformal maps from the upper
half plane to the interior of any polygon. For further details, rigorous proofs

and numerical considerations, see [44].

(a) Metal: E = [~1,1]. (b) Insulator: E = [—1,—¢]U][e, 1], € = 0.30
' (2 s.f).

Figure 4.4: Equi-potential curves %, == {z € C: ¢92(*) = r;.} for both metals
(a) and insulators (b) where 3 (r), — rt) =5 for k€ {1,2,3,4,5} and 8 = 10.
In the case of metals (a), the equi-potential curves agree with Bernstein ellipses.
We also plot the poles of FA(-) which determine the maximal admissible
integration contours: for (a), we can take contours %, for all r < r; and, for
(b), the contour %, can be used for all positive Fermi-temperatures (we have
chosen the gap carefully so that %, self-intersects at ). Shown in black crosses
are 30 Fejér points in each case. To create these plots we consider an integral
formula for the Green’s function z — gg(z) [52] and use the Schwarz-Christoffel
MATLAB toolbox [41,42] to approximate these integrals.

Interpolation nodes

The only difficulty in obtaining (4.8.8) in practice is the fact that Fekete sets

are difficult to compute. An alternative, based on the Schwarz-—Christoffel

67



mapping Gg, are Fejér points. For equally spaced points {Cj}?zl on the
interval [0, 7], the n'® Fejér set is defined by {G;JI(CJ-)}?:I. Fejér sets are also
asymptotically optimal in the sense that (4.8.8) is satisfied where /,, is now the
node polynomial corresponding to n-point Fejér set.

Another approach is to use Leja points which are generated by the following
algorithm: for fixed z1,..., z,, the next interpolation node z,1 is construc-
ted by maximising H?:1 |zj — z| over all z € E. Sets of this form are also
asymptotically optimal [119] for any choice of z; € E. Since we have fixed the
previous nodes 21, ..., 2, the maximisation problem for constructing z,41 is
much simpler than that of (4.8.5).

More generally, if the normalised counting measure corresponding to a
sequence of sets {z;}_; C E weak-x converges to the equilibrium measure wg,
then the corresponding node polynomials satisfy (4.8.8).

For the simple case where E = [—1, 1], many systems of zeros or maxima
of sequences of orthogonal polynomials are asymptotically optimal in the sense
of (4.8.8). In fact, since the equilibrium measure for [—1,1] is the arcsine

measure [104]
1

1
W) = 2

any sequence of sets with this limiting distribution is asymptotically optimal.

dz,

An example of particular interest are the Chebyshev points {cos %}Ogjgn
given by the n + 1 extreme points of the Chebyshev polynomials defined by

T, (cosf) = cosnf.

Asymptotically optimal polynomial approximations

Suppose that F is the union of finitely many compact intervals of non-zero
length and O: E — C extents to an analytic function in an open neighbourhood
of E. On defining €, := {z € C: gp(z) = v}, we denote by v* the maximal
constant for which O is analytic on the interior of €,~. We let Py be the best
L°°(E)-approximation to O in the space of polynomials of degree at most N

and suppose that Iy is a polynomial interpolation operator in N 4 1 points
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satisfying (4.8.9). Then, the Green’s function gg determines the asymptotic
rate of approximation for not only polynomial interpolation but also for best

approximation:

. _ * l/N o . _ 1/N _ _»7*
A}gnoo O PN||LOO(E) = ]\}gnoo O INOHLoo(E) =e 7. (4.8.13)
For a proof that the asymptotic rate of best approximation is given by the
Green’s function see [104]. The result for polynomial interpolation uses the

Hermite integral formula and (4.8.8), see (4.8.18) and (4.8.19), below.

4.8.2 Linear body-order approximation

In this section, we use the classical logarithmic potential theory from §4.8.1
to prove the approximation error bounds for interpolation. However, we
first show in more detail that polynomial approximations lead to body-order

approximations:

Proof of Proposition 4.1. We first simplify the notation by absorbing the ef-

fective potential and two-centre terms into the three-centre summation:

H(X )iy, = ZHklk?m’ where

Sh( Xyks) + OV Ldny,  if € {k1, ko),
Hiykom = (4.8.14)

t(Xklﬂ%szm)v it m ¢ {klak2}-

Now, supposing that IyO(z) = Z'jilo_l ¢jz), we obtain

|¥]-1

IxO)(X) = tr Z cj Z Hooy, Hoyoy - Hey_y0
J=0 Ll 4

|X[—1
=tr Z cj Z Hotymy Heyeymy - - Hey_yomy; s (4.8.15)
T R
miy,..., m;

where the first two terms in the outer summation are ¢y and c1Hgy. Now,

for a fixed body-order (n + 1), and ky < --- < k,, with k; # £, we construct
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Van (Xe; Xoky s - - - » Xk, ) by collecting all terms in (4.8.15) with 0 < j < |X]—1
and {¢,01,...,¢;—1,m1,...,m;} = {{,k1,...,kp}. In particular, the maximal
body-order in this expression is 2(|X| — 1) for three-centre models and |X| — 1
in the two-centre case.

More explicitly, using the notation (4.5.1), we have

Von (X Xty s - -+ Xow,)

|X|-1
= tr Z cj Z Heeyma Heyeyms - - - Hoj_yom; (4.8.16)
j:O £1 Z]*lvml ..... m,;
{¢,21 Z] 1M 5eens mj}:{l ki,..es kn}
=tr Y ()" EIOH], ) (4.8.17)
KC{k1,....kn}

Here, we have applied an inclusion-exclusion principle to ensure that we are
not only summing over sites in {ki,...,k,} but we select at least one of
each site in this set. Indeed, if we choose ¢1,...,¢;_1,m1,...,m; such that
b, bj—1,ma,...,m;} = {{}UKy, then the expression Hep,m, - He;_10m;
appears in each term of (4.8.17) with K D Kj exactly once (with a + sign).

Therefore, the number of times H o, m, Heytomy - - .7—[@].71 m; appears is exactly

n—|Kol

S~ (Cayretho (= Kl _ J ol =
!

=0 0 otherwise.

That is, (4.8.17) only contains the terms in the summation (4.8.16). O

Proof of Theorem 4.2. We let {n(x) = H](:c—xév) be the node polynomial for
Xy = {xév é\]:()' Again, we fix the configuration X and consider H = H(X).

Supposing that % is a simple closed positively oriented contour encircling
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o(H), we apply the Hermite integral formula (4.8.2) to obtain:

0/(X) = I OF (X)| < |O°(H) = Ly O (M) | o2
= sup ‘Oﬁ(z)—IXNOB(z)‘

z€o(H)
1?5 In(2) OP(¢)

N

sup

z€o(H)

_O%e
dist (‘5, 0(7—[)) z€0(H), €%

In(z)

In(§) |

(4.8.18)

At this point we apply standard results of classical logarithmic potential
theory (see, §4.8.1 or [82]) and conclude by noting that if the interpolation
points are asymptotically distributed according to the equilibrium distribution

corresponding to E := I_ U I, then after applying (4.8.8), we have

— 9E(2)=95(8) (4.8.19)

Here, the equilibrium distribution and the Green’s function gg(z) are concepts
introduced in §4.8.1.

Therefore, by choosing the contour € = {£ € C: gg(§) =~} for 0 < v <
ge(u+imB~1), the asymptotic exponents in the approximation error is v. The
maximal asymptotic convergence rate is given by gg(p + ir~!) since € must
be contained in the region of analyticity of O® and the first singularity of O”
is at p +inB~! (for O = F# or GP). Examples of the equi-potential level sets
% are given in Figure 4.4.

Using the Green’s function results of §4.8.1, we have gg(p + irf~!) =
Re Gg(pu+inB~1) where G is the integral (4.8.11). The asymptotic behaviour
of this maximal asymptotic convergence rate for the separate 5 — oo and
g — 0 limits can be found in [52,109]. Here, we consider the 371 + g — 0 limit
where the gap remains symmetric about the chemical potential p.

To simplify the notation we consider I_ U I, = [-1,e_] U [e4, 1] where

Er=u=x %g. By choosing to integrate (4.8.11) along the contour composed of
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the intervals [1, u] and [u, p + i7371], we obtain

-1
perimd (— 2

. -1\ __
G+ inf >—GE<“>+/M S WY/ e i

(4.8.20)

Since gr(p) ~ g as g — 0 [52], we only consider the remaining term in (4.8.20).
For ¢ € u+i[0, 787 ], we have ¢! < [/ £1| < ¢, and so the integral in

(4.8.20) has the same asymptotic behaviour as the following

ptirB—1 C—ZB
d
/u \/C—e,\/g“—e+ ‘

1, imp” ! 1, ing” !t
2 g \/Z 2 g 1
= d¢ + (e- — ————=d¢, (4.8.21
¢ = GRSl M o LOREED
where we have used the change of variables Ei_f;_ — (. Since the integrands

are uniformly bounded along the domain of integration, (4.8.21) is ~ 37! as
8 — oo.

The constant pre-factor in (4.8.18) is inversely proportional to the distance
dist (%, o(H)) between the contour ¢ = {gp = 7} and the spectrum o(H). In
particular, since gg is uniformly Lipschitz with some constant L > 0 on the
compact region bounded by &, we have: there exists A € o(H) and £ € € such

that

st (%, 0(H) = €~ M| > 71gr (&) ~ 95 (V)] = 17

Therefore, choosing v to be a constant multiple of gz (i +i73~!), we conclude
that the constant pre-factor C satisfies C ~ (g + 8 1) tasg+ 31 = 0.

To extend the body-order expansion results to derivatives (in particular, to
forces), we write the quantities of interest using resolvent calculus, apply (3.6.3)
to bound the derivatives of the resolvent, and use the Hermite integral formula

(4.8.18) to conclude: for €7, % simple closed positively oriented contours
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encircling the spectrum U(H(X )) and %1, respectively, we have

004(X)  0lx,0i(X)| 1 IH(X) ~ =),
aém) - Xaxfn( )':% 7@ (06~ 1,0 0X, i
1 In(2) O(6) I(H(X) — =),
= I 72 7@ NOE-: 09X, ¥
— In(2)
< Ce ZECZ?E% ZN(g) . (4.8.22)

We conclude by choosing appropriate contours 47 = {gg = v} for { = 1,2 and

applying (4.8.19). O

Role of the Point Spectrum

Proof of Theorem 4.3. Suppose that € is a simple closed contour encircling
the spectrum U(H(X d)) and (g, 1) are normalised eigenpairs corresponding
to the finitely many eigenvalues outside I_ U I.. Therefore, we have
1 dz
OF(X) = Iy O/ (X) = tr b (0%(2) = 1, 07 (2)) (= = (X)) 1

+ 37 (0%(N) = Ty OP () [Ws]e*.

(4.8.23)

The first term of (4.8.23) may be treated in the same way as in the proof of
Theorem 4.2. Moreover, derivatives of this term may be treated in the same
way as in (4.8.22). It is therefore sufficient to bound the remaining term and
its derivative.

Firstly, we note that the eigenvectors corresponding to isolated eigenvalues
in the spectral gap have the following decay [98]: for ¢’ a simple closed

positively oriented contour (or system of contours) encircling {5}, we have

) A R B P
$lux =)

7; [(H(XY) —2) " = (H(X) - 2) 7], dz

Z st]éf - %

1
o7

< Ceverlird—Ral, (4.8.24)
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where ot is the Combes—Thomas constant from Lemma 3.3 depending on the
constant d = dist (%", o(H(X9))). The constant pre-factor in (4.8.24) depends
on the distance between the contour and the defect spectrum U(’H(Xd)).
Similar estimates hold for the derivatives. For full details on the derivation of
(4.8.24), see [98, (5.18)—(5.21)] or the proof of Theorem 3.2.

Therefore, combining (4.8.24) and the Hermite integral formula (4.8.2), we

conclude as in the proof of Theorem 4.2. O

4.8.3 Non-linear body-order approximation
Recursion method

In the following we briefly introduce the recursion method [66,67], a refor-
mulation of the Lanczos process [81], which generates a tri-diagonal (Jacobi)
operator T' [120] whose spectral measure is D, and the corresponding sequence
of orthogonal polynomials [55]. This process provides the basis for constructing
approximations to the LDOS giving rise to nonlinear approximation schemes
satisfying Theorem 4.4.

Recall that Dy is the LDOS satisfying (4.2.1). We start by defining pg = 1,
ap = [@xdDy(z) and byp1(z) == x—an where by is the normalising constant to en-

sure fpl(SC)QdDg(:C) = 1. Then, supposing we have defined aqg, a1, b1,...,an,bn

and the polynomials po(z),. .., pn(x), we set
bn+1Pn+1() = (z — apn)pn(z) — bppp—1(x), with (4.8.25)
/pn+1(x)2dDg(x) =1, apt1 = /xpn+1(:n)2dDg(ac). (4.8.26)

Moreover, for each IV, we define

ap b
bp ap -
= , (4.8.27)
S c. bN

by an
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and let T, = T to be the infinite symmetric tridiagonal matrix on Ny with
diagonal (an)nen, and off-diagonal (b, )nen.
Then, we have the following key preliminary result (the proof of which

follows the proof of Theorem 4.4):

Lemma 4.5. The sequence of polynomials p, generated by the recursion

(4.8.25) and Tx defined by (4.8.27) satisfy

(i) {pn} are orthonormal with respect to Dy. That is,

/pnpmdDZ = [pn(H)pm(H)]M = 5nma

T

?

(ii) Dy is the spectral measure of T corresponding to ey = (1,0,0,...)
(111) If [a,b) N o(H) = 0, then [a,b] N o(TN) contains at most a single point.

Remark 4.9. It will also prove convenient for us to renormalise the orthogonal

polynomials by defining P, (x) == bypp(x) and by == 1. That is,

n bn
Poii(z) =2 - I p.(z) ~Pai(a), Jorn>1 (4.8.28)
n n—1
P (2)2dDy(x),
1= [Puc@PaD), and anpy = TP, g
n+1

One advantage of this formulation is that the coefficients {b,} are explicit.

Therefore, if we have the first 2N + 1 moments Hyy, . .., (H*V 1), it is
possible to evaluate Qan11(H)ee (that is, [ Qany1dDy) for all polynomials
Qon+1 of degree at most 2N + 1, and thus compute Ty . In particular, for a

fixed observable of interest O, we may write
O (Hee, -, [H*N1w) = O(T)oo. (4.8.30)

Remark 4.10. In Appendiz C.4 we introduce more complex bond order po-
tential (BOP) schemes based on the recursion method and show that they also

satisfy Theorem 4.4.
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Error estimates

Equation (4.8.30) states that the nonlinear approximation scheme given by ©
simply approximates the LDOS with the spectral measure of T corresponding
to ep == (1,0,...,0)T. Since [(Tn)"oo = [T™]oo for all n < 2N + 1 and
[T™)00 = [H"]ee for all n (Lemma 4.5 (4i)), we may apply the general error

estimate (4.2.2) to conclude

|00 — O (Hat, -, [HN |er) | < 2 oo b O = Ponia || e (o(ayuo(a)-
O>N+1E€EPanN+1

(4.8.31)

Now, applying Lemma 4.5 (iii), we may conclude that there are at most finitely
many points in o (T ) outside I_ U I, independently of N. In particular, these
points do not affect the asymptotic error estimates for best L* polynomial

approximation on I_ U {\;} U .

Analyticity

To conclude the proof of Theorem 4.4, we show that © as in (4.8.30) extents to
an analytic function on some open set U C C?N*1. Throughout this section,
we use the rescaled orthogonal polynomials {P,} from Remark 4.9.

For a polynomial P(x) = Z}n:o cjz?, we use the notation LP(z1,. .., 2p) =
co+ DLy ¢jz; for the linear function satisfying P(z) = LP(x, 22 ..., 2™). To

extend the recurrence coefficients from Remark 4.9, we start by defining

bp=1, ao(z1) =2z, Pi(r;z1)=2—ao(z1)=1z— 2,

b3 (21, 29) = Lz Pi(z;2) )(zl, 2) = 2p — 22, (4.8.32)

a (Z 2. 2 ) R (I’P—)xP]_(CC,Z]_) )(21722,23) 23_2212:2_’_2%
1\#1, <2, <3) -— — )
) ) b%(zl,ZQ) 29 — Z%

To simplify the notation, we write 2., for the m-tuple (z1, ..., zy,). Given

ao(zl), . ,an(z1:2n+1) and bl(Zlg), ey bn(zlzgn), we deﬁne Pn+1(£L'; Z1:2n+1)

to be the polynomial in z satisfying the same recursion as Remark 4.9 but as
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a function of z1.9p41:

T — an(21:2n+1)
bn<z1:2n)

bTL zn
- (zu))Pn—l(x§ Z1:2n—3)-

Poii(x; z1:9n41) = P, (x; z1.9n-1)

bn—1(21:2n—2

With this notation, we define

b2 1 (z12n42) = L(z = Poy1(z; 21:2011)%) (21:2042), (4.8.33)

L(z = xPoy1(7; 21:2041)%) (21:2043)

b2, 1 (Z1:2n42)

an+1(21:2n43) = . (4.8.34)
Since Pni1(x) = Puy1(x;Heg, - - ., [H>]1), we have extended the definition
of the recursion coefficients (4.8.29) to functions of multiple complex variables.

We now show that a,(21.2n1+1) and b2(z1.2,) are rational functions. As a

Pn+1Pn

preliminary step, we show that both P2 +1 and —%~—" are polynomials in x

with coefficients given by rational functions of ay,, b2 and all previous recursion
coefficients. This statement is clearly true for n = 0: P? = (z — ag)? and

Pll)—fo = x — ag. Therefore, by induction and noting that

2 2
2 T —an PnPnfl bn 2
Py = <bn Pn) —2(x — ay) b + 2 P (4.8.35)
PPy T—ap o PnPaa
= Py - ) 4.8.36
bn b72’L bnfl ( )

we can conclude. Therefore, by (4.8.32) and (4.8.33) and (4.8.34), we can apply
another induction argument to conclude that a,41(21:2,+3) and b2 +1(z1:2(n+1))
are rational functions.

We fix N and define the following complex valued tri-diagonal matrix

ao(z1) bi(z1:2)
1 al(zl;g) 53(21;4)
Tn(z) = 1 : (4.8.37)

b3 (z1.2N)

1 an(z12n+1)
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If z; = [H7]4 for each j =1,..., N, (4.8.37) is similar to Ty from (4.8.27).
Now, on defining U = {z € C*N*1: b2(21.9,) # 0Vn = 1,..., N}, the

mapping U — CNFDX(N+1) given by z — Ty(z) is analytic. Therefore, for

appropriately chosen contours %, encircling U(TN(z)), we have

dw

. 4.8.38
00 271 ( )

O(2) = O(Tn(2))y = 515 O(w) [(w - TN(Z))A}

z

In particular, © is an analytic function on
{z € U: O analytic in an open neighbourhood of U(TN(z)) }

Remark 4.11. Since C2N 1\ U is the zero set for some (non-zero) polynomial

P in 2N +1 variables, it has (2N + 1)-dimensional Lebesgue measure zero [63].

Remark 4.12. In Appendiz C.3 we show that the eigenvalues of Tn(z) are
distinct for z in some open neighbourhood, Uy C U, of R2N*1 which leads
to the following alternative proof. On Uy, the eigenvalues and corresponding
left and right eigenvectors can be chosen to be analytic: there exist analytic

functions €j,v;, ¢5 for j=0,..., N such that or(z2)Yj(2) = i and

Tn(2)Y(2) = €j(2)i(2)  and  ¢5(2)Tn(2) = €j(2)$](2).

(More precisely, we apply [62, Theorem 2] to obtain analytic functions v;, ¢5 of
each variable z1,. .., zon+1 separately and then apply Hartog’s theorem [80] to
conclude that ¥j, ¢5 are analytic as functions on U C C2N+1). Therefore, the
nonlinear method discussed in this section can also be written in the following

form
N
0 => [loé3lo- (O o)) (4.8.39)
j=0

which is an analytic function on {z € Uy: O analytic at €;(z) for each j}
(as it is a finite combination of analytic functions only involving products,

compositions and sums).
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Proof of Lemma 4.5

The idea behind the proofs are standard in the theory of Gauss quadrature
(e.g. see [55]) and collected here for convenience of the reader.
Proof of (i). First note that [ pop1dD; = 0. We assume that po, ..., py are

mutually orthogonal with respect to Dy, and note that,

by = by /p%dDg = /(m —ap)p1(x)dDy(x) = /a:po(m)pl (x)dDy(x), and
b= b [ 524D = [ (2 = au-1)pacs @)pa(a) = broapn-a(2)pn () ADe()

= /xpn_l(ac)pn(a:)dDg(J:) for n > 2. (4.8.40)
Therefore, we conclude by noting

buss [ puipsdDs = [ (= (@) (@) = bupoos (@)p ) ADi(2)

[ xpn(x)*dD; — ay, if j =n,

- fl‘pn(iL‘)pnfl(ﬂf)dDg —bn ifj =n-—1 (4'8'41>

0 ifj<n—2,

and applying (4.8.40).

Proof of (ii). By the orthogonality, we have
(1% = [ pi(a)ap;(2)ADy(x) = 35

Therefore, assuming [T"];; = [ pi(z)z"pj(x)dD¢(x), we can conclude

[Ty = [T
k
= /pz(x)x” [bipj—1(z) + a;p;(x) + bjp1pj+1(z)|dDe(z)
— [ m)a p(@)aDs(o).
Here, we have applied (4.8.25) directly. In particular, if i = j = 0, we obtain

[T™]00 = [H"]¢e for all n.
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Proof of (iii). First, we note that the recurrence relation (4.8.25) may be
written as zp(z) = Typ(z) + byt1pnv+1(x)eny where Ty is the tri-diagonal
matrix (4.8.27), p(z) = (1, p1(z), ... ,pN(x))T, and [en]; = d;n. In particular,
the spectrum of Ty is exactly the set of zeros of py1.

Now, suppose that [a,b] No(H) = 0 and o(Tn) = {53'};'\[:0 with gg,e1 €
o(Tn) N [a,b]. Then, after defining R(z) = H?;Q(x —€4), a polynomial of

degree N — 1, and noting (x — €p)(x — 1) > 0 on o(H), we obtain

/ et () R(2)dDy () = / R(2)2(z — 0)(z — e1)dDy(z) > 0,

contradicting the orthogonality property (part (7).
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CHAPTER b

Locality & Body-ordered Approximations:

Self-consistent Tight Binding

e Sections §5.3 and §5.4 are based on the article [122] “Locality of in-
teratomic interactions in self-consistent tight binding models” published
in the Journal of Nonlinear Science, 30(6): 3293-3319 (2020). However,
the locality estimates for point defects in this thesis are sharper than those

of [122]. Full details of the improvements are given in Remark 5.3,

o The results presented in §5.5.1 are from [123, §2.7] “Rigorous body-order
approximations of an electronic structure potential energy landscape”
submitted to the arXiv preprint server, arXiv:2106.12572 (2021). This

paper is co-authored by Huajie Chen and Christoph Ortner,

o The content of §5.5.2 was previously unpublished.

5.1 Introduction

In contrast to Chapter 3 and the previous works [26,29], in this chapter
we let the on-site Hamiltonian matrix entries depend on the local electron

density through an effective potential. This results in a class of nonlinear tight
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binding models encompassing for example DFTB [49,79,106], since the electron
density itself depends on the Hamiltonian via a self-consistency condition. This
approach therefore represents a key stepping stone between linear tight binding
and more accurate nonlinear models such as Kohn—Sham density functional
theory.

The self-consistency introduces the interesting issue of stability of the
electronic structure problem; the main additional technical difficulty when
compared to the linear model. Under a natural stability condition [45], stating
that the linearised operator is invertible, we show that the potential energy
landscape in this model can be decomposed into exponentially localised site
contributions, thus justifying many classical interatomic potential (IP) and
multiscale methods.

Again, we also consider point defects and show improved estimates which
only weakly depend on the defect states within the band gap.

The highly nonlinear charge-equilibration leads in principle to arbitrarily
complex intermixing of the nuclei information, and thus arbitrarily high body-
order. However, the results on the body-ordered approximations for linear
tight-binding models mean that each iteration of the self-consistent field (SCF)
iteration can be expressed in terms of a low body-ordered and local interaction
scheme. This leads us to propose a self-similar compositional representation
of atomic properties that is highly reminiscent of recurrant neural network
architectures. Each “layer” of this representation remains local and low-
dimensional in the sense of Chapter 4.

We present a related approach by constructing a mapping between the
configuration (7, p) and energies whose Euler-Lagrange equation is the self-
consistency equation. Therefore, approximation of this energy by “simple”
components yields an alternative approximation scheme that is both low-

dimensional and short-ranged.

82



5.2 Self-consistency and Stability

For fixed (r,Z) and electron density p, we consider the following effective

potential: for an infinitely differentiable function vy: R — R, we define

Z,

v(p)e = vo(pe) + Z Me_’Ylem (5.2.1)

r
—y ‘m

for some 7, > 0. Of course v(p) also depends on the positions and species of
the atoms (r, Z), but for notational simplicity, we omit this dependence in the
notation.

Taking =, = 0o, we obtain the simplest abstract nonlinear tight binding
models as discussed in [45,122]. If ~, € (0,00), (5.2.1) is a (short-ranged)
Yukawa potential which covers many important modelling scenarios and also
serves as a crucial stepping stone towards charge equilibration under full
Coulomb interaction (i.e. with «, = 0). This latter case goes beyond the
mathematical results of this thesis but is discussed in more detail in §5.5.1,
below.

For a given configuration X, we consider corresponding self-consistent

electron densities, giving rise to the nonlinearity of the problem:

(SC). We say p is a self-consistent electronic density if p = F” (X(,o)) where
X (p) = (r,v(p), Z), z — FP(2) is the Fermi-Dirac distribution (2.4.4),
and FB(X) is defined in (2.4.1).

In this chapter, the configuration will be written as a function of the
variable of interest. For example, in (SC) the electron density p is essential
in the definition and so we write X (p). In (5.2.3) below, we instead write
the configuration as a function of the atomic positions r locally about a self-
consistent configuration. This slight abuse of notation significantly simplifies

the presentation.

Remark 5.1. For a finite system, the self-consistency equation (SC) takes
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the following form:

pe =" FPO)|[sle]’ (5.2:2)

where H(X (p)) = Y, As |s) (Us| for normalised eigenpairs (Xs,vs). That
is, the electronic structure of the system is obtained by assigning electrons
to the eigenstates of lowest energy, according to the Fermi—Dirac occupation

distribution and subject to Pauli’s exclusion principle.

We wish to show that, for fixed X and associated self-consistent electronic
density p, the quantities Oy (X (p)) are exponentially localised. As shown in
Chapter 3 for the linear model, the exponent in these locality results are linear
in the distance between the spectrum U(H(X )) and the integration contour &
from (2.4.1). For the nonlinear model that we consider here, the locality result
also depends on the stability of the model; discussed below.

Supposing that (F, v(p), Z ) is self-consistent and satisfies a natural stability
condition (see (Stab), below), it is possible to rewrite the local observables as
a function of the atomic configuration. That is, for = in a small neighbourhood
of 7, there exists a locally unique p = p(r) in a neighbourhood of p such
that X (r) := (r,v(p(r)), Z) satisfies (SC). See Lemma 5.9 for the rigorous

statement. Therefore,
O3 (r) == O4(X (7)) (5.2.3)

is a well-defined v—times continuously differentiable mapping in a neighbour-
hood of 7.

We may now consider the derivatives of the local observables with respect
to the perturbation of atomic positions. Using the resolvent calculus approach
(2.4.1), it is sufficient to consider derivatives of the resolvent operators. Since
the linear part has already been studied in Chapter 3, we only consider the

additional nonlinear contribution, which involves derivatives of the electronic
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density. Due to the self-consistency, we obtain

Ope

ar, [(I—g(p))*lqﬁnh, (5.2.4)

where the stability operator £ (p) is the Jacobian of F'# (X(p)) with respect to
p and ¢" € £2(A). Therefore, the following stability condition, which we take
from [45,46], is the minimal starting assumption required for the analysis:

(Stab). We say X (p) is stable if I — L (p): £?(A) — (2(A) is an invertible

bounded linear operator.

5.3 General Locality Estimates

We are now in a position to state general locality estimates:

Theorem 5.1. Suppose that X (r) satisfies (SC), (Stab), and Definition 2.2
and that O, FP satisfy Definition 2.4. Then, for 1 < j < v, there exists

Cj,m; > 0 such that

7 ()SC .
‘ 8 Oé (T) < Cj||0”<g€_nj z{:l Tomy

0Ty - - 0T,

for any £, mq,...,m; € A. Moreover, n; := ¢; min{1,90,0ps, cpsdy} where
dy = dist(l,a(f(p)) >0, cpp = D%B min{l,DdFng}, and c; > 0 is independ-

ent of 00,0ps, and dg.

Sketch of the Proof. The proof follows the analogous proof in the linear case,
together with bounds on the nonlinear contribution (5.2.4). Locality of the
nonlinear term not only depends on 0p, as in the linear case, but also on the

stability. Full details are presented in §5.6.1. O

5.4 Locality Estimates for Point Defects

Now we consider the specific example of point defect reference configurations.

In this case we show improved locality estimates in which, away from the defect
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core, the pre-factors and exponents behave like the corresponding defect-free
case.

Fix a reference configuration X = (F, v, Z ) and, for a point defect (79, Z4),
we let vd: ¢2°(AY) — £°(A9) be the corresponding Yukawa potential (5.2.1)
and consider X9 = (Fd,vd, Zd). Moreover, we suppose there exist stable,
self-consistent electron densities p = p(7) and p? = pd(¥4) corresponding
to X and X9, respectively. In particular, we may define the self-consistent
configurations X (r) and X4(r4) for » and r¢ in neighbourhoods of 7 and 79,
respectively, as in (5.2.3). We simplify notation by writing . and #¢ for the
stability operators for X and X9, respectively.

Now, if (X (r), X9(r?)) satisfies (Ps), we may approximate the Hamilto-
nian H (X9 (r?)) with a finite rank update of 7 (X (r)) (Proposition 2.3) and
thus apply the improved resolvent estimates from Lemma 3.4 as in the linear
setting. Analogously, showing that the stability operator .4 may be approxim-

ated by a finite rank update of .#Z, leads to improved estimates for the stability

operator:
Proposition 5.2 (Decomposition of the Stability Operator). Fize > 0. Then,

there exists § > 0 such that if (X (r), X4(r?)) satisfies (Ps) and

lim sup ‘vé(pg) — vo(pr)| <6, (5.4.1)

|ri]|—o0

then there exists R > 0 and operators Qc, Qrr such that
ZY=%+ Qrr + Q-, (5.4.2)

[Qrrex = 0 if [r¢| > R or |ri| > R, and ||Q:||2—2 < €. Moreover, we have

‘U(fd) \BE(U<$))} < o0.

Remark 5.2. In particular, for (X (r), X(r%)) to satisfy (Ps), we require

d _
lim sup [vo(pg) — vo(pr) + Z pkripke_%”m} ’ < 4. (5.4.3)

|rg|—00 meAf km
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This is the minimal technical assumption required for the analysis. Indeed, if
(5.4.3) does not hold, then the defect Hamiltonian cannot be approximated by a
finite rank update of the defect-free Hamiltonian, and the method of proof used
in this chapter cannot be applied. Moreover, (5.4.1) is the minimal assumption

needed for (5.4.2).

Theorem 5.3. Fizx e > 0 such that d.y = dist(l, B, (0(3))) > 0 and suppose
X(rd) satisfies (5.4.1) and (Ps) with § > 0 sufficiently small such that
Propositions 2.3 and 5.2 hold with the constant € > 0. Moreover, suppose
(Cj,n;) are the constants from Theorem 5.1 when applied to X (r) and with the
constant d.o, and O, F? satisfy Definition 2.4. Then, for 1 < j < v, £ € A4,

and m = (myq,...,m;) € (A%, there erists C’;1 = C’Jd(ﬂ, m), such that

0% (rd) d 5
< CYO||pe M = e
org,, ...org =

Moreover, Cf(ﬁ, m) is uniformly bounded independently of ({,m) and, if
,my,...,mj € Bgr(§) for some R > 0, then C’;-i(ﬁ,m) — Cj, with an ex-

ponential rate.

Remark 5.3. Theorem 5.3 is an improved version of the published estimate.
In the published version, the exponent depends on the defect and is given as
a function of the relevant atomic positions: 17?l = n?(f,m). Similarly to the
prefactor, it is shown that 7751 — 1 as the subsystem (£, m) moves away from the
defect core together, with an exponential rate. In the published version, improved
resolvent estimates are used to obtain estimates on & with prefactors depending
on the atomic positions which, in turn, leads to estimates on (I — %)~ in
which the exponents depend on the atomic positions. Instead of this approach,
the present work directly uses the low rank update formula (5.4.2) to obtain

improved estimates on (I — %)~ 1.
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5.5 Body-ordered Approximations

We present two related methods for incorporating electronic information in a
self-consistent manner into the body-ordered approximation schemes presented
in Chapter 4.

5.5.1 Approximate Self-consistent Equations

Perhaps the most natural approach is to to first approximate self-consistent
electron densities p* = F? (X (p*)) with self-consistent solutions to the following

approximate self-consistency equation:

pn = INFP (X (pn)), (5.5.1)

where Iy is an interpolation operator given by (4.3.1), and then use py in
the definition of the approximate quantities. That is, the fixed point mapping
for the exact electron density p* is replaced with an approximate fixed point
mapping based on the body-ordered approximation schemes of Chapter 4. This

approach leads to the following two results:

Theorem 5.4. Suppose that p* satisfies (SC) and (Stab). Then, for N

sufficiently large, there exist self-consistent solutions py of (5.5.1) such that
|on = p*]| o < Ce N, (5.5.2)

where yn are the constants from Theorem 4.2 applied to X (p*).

Corollary 5.5. Suppose that p* and pn are as in Theorem 5.4. Then,
|06(X (p%)) — INO(X (pn))| < Ce™ N,

where vy are the constants from Theorem 4.2 applied to X (p*).

In order for this result to be of any practical use, we need to solve the

non-linear equation (5.5.1) for the electron density via a self-consistent field
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(SCF) procedure. Supposing we have the electron density p’ and corresponding
state X¢ := X (p') after i iterations, we diagonalise the Hamiltonian #H(X*)
and hence evaluate the output density p°"* = Iy F#(X?). At this point, since
the simple iteration p'*! = p°"* does not converge in general, a mixing strategy,
possibly combined with Anderson acceleration [31], is used in order to compute
the next iterate. The analysis of such mixing schemes is a major topic in
electronic structure and numerical analysis in general and so we only present a
small step in this direction.

In particular, solving (5.5.1) via a SCF iteration motivates the use of

compositional models, reminiscent of artificial neural networks.

Proposition 5.6 (Stability). The approzimate electron densities pyn arising
from Theorem 5.4 are stable in the following sense: I — Ln(pn): £2 — £2
is an invertible bounded linear operator where Ly is the Jacobian of p —
INFP (X (p)). Moreover, (I — ZN(pN))_l is uniformly bounded in N in

operator norm.

Theorem 5.7. For X satisfying Definition 2.2, suppose that pn is a cor-
responding approrimate self-consistent electron density stable in the sense of

Proposition 5.6. For fized p°, we define {pi};‘io via the Newton iteration
pt =" = (I - Zn(p)) (pz - INFB(X(/J’)))-
Then, for ||p° — pn||les sufficiently small, the Newton iteration converges quad-

ratically to pn.

A more thorough treatment of these SCF results is beyond the scope of
this work. See [20, 70, 83] for recent results in the context of Hartree-Fock
and Kohn-Sham density functional theory. For a recent review of SCF in the

context density functional theory, see [129].

Remark 5.4. It is clear from the proofs of Theorems 5.4 and 5.7 that as long
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as an approzimate scheme FPN | e.q. FAN = InFP, satisfies

‘Ff(X) - Ff’N(X)‘ <eWN  gnd (5.5.3)

OF)(X) OF N (X)

1
< o= 3INN ,—Nrem 5.5.4
v, v, ~ ¢ ° ’ ( )

then we may approzimate self-consistent electron densities with approximate
self-consistent solutions py = FPN (X(,oN)) In particular, as long as we have
the estimate from Remark 4.8 (see Appendix C.2 for the technical details),
then we may use the nonlinear approrimation scheme © from Theorem 4.4
i Theorems 5.4 and 5.7. In this case, we obtain error estimates that are

(asymptotically) independent of the discrete spectrum.

Remark 5.5 (Coulomb interactions). In principle, one could solve (5.5.1) for
finite systems under full Coulomb interactions (i.e. with v, = 0). However,
following the proofs of this section, we would only obtain Theorem 5.4 with the
prefactor and choice of N in (5.5.2) depending on system size. Indeed, the error
estimates in (5.5.2) depend on the operator norm of (I — Z(p*))_lz 0 — 0>,
which a priori depends on the size of the system (and the stability constant
H (I — .i”(p*))_lHﬁ_%Q). In the v, > 0 case, we are able to use the exponential

off-diagonal decay of £ to show that H (I — f(p*)) may be bounded

—1
HZOOHZOO

above by a constant depending on v, but independent of system size.

5.5.2 Outlook: Energy Minimisation Approach

The self-consistency equation p* = F8 (X (p*)) can be seen as the Euler—
Lagrange equation for minimising the following energy for the one particle
density matrix P, a self-adjoint bounded linear operator with 0 < P < 1 and
diagonal p; = Pyp. For fixed chemical potential p and [Hole = h(Xe) +

ng 0k} t(X¢m, Xkm) the linear part of the Hamiltonian, we consider

_ 1 VL ——
GIP] = Tr['HOP-|-5 1S(P) — MP} + %:PEW(PE) + QE%Zé:e Ttk

(5.5.5)
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where S(f) = flog(f)+ (1 — f)log(1l — f) is the Fermi-Dirac entropy, the term
—uTr P comes from the fact that we are in the grand canonical ensemble and
so we subtract the contribution resulting from varying the particle number,
and ¢, = py — Zy are the partial charges.

Minimising (5.5.5) yields the Euler-Lagrange equation P = F” (Ho +v(p))
where v(p) is given by (5.2.1) with vo(x) = W(z) + 2W'(z). Therefore, the
energy (at a critical point P) can be written as a function of the electron

density alone:

Glpl = Tr[(’Ho — WP (Ho +v(p)) + B1S(FP (Ho + U(p)))}

1 (LT
+ " pW(pe) + 5 > o
¢ e,

1
- ZGﬁ(/HO + v(p))a - ZPN(P)Z + ZPEW(PK) + 5 Z %6_%7«%,
l L

¢ Chpe O
(5.5.6)

where G is the grand canonical potential function (2.4.5).

Therefore, we have constructed a mapping from (r,p) to energy whose
critical points satisfy the self-consistency equation p* = F” (X(p*)). In §5.5.1
we approximated this nonlinear equation with the body-ordered approximation
presented in Chapter 4. Here, we propose an alternative approach where the

following approximate energy

Gnlpl =D InGT (Mo +0(p)) g + D pe(Wlpe) = v(p)e) + ) %67%%.
¢ ¢ <k

(5.5.7)

(where Iy is an interpolation operator from Chapter 4) is minimised over p
producing a py analogous to (5.5.1). Mathematical results concerning the
convergence py — p* as N — oo are left for future work.

In this approximate energy, the first term is the sum of atom centred
contributions that are “simple” in the sense described in Chapter 4. That is,

the site contributions are body-ordered and depend only on the configuration
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{(’I"gk, v(p) k:)} in a small atomic neighbourhood of the central site £. Moreover,
the second term is the sum of local functions of the density and effective
potential. In particular, (5.5.7) is a systematic variant of the BpopNN (Becke
Population Neural Network) [130] where the first term of (5.5.7) is replaced by
the sum of atomic neural networks depending on the configuration via various
SOAP-like atomistic descriptors. Therefore, a key difference between (5.5.7)
and the BpopNN is that we explicitly include the site effective potential as

features in the neural network architecture.

5.6 Proofs of the Main Results

We start with the following preliminary lemma:

Lemma 5.8. Suppose that T': £2(A) — €2(A) is an invertible bounded linear
operator with matriz entries Ty satisfying ‘Tgk‘ < cpe Tk for some positive

constants cy,vyr. Then, there exists an invertible bounded linear operator

T: 02°(A) — £°(A) extending T: (2(A) — (2(A) (that is, T|£2(A) =T).

Proof. First, we denote the inverse of T and its matrix entries by 71: £2(A) —
?2(A) and ngl, respectively. Then, applying the Combes—Thomas estimate
(Lemma 3.3) to T yields the off-diagonal decay estimate |T},'| < Ce™7T7¢ for
some C,~vcT > 0.

Due to the off-diagonal decay properties of the matrix entries, the operators

T, T ": 12°(A) — (°(A) given by

T¢l, == Z Tiodr  and T ' ¢le = Z T, on

keA keA

are well defined bounded linear operators with norms sup, ), [Ti| and

supy > e |Tyn'|s respectively. To conclude, we note that

TT ' ¢le= 3> TuTimdm = Y _ITT  Jandm = de (5.6.1)
k. m

m

=1 . . = .
and so T" ~ is the inverse of T'. Here, we have exchanged the summations over
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k and m by applying the dominated convergence theorem: ‘ N ,gmlgbm‘ <

1

Ce— 32 min{yrnoT}rem |@|le= is summable over m € A. ]

5.6.1 General Locality Estimates: Proof of Theorem 5.1

Firstly, we note that for self-consistent configurations X (p), the corresponding

stability operator is given by .Z(p) = .#(p)Vv(p) where

dz

F(p)a = tr 35 F7(z) [%z,ék]T%z,ékT (5.6.2)
€ ™

-1
and Z. = (H(X(p)) — 2) .
In particular, by applying the Combes—Thomas estimate (Lemma 3.3) to
H(X (p)) — z for z € €, we obtain

1L (0)er] <D |F (0)im || VU (p)mi| (5.6.3)
m
< CHFBH%D];§ Z =270 ()T tm o =VoTmk < cype 1Ltk (5.6.4)

where 0 s = dist(z,0 (H(X (p)))), cy = CHFB|{<€D;§7;‘1, and the exponent
is v = min{ycr(ps), 370}
Therefore, the operator I — % (p) has off-diagonal decay and we can apply

the Combes—Thomas estimate to obtain
(1= 2(0) ]| < 205} emromt@zdmn. (5.6.5)

d
where yor(dy) = cove min{l, %d g}. Therefore, for z contained in a

ad+1

bounded set, vor(dy) = min{l,DFﬁ,D%B min{1, 0%}

}d g} for some con-
stant ¢; > 0 independent of 955 and dg.
Using the off-diagonal decay estimate (5.6.5), we may apply Lemma 5.8 to

conclude that I — _Z(p) is also an invertible operator on ¢°°(A):

Lemma 5.9. For stable self-consistent X (p), [—L(p): £2(A) — £2(A) extends

to an invertible bounded linear operator on £>°(A).
In the following, we denote by Bs(p) and Bs(r) the open balls of radius §
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centred on p and r with respect to the £2°(A) and £°°(A; R?) norms, respectively.
We now show that locally about a stable configuration, there is a unique choice

of self-consistent electron density:

Lemma 5.10. Suppose that (¥,v(p), Z) satisfies (SC) and (Stab). Then,
there exists 61,02 > 0 such that for all r € Bs, (), there exists a unique
electron density p = p(r) € Bys,(p) satisfying p = F*((r,v(p), Z)). Moreover,

the mapping r — p is v-times continuously Frechet differentiable at T.

Proof. We define T: £°(A; R?) x £>°(A) — £°(A) to be the mapping (7, p) —
p—FP((r,v(p),Z)) and apply the implicit function theorem about (7, p).
By (SC), we have T'(7,p) = 0 and, by (Stab), the Frechet derivative of T
at (7, p) in the p—direction is given by the operator I — £ (p): £>°(A) — (>°(A),
invertible by Lemma 5.9. Therefore, there exists 1,92 > 0 and a Frechet
differentiable function p: Bs, (¥) — Bs,(p) such that T'(r, p(r)) = 0 for all

rc Bgl(F). O

Applying Lemma 5.10, we can conclude that the self-consistent local observ-
ables O5(r) := O;(X (r)) from (5.2.3) are well-defined, v—times continuously
differentiable functions of the atomic configuration in a neighbourhood of 7.

To simplify notation in the following, we will define

HY (X ) =0 Xep) + D X, Xgm)  and (5.6.6)
me{¢,k}
HNL(X)gk = (Sgkv(p)gld]\[b. (5.6.7)

We apply (2.4.1) to write O}° as a contour integral in the complex plane,
and so it is sufficient to apply (3.6.1) and bound the derivatives of the resolvent
operators.

We start with the first derivatives: for z € C with dp = dist(z, o (H(X))) >

0 (the constant 0o depends on the region on which O is analytic, and may
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differ from d55), and 2, == (H(X(r)) — z)fl, we have

6[%,2]@6 — | 37’]-[%
Grm Za,rm z "
oi Apn (5.6.8)
= — [%Zarrn%z] - Z[%Z’%]T%ngkvv(fo)knﬁ.

o0 kn

The first contribution in (5.6.8) is exactly what we obtained in (3.6.3) in

the linear case. That is,

L
H%’ ‘97*%} S og%e mrhero)mirem, (5.6.9)

zZ
or,

124

It remains to consider the non-linear contribution in (5.6.8), which includes

derivatives of the electron density:

Lemma 5.11. For 1 < j < v, there exists vy, > 0 such that

& py

T < e Z?:l Temy
M
Oy - O,

~

where v, = cmin{1,ycr(de),ver(0ps)} and ¢ > 0 is independent of yor(dg)

and Yot (0ps).

We return to the proof of Lemma 5.11 after the conclusion of the proof of
Theorem 5.1.

Therefore, applying Lemma 5.11, we may bound the second term in (5.6.8):

0
1] B V0 ()n 5| S D g PO e e
k.n T'm kn
< 6_% min{y,,vcT(00),7} (5.6.10)

Combining (5.6.9) and (5.6.10) together with (3.6.1), we conclude the proof
for j = 1.

Higher derivatives can be treated by taking derivatives of (5.6.8). For
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example, for j = 2, we have

2
e = T [
23 (W%,M + [%z,eleaa‘%ff) Volo)in aapm
- Sl ) 2
B ;[ﬂz,ﬁk]T'@z,fkvv(p)k"&i%' (5.6.11)

Now, using the off-diagonal decay of the resolvent operators and their first

derivatives ((5.6.8), (5.6.9) and (5.6.10)), the off-diagonal decay of Vuv(p), and

the locality of the electron density (Lemma 5.11), we may conclude the proof

of Theorem 5.1.

Proof of Lemma 5.11. We first consider j = 1.

Taking derivatives in the

self-consistency equation for p, we obtain the following identity,

Ope
orm,

That is,

OH"
8
trygg FA(2) [%Z e

X
— _tryg Fﬁ(z)uﬁ
¢

or,, 2mi

d
o 21

2050 L.

Ope ~1.,m
% = [(I — g(p)) 1¢ :|W where (5612)
OH" dz
mo.__ B
S = tr 7% FA(2) [%Z arm%Lﬂm“ (5.6.13)

Applying (5.6.5) and (5.6.9) (but for z in an admissible contour for F® instead

of O), we obtain

9
orm,

< Z Qd‘}le*VCT(dz)Tek . HFB
k

< e~ L min{ycr(de)yer@ps)71 }rem
< .
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%DFBB

—min{ycT (@ 8),71 }km

(5.6.14)



Now take j = 2. We have

oty = (=200 G -z o+ 5],
(5.6.15)
where
e X [[%z,gk]T%kug(pk) .
3 (e el g+ ] )]
gfg: = tryggFﬁ(z)azm [%z;?{ﬂiﬁz]eé;;. (5.6.16)

In particular, since each term in (5.6.16) has off-diagonal decay, it can be shown
p my '
that |d§;(ﬂ‘ < e Vemytrmak) and ‘gf—é| < V' lremitrems] for some v, > 0
ma m2

depending on 05,d¢. Therefore, using the off-diagonal decay of (I —.£)~!
from (5.6.5), (5.6.15) may be bounded appropriately.

Higher derivatives may be treated similarly by taking derivatives of (5.6.15).

O

5.6.2 Point Defects: Proof of Theorem 5.3

Throughout this section, we will denote by . and .Z4, the stability operators
for X (r) and X4(r?), respectively, and, to simplify notation further, we write
Hi=H(X(r)), HE=H(XYr)), and Z. = (H —2)"1, %) = (HI—2)7L.
For the moment, we suppose Proposition 5.2 holds and prove Theorem 5.3.
Applying Lemma 3.4 to H + P. — z with P := Ppg and I — .Z — Q. with
Q = —Qwgr (where P., Prr and Q., Qpg are the operators from Propositions 2.3

and 5.2, respectively), we obtain

‘@Z ék;‘ 20 le—reT@rek 4 cPe*’YCT(D)H"'Z|+|"'k” (5.6.17)

(1 - N ek‘ 2d° 16*’YCT(dJ)TZk +cge” vor(dg)[lrel+Hrgl]l, (5.6.18)

Therefore, similarly to the improved locality estimates in the linear tight
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binding model, we are able to replace the both the standard resolvent estimate
from Lemma 3.3 and the estimate (5.6.5) with the improved estimates of (5.6.17)
and (5.6.18), respectively. Therefore, whenever we apply these estimates, we
obtain the exact same bound as in the defect-free case together with additional
terms with larger prefactors but with exponential decay as (¢, k) move away
from the defect core together. In particular, these additional terms vanish
as the subsystem of interest moves away from the defect core together. See

(3.6.11) for the analogous argument in the linear tight binding model.

Proof of Proposition 5.2. Recall that, since X (r) and X9 (rd) satisfy Defini-
tion 2.2, after shifting the spectra of the Hamiltonians (as well as the chemical
potential and integration contour) away from {0}, and extending the Hamilto-

nians to bounded linear operators on ¢2(A U A) as in (2.5.6), we have
HY =H + Prg + P

where [Prr]ge = 0 unless (ry, 7)) € (Br)? for some R and || P[22 < €.

In order to apply the improved Combes-Thomas estimates on I — .29, we
must prove an analogous low rank decomposition result for the stability operator.
First, we note that #% = %, — %, (I + (Prr + PE)%’Z)_lPFR%’z S

and so we may apply an argument identical to the proof of Proposition 2.3 to

conclude
R = R+ Q.pr + Qae (5.6.19)
where
~[%.(I + (Prr + P)%.) ' Per:),,, it (re,7y,) € By,
Q2 FR]ek =

0 otherwise

for Ry > 0 sufficiently large such that [|Q.c||2_;2 < Ce for some constant

C > 0 depending on d and 99. This in turn implies that the operator .# (pd)
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from (5.6.2) may be approximated by a finite rank update of % (p): on defining

[y(pd) - y(p)}gk if (rfvrk) € BIQ%()?
SFR,tk =
0 otherwise,

we have [.7 (p¢
so ||.F (p?) - F

971 and (09)7L.

— ﬂ(p) — SFR]gk =tr gs,bﬂ FB(Z)[(QZ7E)M]T(:@Z + ‘%jg)édeTrZz and

p) —SFRHEQHW < Ce for some constant C' depending on || F?||¢,

)
(
Therefore, we may apply (5.4.1) and

L") = Z(p) = (Z(p") = F(p)) Vo(p?) + Z(p) (Vu(p®) — Vo(p))
to conclude. O

5.6.3 Body-ordered approximation

Throughout the following proofs, we denote by B, (p) the open ball of radius r
about p with respect to the ¢*°-norm. Recall that the stability operator can be

written as the product Z(p) .= .% (p)Vu(p) where .#(p) is given by (5.6.2).

Proof of Theorem 5.4. Since p — FP(X(p)) is C?, and (I — cf(p*))_1 is a

bounded linear operator, we necessarily have that (I — .2 (,0))71 is a bounded
linear operator for all p € B,(p*) for some r > 0.

By applying Theorem 4.2, together with (5.2.1), we obtain

OF)(X) OINE](X)]0v(p)m
120) - 2ol < 3 || P55 - HEE 2] (56
< C |: Z e*"’“”bne*'yv T’mk:| eié’yNN (5621>
< Ce—%min{n,%}reke—%’}’NN (5.6.22)

for all p € B,(p*). As a consequence, ||-Z(p) — LN (p)|lrz_e < Ce= 2N and
thus we may choose N such that ||-Z(p) — LN (p)|l2—e2 < H(I—.i”(p))*lHZ_QLZQ.

In particular, for such N, the operator I — %y (p): €2 — 2 is invertible with

99



inverse bounded above in operator norm independently of V.
We now show that I — Zn(p) satisfies the assumptions of Lemma 5.8. Using
(5.6.2) and (5.2.1), together with the Combes-Thomas estimate (Lemma 3.3),

we conclude

| L (p)ex| < Csug [INFP(2)] Z e~ 2T tm o= VoTmk < (™7 Min{2y0T 70} ek
€ meA

for all p € B,(p*). In particular, I — Zn(p) extends to a invertible bounded
linear operator £>° — (> and thus its inverse (I — .XN(p))_I: 0 — (> is
bounded.

Now, the mapping p — p — INF? (X (p)) between (> — (> is continu-
ously differentiable on B, (p*) and the derivative at p* is invertible (i.e. (I —
.ZN(p*))_lz 0> — (> is a well defined bounded linear operator). Since the
map p — IyFP (X (p)) is C?, its derivative Ly is locally Lipschitz about p*

and so there exists L > 0 such that

1= 2n (o)~ (Zn(p1) = 2n(02)) [l ypoe < Lllor = p2lloms

for p1, p2 € Br(p*). Moreover, by Theorem 4.2, we have

where by < eV In particular, we may choose N sufficiently large such that

2bnL < 1and ty, == +(1 — /1 —=2b5L) <.

Thus, the Newton iteration with initial point p° := p*, defined by
P =0 = (1= Zn(p) (0" = INFP(X(p"))),

converges to a unique fixed point py = InF? (X (py)) in By (p*) [131,133].
That is, ||pny—p*||e < th < 2by. Here, we have used the fact that 1—v/1 — 2 <

xzforall 0 <z <1.
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Since py € B(p*), we have I — Ly (pn): €2 — £2 is invertible and thus

Lemma 5.6 also holds. O

Proof of Proposition 5.7. We proceed in the same way as in the proof of The-
orem 5.4. In particular, since py is stable, if ||p® — pn||¢= is sufficiently small,
(I — Zn(p%))~! is a bounded linear operator on ¢2. Moreover, by the exact
same argument as in the proof of Theorem 5.4, I — .Z(p°): £>° — ¢ defines
an invertible bounded linear operator. Also, I — Zn(p) is Lipschitz in a

neighbourhood about p° and

(1= 2n(0™) ™ (0° = INFP(X (") |
< Cllp° = pv = (INFP(X(p°)) = INFP (X (pn))) ] oo

< Clp° — pnlleee-

Here, we have used:

[INFJ (X (0) = INF} (X (pw)|
= %’ ;éINFB(z) (%.(p") —%z(PN)]a‘

<O e [u(p)y — v(pn )il

keA
1 ov(tp® + (1 —t)pn)k

< Czefmcw“mc / Z [po B PN] dt‘

2 0o = 6,0m m
<C Z 6—%min{2’YCT7"/v}Wm [po — pN] ‘

m

meA

Ol (5.6.23)

Therefore, as long as ||p° — px ||~ is sufficiently small, we may apply the

Newton iteration starting from p° to conclude. O
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Proof of Corollary 5.5. As a direct consequence of (5.6.23), we have

|0F(X) — INO¢(X (pn))|
< |0u(X (p7)) = INOe(X (pY))| + [INOe(X (p*)) — INOe(X (pn)) |
< Cle ™Y 4 Jlon = p*[lee]

< Ce N, (5.6.24)

Here, we have applied the standard convergence result (Theorem 4.2) with

fixed effective potential. O
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CHAPTER O

An Application:
Geometry Optimisation

This chapter is based on the article [95] “Point defects in tight
binding models for insulators” published in Mathematical Models
and Methods in Applied Sciences, 30(14): 2753-2797 (2020). This

paper is co-authored by Christoph Ortner.

6.1 Introduction

In this chapter, we consider atomistic geometry relaxation in the context of
linear tight binding models for point defects and formulate the limiting model
as Fermi-temperature tends to zero. Further, we consider the thermodynamic
limit at zero Fermi-temperature and explore the extent to which these two
limits commute.

The simulation of local defects in solids remains a major issue in materials
science and solid state physics [102,115]. For a mathematical review of some
works related to the modelling of point defects in materials science see [21].

Progress on local defects in the context of Thomas-Fermi-von-Weizsacker
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(TFW) and reduced Hartree-Fock (rHF') models has been made in [15, 18, 85]
and [17,60], respectively.

Thermodynamic limit (or bulk limit) problems have been widely studied in
the literature. The case of a perfect crystalline lattice has been studied in [85]
for the Thomas-Fermi (TF) model, [23] for the TFW model and in [25] and [24]
for Hartree and Hartree-Fock type models, respectively. In these papers, the
limit of the ground state energy per unit volume and minimising electronic
density as domain size tends to infinity are identified in the cases where the
energy functionals are convex (that is, for the TF, TFW, restricted Hartree
and rHF models). For more general Hartree and Hartree-Fock type models,
periodic models have been proposed and shown to be well-posed. In the setting
of the rHF model, an exponential rate of convergence for the supercell energy
per unit cell is obtained in the case of insulators [59].

It is important to note that in all of the papers mentioned above the
nuclei degrees of freedom are fixed on a periodic lattice or with a given defect.
Preliminary results concerning the simultaneous relaxation of the electronic
structure together with geometry equilibriation (of the nuclei positions) can be
found in [92] for the TFW model and [26,29] for tight binding models.

This chapter is motivated by [26] which establishes the following two results:
(i) under a mild condition on the prescribed number of electrons in the sequence
of finite domain approximations, the Fermi level is shown to converge in the
thermodynamic limit to that of a perfect crystal and is thus independent of the
electron numbers and the defect. This result enables, (i) the formulation of a
unique limiting model in the grand-canonical ensemble for the electrons with
chemical potential fixed at the perfect crystal level. The purpose of the present
work is to explore the extent to which these results can be extended to the
zero Fermi-temperature case, as well as consider the zero Fermi-temperature

limit of the model described in [26].
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Summary of Results

The main convergence results of [26] and the present work are summarised in

Figure 6.1.
CE e GCE 5 GCE
% %
b < oo, R< o0 B8 <oo,R=00 B8 < oo, R< o
B—ro0 B—o0 B—o0
Thm. 6.5, Thm. 6.3, Thm. 6.3,
Prop. 6.6 Prop. 6.4 Prop. 6.4
l T}?ﬁoéjg l TIR_H)607 l
CE Prop. 6.10 GCE Prop. 6.8 GCE
AAAAAAAAAAAS “——
B8 =00,R< 0 B =00,R=00 B =00,R<

Figure 6.1: Diagram to illustrate the main results of [26] and Chapter 6 of
the present work. Here, “GCE” denotes the grand canonical ensemble and
“CE” the canonical ensemble. The top two thermodynamic limits represent
the results of [26] and the results of this paper are indicated on the remaining
arrows. The squiggly arrow in the bottom left of this diagram signifies the
fact that the chemical potential used in the limiting grand canonical ensemble
model is given as the limit of the sequence of the finite Fermi levels and is thus
defect-dependent. This is in contrast to the finite Fermi-temperature case (top
left arrow) in which the limiting chemical potential is fixed and equal to the
Fermi-level for the homogeneous crystal.

Thermodynamic Limit

Since we are interested in the bulk properties of a material with local defects,
it is convenient to consider an extended system of infinitely many nuclei.
However, to simulate such a system, we must of course restrict ourselves to
finite computational domains and impose an artificial boundary condition.
Throughout this chapter we shall consider periodic boundary conditions for the
nuclei (that is, a supercell model) in the form of a torus tight binding model
and show that the thermodynamic limit is well defined under some appropriate
choice of electron numbers in the sequence of finite domain approximations.
More precisely, we consider linear tight binding models with electrons in
the canonical ensemble and at zero Fermi-temperature. We show that, because
the zero temperature Fermi levels depend globally on each eigenvalue (and not

just on the limiting density of states as in the case of finite Fermi-temperature),
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the zero temperature Fermi levels only converge in the thermodynamic limit
under strict conditions on the number of electrons imposed in the sequence of
finite domain approximations. Moreover, the limiting Fermi level depends upon
the polluted band structure and consequently also on the defect. Using this,
the thermodynamic limit model is shown to be a grand canonical model with
chemical potential fixed (but defect-dependent) and given by the limit of the
sequence of finite domain Fermi levels. That is, the number of electrons imposed
in the sequence of finite domain approximations is critical in identifying a
limiting model. This analysis clarifies questions left open in [26] about the

effect of Fermi-temperature on the convergence.

Zero Temperature Limit.

A key feature of zero temperature electronic structure models is the sharp
cut-off between unoccupied and occupied electronic states. In practice (e.g. [30]
for density functional theory), a low but positive Fermi-temperature may be
chosen in order to approximate the sharp cut-off with a smooth Fermi-Dirac
distribution (alternatively, artificial smearing methods may be used). One can
then show that the error committed does not drastically affect the simulation;
see [19] for an in-depth error analysis for typical observables (including the
Fermi level, total energy and the density). Choosing a finite Fermi-temperature
has the additional benefit that there is a unique Fermi level (see (6.3.3))
solving the electron number constraint which is advantageous in numerical
simulations [30,132].

In the present work, we give a comprehensive justification of this approach;
assuming the electrons are in finite Fermi-temperature and the nuclei degrees of
freedom are determined by minimising the grand potential associated with the
electrons, we uniquely identify the limiting model as Fermi-temperature tends
to zero by a grand canonical model for the electrons at zero Fermi-temperature.

We obtain an exponential rate of convergence for the nuclei configuration.
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Strong Energy Locality.

A key tool in [26] and the present work is the strong energy locality of the tight
binding model (Chapter 3). This locality allows for a straightforward definition
of a renormalised energy functional on the infinite lattice with embedded point

defect and thus allows for the formulation of a limiting model [27].

6.2 Point Defect Reference Configurations

In this chapter, we restrict our attention to point defects embedded in multil-

attice reference configurations.

6.2.1 Multilattice Reference Configurations

For an invertible matrix A € R%>9 and a unit cell T' € R% such that T is
finite and contains the origin, we set A™ = U'yEZd (F + A’y) and lej_fAv =
(€ + Ay, vt Z2eh) for all £ € T and v € Z%.

By exploiting the translational symmetry of the reference configuration,
we may apply the Bloch transform [53] to conclude that the spectrum of the

reference Hamiltonian is the union of finitely many spectral bands:
o (X)) = J<,(B2),
J

where €;: BZ — R are continuous on the (first) Brillouin zone BZ, a compact
and connected subset of R%. See Appendix B.2 for the full details.
For the remainder of this chapter, we will suppose that the system is an

insulator:

(Gap). There is a gap in the spectrum U(’H(Xref)) and the chemical potential

p lies within the gap (i.e. p & o(H(XTe))).

6.2.2 Point Defects

Now, we consider point defect domains A with respect to the reference domain

A™f as in Chapter 2. That is, we suppose there exists Rq > 0 such that

107



A\ Bg, = Aref\ Bpgr, and AN Bpg, is finite. Then, for displacements u: A — R,
we consider configurations X (u) with X (u) :== (¢ 4+ u(€),ve, Zy) for £ € A and
(ve, Z) = (vet, Z3°f) for all £ € A\ Bg,. In particular, (X', X (0)) satisfies
(Po) with AT = A\ Bg,.

Following [26,27,29,98], we introduce a space of finite energy displacements
which restricts the class of admissible configurations: Given £ € A and p € A—/,
we define the finite difference D,u(f) = u(¢ + p) — u(¢). The full (infinite)
finite difference stencil is then defined to be Du({) := (Dyu(()) 5, and for

T > 0, we define the EQT semi-norm by

1/2
IDullg, = (X E e D,ui)

LeN peN—t

Since all of the semi-norms || D - || @, for T >0, are equivalent [27], we will fix
T > 0 for the remainder of this chapter and define the following function space

of finite energy displacements:
#12(A) = {u: A= R?: | Dull < oo}

with semi-norm ||D - ”f%' Recall also that 7y (u) == €+ u(f) — k — u(k) and
ror(u) = |rgp(u)| and suppose that the following non-interpenetration condition

is satisfied:
(L). There exists m > 0 such that rex(u) > mrg(0) for all £,k € A.

Configurations arising in this way satisfy (Ps):

Lemma 6.1 (Decomposition of the Spectrum). Suppose u € #2(A) such
that (L) is satisfied. Then, (X", X (u)) satisfies (Ps) for all § > 0.

To simplify notation in the following, we will write H(u) == H (X (u)).

6.3 Torus Tight Binding Model

We follow the notation of §6.2 and take a reference X™f and corresponding

point defect configuration X (u) for displacements u € #12(A) such that X (u)
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satisfies (L).

In order to simulate the model described in §2.2, we must restrict ourselves
to finite computational domains and impose artificial boundary conditions. A
popular choice for simulating the far-field behaviour of point defects is periodic
boundary conditions which we now introduce.

For R > 0, we consider a sequence, Ar, of computational cells given by:

(Refg). For R >0, we suppose Qr C R is a bounded connected domain with
Bgr C Qgr. Further, we take an invertible matrix Mg = (m1,...,my) €
R4 such that m; € A*f and R? is the disjoint union of the shifted
domains Qr + Mga for o € Z%. The computational cell is defined to

be Ap = QrNA.

When employing periodic boundary conditions, we consider displacements
u: A — R% or u: Agp — R? and the corresponding configuration X f(u) with
index set | J,cz4(Ar+Mpga) and atomic positions r¢imza(u) = £+u(l) +Mpra
for ¢ € Ap and a € Z°%.

To simplify notation, we define rﬁ(u) = min,cza |re(u) + Mga| to be the
torus distance between atomic positions ¢ + u(¢) and k + u(k). If it is clear
from context, we shall drop the argument (u).

The torus tight binding Hamiltonian is defined as follows: for ¢,k € Ag,

the torus model is given by considering the interactions between atomic sites ¢

and k and all periodic images:

Hi W =Y H(X W), 4 (6.3.1)

a€cZd

Remark 6.1. We consider periodic boundary conditions in order to avoid
spectral pollution that is known to occur when using clamped boundary con-
ditions, see for example [22]. Indeed, in Lemma 6.14 we prove that spectral

pollution does not occur in our setting.
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6.3.1 Potential Energy at Finite Fermi-Temperature

Canonical Ensemble. We consider a particle system containing N, r electrons
and nuclei described by some admissible displacement u: Agp — R%. We first
suppose that the electrons are in a canonical ensemble. That is, we fix the
number of particles in the system, the volume and Fermi-temperature.

The particle number functional is then given by summing the electronic

occupation numbers according to the Fermi-Dirac distribution:

1

NBE(y; 1) = 2ZF'B()\S;T) and FP(g;7) =

where {\s}s is some enumeration of o(#%(u)). Here, the factor of two accounts
for the spin.

Since 7 +— N*B’R(u; 7T) is strictly increasing, for any electron number N, r €
(0,2Ny, - |AR|), the Fermi level, ag’R = ag’R(u), at finite Fermi-temperature,

solving
NOE(y; 87y = N, g (6.3.3)

is well-defined.

The Helmholtz free energy is then given by
EPR(u) = ZEﬁ()\S;EF’R) where
S
2
EP(\7) = 2XFP(\; 1) + BS(Fﬂ(A;T)) (6.3.4)
2
=2rFP(\;7) + Blog(l — F’B()\;T))
where S(f) = flog(f) + (1 — f)log(1l — f) is the Fermi-Dirac entropy. More
details regarding the derivation can be found in [26] or [96, Appendix CJ.
In the following, it will be useful to consider the Helmholtz free en-
ergy as a function of both the configuration and Fermi level. That is, we

define EAF(u;7) = 3 EP(As;7). In this notation, we have £¥f(u) =

EPB(u, Eg’R(u)).
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Grand Canonical Ensemble. For a many-particle system that is free to
exchange particles with a reservoir, it is useful to also consider the grand
canonical ensemble. This framework will also allow us to formulate the limiting
models as R — oo. In this case, the Fermi-temperature, volume and chemical
potential, y, are fixed model parameters (7V 1) and, instead of the Helmholtz
free energy, we subtract the contribution resulting from varying the particle

number and consider the grand potential:

G (u; ) == E0F (s ) — NP R (u; ) = Y GP(As; ) where
s (6.3.5)
GP(\7) = EP(\7) — 21 FP (N 7) = ;log<1 — FP(\ T)).

When it is clear from the context, we will drop p in the argument for the
particle number functional and grand potential: that is, N%(u; ) = NBE(u)
and GA B (u; ) = GAE(u).

6.3.2 Potential Energy at Zero Fermi-Temperature

We now consider the Helmholtz free energy and grand potential at zero Fermi-
temperature. We simply take the pointwise limit of (6.3.5) as 8 — oo to

obtain

GO (u; ) == Z G>®(As; )  where
s (6.3.6)
GZ(NT) =2(A = T)X(~00,m) (A)-

See Lemma 6.15 for justification of this limit. Moreover, we define the zero

temperature particle number in the limit as § — oo:

NOO’R(U; 7-) =2 Z FOO()\Sa T)

= 2# (N e o(HE(w): A < 7} + #{\ € o(HE(w): A =7},

where the Fermi-Dirac distribution at zero Fermi-temperature F°°(-;7) is

given by (2.4.4) with chemical potential 7.
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For the Helmholtz free energy, we must also consider the Fermi level
constraint. However, taking the 5 — oo limit of the particle number functional
yields a step function. This means that there may not be a unique solution to
the particle number constraint (6.3.3) at zero Fermi-temperature. We define
the zero temperature Fermi level as the zero temperature limit of the finite

temperature Fermi levels:

Lemma 6.2 (Fermi Level at Zero Fermi-Temperature). Suppose u: Ar — R?
satisfies (L) and that 5F’R is the corresponding Fermi level solving (6.3.3).
Then, on defining ¢ = argmax{)\ € o(HR(u)): NoB(u; \) < Ne,R} and
g :=argmin {\ € o(HF(u)): N (u; X)) > Ne g}, we have

5 if N°o B (u; §(e +8)) > Neyr,
3 7R — 007R — — . .
i ep” =T i= \ je+8) NN §(e+8) = Neg,
z if N B (u; L (e + €)) < Nejg.
Proof. See [97, Appendix D]. m

This result suggests that we may formally define the zero Fermi-temperature
Helmholtz free energy by considering the pointwise limit as  — oo and fixing

the Fermi level as in Lemma 6.2. That is, we define

£ () = £ (u; e () = D E® (A7),
s (6.3.7)
where (A7) i= 2AX(—o0,r) (A) + A (A).

6.4 Thermodynamic Limit

In this section, we apply the locality results of Chapter 3 to renormalise the
total energy in order to define a grand potential difference functional for infinite
systems.

Firstly we note that, if X is a finite system, we may diagonalise the
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Hamiltonian, H(X)1s = Astbs, and write

DTGP ) =TGP (H(X)ip) =ty GP(H(X)ip),, =D G (Xip)

where G?(X;,u) are defined in (2.4.1).

While the site energies G? are well-defined for infinite systems (Chapter 3),
the total energy (6.4.1) is of course ill-defined. However, we may renormalise
the total energy and, formally at first, define the following grand potential

difference functional: for § € (0, o0],

6%(ui 10 = 3 |67 (X () ) — 67 (X)) (6.4.2)

leA

The strong locality estimates for the site energies from Chapter 3 allow us to
conclude that the grand potential difference functional is well defined on the
space of compact displacements [27, Theorem 3.1]. Therefore, by a density
argument, we may extend the definition to the following space of admissible

displacements by continuity [27, Theorem 2.1]:
Adm(A) == {u € #V2(A) satistying (L): p & o(H(u))}. (6.4.3)

The restriction p & o(#(X (u))) ensures the grand potential difference func-
tional is differentiable for 5 = co. We also impose this condition for § < oo
since we are interested in taking the zero Fermi-temperature limit.

When it is clear from the context, we will drop p in the argument for the

site energies and grand potential difference functional.

6.5 Equilibiration of Nuclei Positions

For a point defect configuration A, finite computational cells Ar, 5 € (0, 0],

and fixed chemical potential, u, we consider the following geometry optimisation
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problems

u € arg min{Sﬁ’R(u): u satisfies (L)}, (CE*]BV’ERR)
u € arg min{gﬂﬁ(u; @) u satisfies (L)}, and (GCEﬁ’R)
u € arg min{gﬁ(u;,u): u € Adm(A)}. (GCEE’OO)

Here and throughout, “arg min” denotes the set of local minimisers. We denote
these problems by (CE']BV’fR) and (GCEﬁ’R) so that we can reference the problem

and associated parameters using a single compact notation.

6.5.1 Stability Conditions

In the main results of this chapter, we will assume that solutions ug to (CE%@RR)

or to (GCEg’R) and T to (GCEﬁ"X’) are strongly stable in the following sense:

<528’3’R(HR)U,U> > col| Dol (6.5.1)
<5295’R(ﬂ3;u)v,v> > col| Dol (6.5.2)
(8267 (@ jyo,0) > col| Do, (65.3)

for some positive constant ¢y > 0. Here, we have fixed the chemical potential
1 and are considering the second variation of G&®(-; u) and GP(-;u) at ug
and w, respectively.

For g € (0, 00|, we denote by gf;f the reference grand potential which is
given by (6.4.2) but with A replaced with A™f. We assume that the reference

configuration is an equilibrium state and stable in the sense that: there exists

Cstab > 0 such that

§G°:(0) =0 and <52gif(0)v,v> > cstablleH?% Yve #LHA). (6.5.4)
We will often drop the superscript in the site energy and grand potential

difference functional in the case of zero Fermi-temperature (e.g. G = G*).
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6.6 Main Results

The results of this work can be summarised in Figure 6.1. Each arrow represents
the following mathematical statements: (i) Strong limit: for any strongly stable
solution to the limit problem, there exists a sequence of solutions to the finite
domain or finite temperature problem that converges to the solution to the
limit problem; (i) Weak limit: for any bounded sequence of solutions to the
finite domain or finite temperature problem, there is a weak limit along a
subsequence that is a critical point of the limiting energy functional.

This work generalises the results of [26] to the zero temperature case but
also to the case where A is not necessarily a Bravais lattice.

When we say that the limiting model is given by a grand-canonical model,
we have to be careful in specifying the limiting chemical potential. For example,
the limit of (CE]B\ffR) as R — oo for § < oo is given by (GCEﬁ;:O) where gy is
the Fermi level for the homogeneous crystal [26, Theorems A.2 and A.3]. This
subtlety means that Figure 6.1 cannot be seen as a commutative diagram.

We also stress that these results only hold in the case where u & o(H(w)).
This is simply because the site energies and hence the grand potential difference
functional are not differentiable if the chemical potential is an eigenvalue. In

this case the main techniques used in this chapter cannot be applied.

6.6.1 Zero Temperature Limit

First, we state the zero Fermi-temperature limit result for the grand canonical

ensemble model

Theorem 6.3 (Strong Zero Temperature Limit, (GCEg"’O) — (GCE;"™)).
Suppose that p satisfies (Gap) andu is a solution to (GCE;>) that is strongly

stable (6.5.3). Then, there exist solutions g to (GCEﬁ"’o) such that
|Dtig — De < Ce™ % and (¢ (wg) — G(w)| < Ce™ 1
where d == dist(u, o (H(1))).
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Proposition 6.4 (Weak Zero Temperature Limit, (GCEﬁ’OO) — (GCE;™)).
Suppose that ug, is a bounded sequence (with 3 — 00) of solutions to (GCEgj’OO)
each satisfying (L) with an accumulation parameter uniformly bounded below by
m > 0 and such that p is (eventually) uniformly bounded away from o(H(ug,)).

Then, there exists u € W1’2(A) such that along a subsequence
Dyugp,(¢) = Dyu(f) Vee A, peA—L (6.6.1)

Moreover, u is a critical point of G.

The exact same arguments can be made in the finite domain case. That
is, every strongly stable solution to (GCEZO’R) is an accumulation point of
a sequence of solutions to (GCEﬁ’R). Moreover, for every bounded sequence
of solutions to (GCEﬁ’R), with spectrum uniformly bounded away from the
chemical potential, up to a subsequence, there exists a weak limit. The limit is
a critical point of the limiting functional.

Further, we have an analogous result in the canonical ensemble. Here we

only consider R < oo since (CE®*°) is not well defined.

- R R
Theorem 6.5 (Strong Zero Temperature Limit, (CE?\/@,R) — (CE]OVO&R)). Sup-
pose ug is a solution to (CE?VOE’}E) with a%O’R(HR) ¢ o(HR(uR)) and such that

6.5.1) is satisfied. Then, there exist solutions Ugr g to CE%E Y such that
B8 N. r
_ _ R, R, _1
| Dng — Duglle +|eg (arg) — s> (@) < Cem 2

where d = dist(u, o(H (uR))).

Proposition 6.6 (Weak Zero Temperature Limit, (CE%SR) — (CE?@JZ))
Suppose that up g, is a bounded sequence (with 3; — oo) of solutions to (CE%’i)
each satisfying (L) with an accumulation parameter uniformly bounded below
by m > 0. Then, there exists up: Ar — R? such that along a subsequence
URp, — R and sgj’R(ﬂR,gj) — 2R (uR) as j — oo.

ﬂij

Moreover, if e’ (Ug,p;) is (eventually) uniformly bounded away from

o(H:(up,g,)), then Tg is a critical point of GF(-; p) with p = Ego’R(ﬁR).
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Remark 6.2 (Convergence Rates). The convergence rates in Theorems 6.3
and 6.5 are obtained by a suitable consistency estimate and application of the
inverse function theorem. For example, in the R < co case, we may use the

fact that w is an equilibrium state for B = oo to conclude that,

0GB () B NN o (w)
e < 3 - pin m)\au(g)\ingfgus 0| et
(6.6.2)

where As = A\s(@) is some enumeration of o(H(w)). The dominant contribution
in (6.6.2) is exponentially small in the distance from the closest eigenvalue to the
chemical potential. Unless there is significant cancellation in this summation
(which we have no reason to expect), this simple calculation suggests that
the convergence rates obtained in Theorems 6.3 and 6.5 depend on the defect

states within the band gap and can be no better than a constant multiple of

dist (u, o (H (1))
6.6.2 Thermodynamic Limit

Now we move on to consider the thermodynamic limit results.

Theorem 6.7 (Strong Thermodynamic Limit, (GCEZO’R) — (GCE;™)).
Suppose that 1 is fized such that (Gap) is satisfied and U is a solution to
(GCE*°) that is strongly stable (6.5.3). Then, there exist solutions up to

(GCEZO’R) such that Tp — 1 in #'V2(A).

Proposition 6.8 (Weak Thermodynamic Limit, (GCEZO’R) — (GCE;™)).
Suppose that g, is a bounded sequence (with R; — oo) of solutions to
(GCEEO’Rj ) each satisfying (L) with an accumulation parameter uniformly
bounded below by m > 0 and such that p is uniformly bounded away from

o(HM (ug,)). Then, there exists U € WL2(A) such that along a subsequence
Dyug;(f) = Dyu(l) Vee A, peA—L. (6.6.3)

Moreover, w is a critical point of G(-; ).
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We now turn our attention to the thermodynamic limit of the canonical
model. Here, we see that the prescribed number of particles in the sequence of

finite domain approximations is vital in identifying a limiting model.

Theorem 6.9 (Strong Thermodynamic Limit, (CE?VOE’?%) — (GCE;>>)). Sup-
pose that i is fired such that (Gap) is satisfied and U is a solution to (GCE;>)
that is strongly stable (6.5.3). Then, there exists a sequence N g and solutions
uR to (CEJOVO;i) such that T — @ in #'V2(A).

Moreover, z-:;o’R(ﬂR) — v as R — oo for some v € R and u is also a

strongly stable solution to (GCE;>).

.y S R;
Proposition 6.10 (Weak Thermodynamic Limit, (CE(J)VO&RJ) — (GCE;™)).
Suppose that ug; is a bounded sequence of solutions to (CE?VO’? ) each satisfying
eR;
(L) with an accumulation parameter uniformly bounded below by m > 0. Then,

there exists w € WI’Q(A) and p € R such that along a subsequence
D,ug,(f) = Dyu(t) VeeApeA—€ and ep¥(ug,) — p.

Moreover, if E;O’Rj (ur;) is (eventually) uniformly bounded away from

o(H% (ug,)), then U is a critical point of G(-; ).

Remark 6.3. Every strongly stable solution u to (GCE;>>) also solves
(GCE>™) for all v in some mazimal interval (v,7), displayed in Figure 6.2.
In particular, T is a strongly stable solution to (GCES®™) with v = %(g +7).
Theorem 6.9 states that, under some appropriate choice of particle number,
there exist solutions ugr solving (CE]OVO;i) such that ur — u and E%O’R(ER) — v

as R — oo.

_‘t
L_IN|

| |
I I
I |
I I
| |
mov
Figure 6.2: Cartoon depicting an approximation of o(#(w)) together with the
limiting chemical potential, v, from Theorem 6.9.

We are not implying that any of the problems (GCES>™) are equivalent for

v € (v,7), only that they are locally equivalent around the fixed displacement .
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This is simply because there are no eigenvalues between v and U, as depicted in

Figure 6.2, and we are considering the case of zero Fermi-temperature.

Remark 6.4 (Convergence Rates). Since we are considering the case where
At is more general than a Bravais lattice AZ4, we do not prove any convergence
rates for R — oo. In the case where A™f = AZ, strongly stable solutions T to

(GCE;™) satisfy the following far field decay estimate [27]:

1/2
( > eﬂﬂyppu(e)y?) S@A+10)"Y forall € A. (6.6.4)
peEA—L
If the estimate (6.6.4) holds in the case where A™ # AZ?, we can simply
repeat the proofs of Theorem 6.7 and 6.9 verbatim and obtain the following
convergence rate:

— ) < p—d/2
|1Dup — Dl < RV

For finite interaction range models and in the case of multilattices, far-field
decay estimates of the form (6.6.4) are satisfied [94]. In light of [27], which
extends [48] to infinite interaction range models, it is safe to assume that (6.6.4)

can be extended to our setting.

Remark 6.5. In the weak convergence results (Propositions 6.4, 6.6, 6.8
and 6.10) we assume that the chemical potential (or Fermi level) is uniformly
bounded away from the spectrum. By the spectral pollution results (Lemma 6.14,
below), this implies that the chemical potential (or the limit of the Fermi level)
is not in the limiting spectrum. However, we prefer to make the assumption
on the sequence of solutions rather than imposing a condition on the (a priori

unknown) weak limit.

6.7 Conclusions

In this chapter, we have formulated the zero Fermi-temperature limit models
for geometry relaxation problems in the context of linear tight binding models

for point defects and quantified an exponential rate of convergence for the
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nuclei positions.

Further, we have extended the results of [26] to the case of zero Fermi-
temperature under the assumption that the chemical potential is not an
eigenvalue of the Hamiltonian. That is, we have formulated zero Fermi-
temperature models in the grand canonical ensemble for the electrons for
general point defects. We have shown that, under an assumption on the
number of electrons imposed in the sequence of finite domain approximations,
this is a limiting model as domain size is sent to infinity in a tight binding model
in the canonical ensemble for the electrons and at zero Fermi-temperature.
In contrast to the finite Fermi-temperature results of [26], we have shown
that a specific choice of electron number in the sequence of finite domain
approximations is crucial in identifying the limiting model.

A consequence of these results is that, in general, the zero Fermi-temperature
and thermodynamic limits of the geometry optimisation problem do not com-
mute. In particular, taking the thermodynamic limit first, we obtain a limiting
model with fixed chemical potential at the reference domain level. On the
other hand, if we take the zero Fermi-temperature limit first, the limit model
is a grand canonical model but the fixed chemical potential depends on the
sequence of solutions to the finite domain problems. The limit of the Fermi
levels depends on the polluted band structure and so there is no reason why
the limiting Fermi level agrees with the reference Fermi level.

We stress again here that the weak convergence results of Propositions 6.4,
6.6, 6.8, and 6.10 are weaker than the analogous results in the finite Fermi-
temperature case [26]. Indeed, by assuming the chemical potential (or sequence
of Fermi levels) is bounded away from the spectrum, we are ensuring that the
limiting Fermi level is not an eigenvalue of the Hamiltonian, an assumption
that we cannot justify in general. We do this to ensure differentiability of the
limiting site energies which is required to define the zero Fermi-temperature
grand potential difference functional. Exploring the consequences of lifting this
technical assumption is beyond the scope of this work.

Thus, we have completed the diagram in Figure 6.1 however, we must
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reiterate here that some care is needed in order to interpret this diagram

correctly.

6.8 Proofs of the Main Results

It will be convenient to rewrite the site energies as a function of the full
interaction stencil, Du(¢). This can be done since the site energies inherit
the translational invariance from the Hamiltonian operators (as in [26,29]).

Therefore, in the following, we shall abuse notation slightly and write
G, (Du(t); ) = G, (ui p) (6.8.1)

for each 8 € (0,00] and R € (0, 00]. In the case where R = oo, we simply write
g, =G,
Moreover, we will use the following notation: for £ € A, m = (mq,...,m;) €

Al and p = (p1,...,p;) € (A — )7, we write

_ 0" H (u)
Hom(u) = du(my) ... ou(m;)’

SR g Due) &GP (u)
Grp (DU = G 070D, a(f) ~ DuC T pr). - Ou(CE 1)

and

and similarly for H, (u) (with appropriate m and u).

6.8.1 Spectrum of the Hamiltonian

First, we show that the error in the Hamiltonian operators may be bounded

above by the errors in the displacements:

Lemma 6.11. Suppose ui,uz: Ar — R? satisfy (L) with some m > 0. Then,

for b,k € Ap with |Di_g(u1 — u2)(0)| < m|¢ — k|, we have

‘ (15 (u1) — HR(W)]ZZ‘ < Cem 0 Mozt REMRal| D, () — wp) (0)),
(6.8.2)
where ¢ = mT\/?:’
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Moreover, if ||D(u; — @@)H@f is sufficiently small, then

dist (o(H " (u1)), o(H(u2))) < 1H (ur) — H (u2)llp

< ClID(ur — u) 2. (6.8.3)

Proof. After extending H* by periodicity, we may assume |[{—k+Mpga| > |[(—k]|
for all o € Z¢. Applying Taylor’s theorem we can conclude that there exists
&= (1—-6)(rg(ur) + Mga) + 0(ry(uz) + Mga) for some 6 = 0(a, £, k) € [0, 1]

such that

[ () = H (w2)]],

> VA((E, Ze, Zk)) - Di—o(ur — uz)()

a€gZd

<ho Y e Dy p(ur — uz)(6)].

a€Zd

Since |rgp(uy) + Mpal > m|l — k| for I = 1,2 and |Dy_g(u; —u2)(£)| < m|l — k|
we can conclude that |£%]| > mT‘/gM — k| (here, we have used the following: if

z,y € R with |z|, ly| > r and |z —y| < r, then [tz + (1 —t)y| > /12 — (5)? =
@T for all t € [0,1]). Therefore, after summing over a € Z¢, we obtain (6.8.2).
In the following, we suppose that || D(u; — ug)l| ¢ Is sufficiently small such
that |D,(u1 —u2)(¢)| < m|p| for all £ € A and p € A — ¢. This can be done as
the semi-norm defined by supy , |Dyv(€)|/|p] is equivalent to |[D - [z [27].
We extend HT and ui,us by periodicity and so, for each ¢ € Ap, we

can sum over the set Ar(¢) of all k € |J,(Ar + Mga) for which |[¢ — k| =

min, [¢ — k + Mgal:

15 (1) = HE o) [F < C > > e 2 Dy_p(uy — ug)(0)]?
(AR keAn(d)

<CY Y D — )0

EEKR kEKR
< OID(m w5, < Call Dl — )Py

(6.8.4)

where Ap = Uren, Ar(f).
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The perturbation in the spectrum (6.8.3) follows directly from (6.8.2) since
small perturbations in the Frobenius norm give rise to small perturbations in

the spectrum [76]. O
We now consider the R = oo case:

Lemma 6.12. Suppose uy,us € Adm(A) satisfying (L) for both 1 =1,2 and

some m > 0. Then, for {,k,m € A, if |Dp_¢(u1 — uz)(£)| < m|l — k|, we have

)[H(Ul) - H(UQ)]%;‘ < CemHIDy_p(uy —up)(0)],  and

(6.8.5)
(1) = M ()| < Cem U m DDy 1y — up) (1)),
where ¢ = mT\/?Z
In particular, if || D(up — uz)Hé% is sufficiently small, we have
dist(o(H(u1)),0(H(u2))) < [[H(u1) = H(uz)llr
< Cf|D(u1 — ug)||ez.- (6.8.6)

Proof. Using the same idea as in Lemma 6.11, we have

M (ur) = H(u2)]gg| < hoe 1N Dy g(ur —u2)(€)]  and

[[Hn(u1) = Hom (u2)]f| < hoe™ [ Dyg(ur — ua)(0)]

)

where §; = (1 — 6;)ra(u1) + 070 (u2) for some 6; = 6;(a,b,¢,k) € [0,1]
and both j = 1,2. Now, since rg(u;) = m|¢ — k| for both | = 1,2 and
|Dg_e(ur — u2) ()] < m|¢ — k|, we necessarily have that [§| > @mw — k.

Therefore, we obtain (6.8.5) and thus (6.8.6) as in the proof of Lemma 6.11. [

In particular, we have shown Lemma 6.1 holds and we also immediately

obtain the decomposition from Proposition 2.3:
H(u) = H*" + Prr(u) + Po(v) (6.8.7)

where || P.(u)|lr < e and Prr(u) = 0 for all (¢, k) € Br. x Bg_. Here, in an
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argument identical to (2.5.6), we have shifted the spectra away from zero and
added artificial zero rows and columns to the Hamiltonian operators to ensure
ﬁ(u) and H™f are defined on the same spatial domains.

We now discuss the corresponding R < oo case which allows us to describe

o(H%(ug)) and the limiting spectrum as R — oo (in Lemma 6.14, below):

Lemma 6.13 (Decomposition of the Hamiltonian, R < oo). For each R,
suppose that ur: Ag — R? satisfies (L) with some constant uniformly bounded

below by m > 0 and supp || Dug||z < co. Then, for e >0,

e There exists an R independent constant, R > 0, a constant Ry = Roo(R)

with Roo(R) — o0 as R — oo and operators P, PR PZ such that

loc?
H(ug) = H"F + PP+ P+ PE (6.8.8)

where |PE|r < ¢ and PE PR

loes Pae are finite rank operators with rank in-

dependent of R, and matrix entries non-zero only on Br. X Br_ and

(AR \ Bry) % (Ar\ Br,,), respectively,

e Moreover, if ug — u, then PE — P where [P2]% = [H(u) — ﬁref]%g

loc

as R — oo for all {,k € Bg_,

e In particular,
sup # (o (M (un)) \ Bo(o(H™))) < oc. (6.8.9)
R

Proof. The construction of (6.8.8) is similar to that of Proposition 2.3. For a
complete proof, see [96, Appendix F].

(6.8.9) follows in the same way as in the proof of Proposition 2.3 after
noting that o(H™*H) C o(H™!). The latter statement can be shown by writing
o (1) as the union of energy bands defined on the Brillouin zone and noting
that o(H™"®) can then be written as a union of these energy bands over a

discretised Brillouin zone (see [96, Appendix E] for the details). O
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Resolvent Calculus

For fixed u € Adm(A), we suppose that 4~ and € are simple closed contours
encircling o(H(u)) N (—oo, u) and o(H(u)) N (i, 00), respectively, and avoiding
the line u+iR, see Figure 6.3. Further, we may suppose that for all z € €~ U% T,

we have

d(u), (6.8.10)

Cg-ﬁ-

Figure 6.3: Cartoon depicting an approximation of o(#(u)) for u € Adm(A)
(on the real axis) and the contours 4~ and 4 *. The positive constants d(u)
and d™f are also displayed.

Therefore, €~ U %™ is an admissible system of contours to define gf as in
(2.4.1): for g € (0, ],

-1d2

.8.11
27 | 4y (68 )

G/ u0) = - )

We shall often simplify notation and write Gy == G;°. We may define Gf R
similarly.

From now on, we denote the resolvent operators by %, (u) = (H(u) — 2z)~!

and Z(u) = (H®(u) — 2)~ L.
Remark 6.6. We briefly note here that the Combes—Thomas resolvent estimate
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(Lemma 3.3) applies in the periodic setting by replacing ro.(u) with the torus
distance rj,i(u). The proof of this result follows in the exact same way as in

the corresponding R = oo result.

Spectral Pollution

It is well known (see [35,84] and references therein) that, in general, when
approximating the spectrum of an operator with a sequence of finite dimensional
spaces, spurious eigenvalues may be present in the limit. That is, accumulation
points of eigenvalues along the sequence are not necessarily contained in the
spectrum of the limit operator. In this section, we discuss the extent to which
spectral pollution occurs when approximating o (H(u)) with o(HP(ug)).

More specifically, we are able to show that, if ug — u strongly, then
spectral pollution does not occur and, in the case that ug — wu, we show
that the spectral pollution is very mild. That is, we may use Lemma 6.13 to
conclude that there are at most finitely many additional eigenstates in the
band gap which arise due to finitely many O(1) distortions of the lattice. These
distortions are sent to infinity as R — oo and so the additional eigenstates are
not present in the limit.

We remark here that the use of periodic boundary conditions prevents
spectral pollution that is known to occur in the case of clamped boundary
conditions, for example. See [22] for a proof in the case of local defects in a

crystalline material in a PDE setting.

Lemma 6.14. Suppose ur: Ar — R% is a bounded sequence satisfying (L) with
some uniform constant m > 0 and ug — u for some u € #'V2(A). Let PE(ug)

be the finite rank operator from Lemma 6.13 with the constant € > 0. Then,

(i) o(H(u)) C 1iRHi>i£fJ(HR(uR) — P£(uR)),

(it) o(H(u)) C liminf o (HE(ug)),

R—o0

(iti) o(H(u)) 2 limsup [o(HP(ug) — PE(ug)) \ Ba:(o(H™")],

R—

(iv) If up — u strongly, then o(H(u)) = lim o(HP(ug)).

R—o0
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Remark 6.7. Following the proof of Lemma 6.14, one can easily see that if

ug,u € #12(N), satisfying (L) with a uniform constant m, and ug — u as

B — 00, then o(H(u)) C liminf o(H(ug)).

B—00

___________

___________ /\

1
N

___________

Figure 6.4: Cartoon illustrating Lemma 6.14.
to o(H(u)) for u € #12(A) as asserted in Lemma 6.1.

/

N

1
N

] Ot = P

PZ(ur))

o (1" (ur))

(a) is qualitatively similar

(b) illustrates

Lemma 6.14 (i) and (iii): eigenvalues of H(u) lying in the band gap can
be approximated by eigenvalues of H*(ugr) — P2 (ug) and every accumula-
tion point of o(H®(ur) — PZ(ur)) is contained in o(H(u)). (c) illustrates
Lemma 6.14 (7i) where the finitely many eigenvalues outside Bs(o(H(u))) are
the “defect states” that arise when including the far-field contribution PZ(up).
These defect states vanish in the weak limit.

Proof. The first part of this proof loosely follows the first part of [22, Proof of
Thm. 3.1].

(i). Take \ € o(H(u)). For every 7 > 0, we may choose 1 of compact
support such that [[¢||,2 = 1, supp(y)) C Bpg, for some Ry > 0, and

[(H(u) = Nl < 7

For R > Ry, we let ¢)r == 9|p,, and calculate: for £ € Ap,

[(H™(ur) — PE(ur))¥r], = (Hwyle— Y PE(ur)ultrlk
kGARﬂBRO
+ ) (Mur)a — H(w)e)tx
kJEARﬂBRO

(6.8.12)

+ > Y Hur)ekimpalvrlk:

k}EARﬁBRO aczd
a#0

Therefore, after choosing R sufficiently large such that PZ(ug)g = 0 for all

k € Ar N Bg,, squaring, summing over ¢ € Ar and applying Lemma 6.12, we
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have: for sufficiently large R,

H (HR(UR) - P£(UR) - A)¢RH@2(AR)
< N[ (wr) = PE(wn)br = M) g ) + 134) = Nlleegany
< CID(ur = w)llg (rprm) + Ce ™0 + Cem2om 0] 4

(6.8.13)

Here, we have used the fact that for £ € Ag and k € Bg,, we have [{—k+Mpa| >
R — Ry for all a € Z%\ {0}.

Therefore, by choosing Ry and then R sufficiently large, we have either
A € o(HR(ug) — PE(ug)) or

L= YRy
< N(H (ur) — PE(ur) = N) Mo el (R (ur) — PE(ur) — Nrlleny

<N(H ur) = P(ur) = N e - 27

That is, if A & o (H®(ug) — PE(ug)), then (H2(ug) — PE(ug) — A)~! defines

a bounded linear operator and so

1

< 27
[(HE(ur) — PE(ur) = A) "o

dist(\, o (H"(ur) — PE(ur))) =

Here, we have used the fact that, for a bounded normal operator, the operator
norm equals the spectral radius.

(i3). The exact same arguments may be made for the operator H(ug). In
this case, the second term in (6.8.12) is omitted and ||(H®(ugr) — A\)¢gl|2 < 27
for all R sufficiently large as in the proof of (7).

(iii). We suppose that A € limsupg_,, 0 (H%(ur) — PE(ug)) with X ¢

Boe(a(H™!)). By Lemma 6.13, there exists S. > 0 such that

o (H* M+ PR(up)) N B.(\) = 0 (6.8.14)

#(o(H(ur) — PE(up)) N B:(\)) < S- VR (6.8.15)

128



where Pf'(ug) is the perturbation arising in Lemma 6.13 with || P (ug)||r < e.
By (6.8.14) and (6.8.15), we may let 4 = 0B:(\) be the positively oriented

circle of radius € centred at A, and obtain

A @y
J

= _7§(HR(UR) — POE(UR) _ z)_1¥
14 T
T ?gg [ ) — PR g) = 2) 7 — (4 PR(ug) )]
(6.8.16)

where span{wg)}j is the eigenspace corresponding to the eigenvalues /\g) €
o(HE(up) — PE(ug)) with A% € B.(\) and 9],z = 1. By Lemma 6.13,
for sufficiently large R, we have

[t ) = PEGur) = )7 = (0 4 PFug) - )7, |

= |[(t"(ur) = PE(ur) = =) RE(un) 7 + PR(ug) = 2)7'] |

<c Y 1010 ) < cemon (D, (6.8.17)

41,EQEARQBRE

Equation (6.8.17) is analogous to the R = oo result shown in [98, Eq. (4.19)].

Therefore, by applying (6.8.16), we have
W ()] < Cee for all £ € Ag. (6.8.18)

Now, after defining Jg) to be equal to ¢g) on Agr and extending by zero

to A, we have: for sufficiently large R,

1(H () = A2

< CID(ur = u)llg (anpg,) + O (e eI 4 e 7mlx)

where 7; > 0 for each j € {1,2,3} and R is the constant from Lemma 6.13

(that is, PE(ug) zero on (Ag \ Bg.)? with Ry, — oo as R — oo). This
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calculation is analogous to (6.8.13) where, instead of exploiting the fact the
(approximate) eigenvectors are of compact support, we now use the exponential
decay of the eigenvectors (6.8.18).

For a strictly increasing sequence (R,,), C N and sequence of indices (j,)n,
we define the subsequence (A, 1y,) = ()\gz) , {/;E{:)) We can conclude that if

An — A as n — oo, we have
H(H(u) — )\)@ZJnHZQ < H(?—[(u) — )\n)@ZJan2 +]A =X — 0 asn— oo.

Therefore, by applying Weyl’s criterion [71, Ch. 7], we can conclude that
A€ o(H(u)).

(iv). In the case that ur — u strongly as R — oo, we have: for all € > 0,
there exists R. > 0 such that ||Dug|| 2.(Ap\Br,) < € for all R sufficiently large.

Following the proof of Lemma 6.13, we can conclude that PZ(ug) = 0. O

Limits of the Site Energies

We now state that GP(-; ) converges exponentially as 8 — co which is used

in the convergence of the site energies in the zero temperature limit.
Lemma 6.15. Fiz z € C such that d .= 1|Re(z) — pu| > 0. Then, for all
Bo > 0, there exists a positive constant Cgyq such that
GF (2 1) = G(z3 )| < CpaB e8I w3 > gy,
Proof. A proof of this fact is elementary and can be found in [96, Appendix G].
O

We now apply Lemma 6.15 together with the Combes—Thomas estimate
(Lemma 3.3) to show that the site energies and their derivatives converge in

the zero temperature limit:

Lemma 6.16 (Zero Temperature Limit of the Site Energies). Let u € Adm(A).

Then, for each By > 0, 0 < j < v, L € A, m = (my,...,mj) € A and
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1 <i1,...,4; < d, there exists a constant C depending on By, Ny, d(u),d such

that, for all B > By, we have

&7G) (Du(0)) B d1Gy(Duf(0))
Olu(ma)liy - .. Olu(my)]i;  Olu(ma)li, ... Olu(m;)ls;

< C’B—le—%d(u)ﬁe—’YCT Siirem;

Proof. The proof follows from the resolvent estimates of Lemma 3.3 and the

convergence of the integrand G? shown in Lemma 6.15. O

The corresponding R — oo result is as follows:

Lemma 6.17 (Thermodynamic Limit of the Site Energies). Let u € Adm(A)
be of compact support and fix 5 € (0,00]. Then, for sufficiently large R and
each0 < j<v, L€ Ar, m=(mi,...,mj) € Ag% and 1 <iy,...,0; < d, we
have
&G, " (u) - DGy (u)
Au(mi)li, - - .a[u(mj)]ij Au(mi)]iy - - a[u(mj)]ij

<Ce (dist(eRAQR)+Y0_, o, (w))

where 1 = %m min{vycr, %fyo}.

Proof. Similar to the calculations in the proof of Lemma 6.16, we write the site
energies using resolvent calculus. Using the fact G (z; p) is uniformly bounded
along the contour ¢~ U ¢, it is sufficient to prove that the derivatives of the
resolvent operators converge in the thermodynamic limit. A full proof is given
in [96, Appendix H]. O

6.8.2 Zero Temperature Limit

We are now in a position to prove the first main convergence results:

Proof of Theorem 6.3: § — oo in the Grand Canonical Ensemble

We may choose » > 0 such that B, (w;||D - Hz%) C Adm(A). Now, since

G? e C3(B,(w;||D - ”Z%))’ we know that 62G® is Lipschitz in a neighbourhood
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of @.
For the remainder of the proof, we fix §y > 0. By Lemma 6.16, for all

v,w € 7/1’2(A), we have,

<(52g5(a) - 529(5))1;, w>
=3 X Dpt( (G, (D) = Gt (D)) Dpeo(6)

LeA p1,p2€A—L

< CCaafte s 03 N emrerlnltled| D, o) Dy, w(0)
LeA p1,p2€A—L

< OB~ 554D Dl | Dull g (6.8.19)

for all § > Py. The constant C' in the final line depends on d = d(u). By
the assumed strong stability (6.5.3) and (6.8.19), we immediately obtain the

following stability estimate,

<52gﬂ(u)v,v> = (52G (@, v) + <(52gﬁ(u) - 529(@)@, u>

(6.8.20)
> (0 = €71 H4O ) | Dw

We now move on to consider consistency. It will be useful to consider the
following truncation operator to split a given displacement into core and far

field contributions [47, Lemma 7.3]:

Lemma 6.18 (Truncation Operator). For R > 0, there exist truncation
operators Th: (Rd)A — WC(A) such that Tru has compact support in Br and,
for all R sufficiently large, DTru(f) = Du(f) for all £ € AN Bg/y and

||DTRu—DuH€2 C||Dul|,2 2 (AM\Bps)? and

IDTrullez. < CllDullz (AnBR):

where C' is independent of R and u.

We use the notation of Lemma 6.18 and let v := Trv and v = v — v for

some R > 0 to be chosen later. In the following, we use the fact that 6G(u) =0
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and estimate each of the terms in the following expression:
<5gﬁ (ﬂ),’u> - <5gﬁ(u) — 6G(a), vC°> n <5g%) - 5g(a),vﬂ”> (6.8.21)

Core. Since the core region is finite, the first term of (6.8.21) is straightfor-
ward to deal with. Here, we simply apply the convergence of the site energies

directly to obtain

‘<5gﬂ (@) — 6G (), vC°>

< X (62,(Du(0) = Ge,p(D(0))) - Dy=(0)| s

||<R or [£+p|<R

<Oplesd@s N~ emerll|puee(p)).

LeN,peEAN—L:
[t|<R or |¢+p|<R

Now we may use the fact that v°® has compact support inside Bg, to conclude:

1/2
D e—nlplyD,,vw(f)\<cRd/Q<Ze—n<“—R>) 1Dv |2

LeA (S
>R [t+pl<R =R (6.8.23)

< CRd/ZR(dfl)/2||D,UcoHZgr.

In the exact same way,

> >0 e Do) < CRYPRUVRIDu| n . (6.8.24)
Leh peA—1¢
[¢|<R

Combining (6.8.22), (6.8.23), (6.8.24) and Lemma 6.18 we have

‘<5gﬁ (@) — 6G (), UC°>

< CA e @PRIZ R Dol (.
(6.8.25)
Far-field. We now turn our attention to the far field contribution in (6.8.21).
We will replace @ with some compactly supported approximation u and show

that the error in this approximation can be bounded appropriately. We then

use the fact that @ has compact support to bound the far field contribution to
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(6.8.21).
We define u := Tzu for some 0 < R < R to be chosen later and note that,
by Lemma 6.18, we have ||Du — Dﬂ”e% < C||DHHE%(A\B§/2). Therefore, by

Lemma 6.12, for R sufficiently large, we have

dist(p, o(H(w))) > ~d(7) (6.8.26)

for all u:=tu+ (1 — t)u and t € [0, 1]. The inequality in (6.8.26) implies that,
for every displacement along the linear path between @ and %, we have uniform
convergence rates in the site energies as § — 0o (as in Lemma 6.16). Since we
have perturbed the displacement, the exponent in the convergence estimates
are reduced (in this case by a factor of 2, but this factor is arbitrary).

We will now estimate the error committed by replacing @ with the compactly

supported displacement u. By (6.8.19) and (6.8.26), we have

<5gﬁ(a) . 5g(a),vﬁ> - <5gﬁ(a) — 66 (T), vff>
1
- /0 ((Pg%(m + (1~ 1)) — G (m + (1 — 1)) ) (@ — ), 0" )

< CA7 e =48 D(a — @) |2 | Do 2

1 14z _
< Cpte )ﬁ”DuH@T(A\Bﬁ/Q)HDUHZ%(A\BR/Q)' (6.8.27)
Now, since we are only considering the far field behaviour of v and w is

of compact support, we are able to show that <5Qﬁ(ﬁ) - 69(&),vﬁ> decays

exponentially in the buffer region Bg \ B 7

‘<6g5(ﬂ)—6g(ﬂ),vﬁ> < CfLe md@IRI 2= B-R Dy . (6.8.28)

where 7 := fmmin{ycr,v0}. A full proof of (6.8.28) is given after the conclu-
sion of the current proof.
Therefore, by applying (6.8.21), the estimate for the core region (6.8.25)

and (6.8.27) and choosing R and R sufficiently large (independently of 3) we
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obtain

()

< OB tem2d®P (Rd/QR(d‘”/2 +1Dtllg a5

R/2

)+ Ed/%—n(R—E)) | Dollg -

We may choose R, R in such a way as to obtain an exponential rate of conver-
gence as § — 00.
Applying the inverse function theorem [88, Lemma B.1], we can conclude

that, for sufficiently large [, there exist ug € 7/1’2(A) and ¢; > 0 such that

|1Dug — Dullpz < Ce =98 565 (wz) = 0

(926° (@g)v, v) > 1| Dol

for all v € #12(A).
Finally we consider the error in the energy. Using an analogous argument

to that of [29, Eq. (78)], we obtain
6% (1p) — G°(u)| < C||Dug — D[, . (6.8.29)

In order to deal with the model error, we consider a compactly supported

displacement Tru:
1
(¢° (@) - G°(Twa)) — (G(@) — G(Tww)) = / (867 (ue) — 66 (ur). Tyt — 7
0

where uy := (1 — t)u + tTru. Therefore, choosing R sufficiently large such that
dist(p1, o(H(us))) = 3d(w) for all ¢ € [0,1], we may replace u; with a compactly

supported displacement u as in (6.8.27) and (6.8.28) and obtain

(6% (@) — ¢ (Tww)) - (6() — G(Trm)) | < Ce™ NP | Dt 1,

(6.8.30)

135



Finally, by applying Lemma 6.12, we obtain

G°(Tru) — G(Tru)]

<CY NGP(5m) = G )l o-ue | [2:(Tru) [H(Tra) — H(2)) % (2)] ]

JASN
<oplet® S ([T - HE), |
L1EA
t5€ANBR
< CRYP|| Dy p~" e 1297 (6.8.31)

where 7 is some positive constant and z: A — A denotes the identity configur-

ation.
Combining (6.8.29), (6.8.30) and (6.8.31), we obtain |G#(ug) — G(u)| <

Ce~ 1298 45 required.

Proof of (6.8.28). We will argue that site energies are close to the correspond-
ing reference site energies. We again define H (%) and H™' as in (2.5.6) so that
we can compare these quantities.

If £ € (A" UA) N Bj or k € (A UA) N By, then |¢ — k| > dist(¢, B) +

dist(k, Bg) and so we have

‘ [H(ZZ) - ﬁref] ek‘ < Cemrom(lt+k|-2R) (6.8.32)
Similarly, for m € A,

’ [ﬁ(ﬁ) o ﬁref} Zk’ < Cem310m([l+k=2R) o= 320 0em@+rem @) (6.8.33)

) ,m

In the following, we use the notation %, () := (H(u) — z)~!, and extend v
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by zero to A U A™f. Since 59&(0) = 0, we have

(667 (@) - 6(@), " )
— (667 (@) — 6G.; — (3G() — 6Grer), 0"

B O[%.(w) — %90 dz
B ygg-u% [GB(Z) a G(Z)} Z ou(l + p) o Dpvﬁ(ﬁ)ﬁ

ceAuAref pepunref g
|¢|>R or [£+p|ZR

O1%..(u) — B
<C (s z X Do (0)].
SRR I A TR
(0157 or K[> R
(6.8.34)

We have therefore reduced the problem to considering the derivatives of the

difference of two resolvent operators:

O (w) — A u
ou(k)

|~ (M) 2 (0) + A |

(BT — B (@) T+ 22 (0) (FE — H(@) )2

+ R (W)H (@) o (2 — %Z(a))} g (6.8.35)

In the following, we shall drop the argument (%). Now, since %, — Z"f =
B, (M — H)Z | we have: for z € €~ UET,

> ’ [(%z - %ief)ﬁ,k%z} w Dy, (£)

2,ke AUATe!
[l|>R or |k|>R

< Y > ‘ ety (HF = H)ye |22 0,0, [H Ky 02|20

L, ke AuAref Kl ,EQ,£3,€4
IR or [kI>R

| Di—e" (0)]

AN

Z e~ et (Toes+rege, +rege) e*%ﬁ’om(\fs [+|¢4]—2R) e~ 0 (reyktTeok) ‘Dk,gvﬂ (0) ‘

£,k,01 05,83,y
[¢|ZR or |k|>R

) ) o 1/2
( Z ( Z 6_77(7’2£3+re421+|f3|—R+|f4|—R+W1k)) > HDUHHZQ
r

£, ke AUATeE £1,03,04
[6I>R or [k|>R

AN

(6.8.36)

where 1 = %m min{vycr, %fyo}.

We now bound the first term in the product (6.8.36). Here we only consider
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the summation over £,k € A UA™ and |[¢| > R (the case where |¢| < R and

|k| > R can be treated in a similar way):

E 6—77(7"223 +ro40, +|0s|+ 14| —2R+r 1)

Lkl ,L3,Ly
[¢|ZR
< C( Z e—n(ree3+23|—§)> (Z e—n(rkg4+€4|—§)>
2,0 ke ly
le[>R
< CRle2nR), (6.8.37)

Here, the R? comes from the second factor in the line above. The exact same
argument can be used to bound the third term in (6.8.35) similarly.

We now consider the second term in (6.8.35): for z € €~ U%T,

> ] [%éef(ﬁ,k - ﬁf;;f)%z} Y Dk,gvﬂr(e)‘

£,ke AUATef
EI5R or kIR
£ -~ T ref f ff
< Y Y | e~ A0 2 | | D (0)
¢,k€AUATeE g1 o € AUATeE
[t|>R or |k|>R
<C Z ef'YCT(TMl+7'l2£)67%70m(wl|+|£2‘72]%)6*70(7111@4’7”221&‘Dkievﬁ(eﬂ

£,k 01,00 € AUATEE
[€|ZR or |k|ZR

<C Z < Z e~ M(ree +|f1—§+7“z1k)) o~ 31k ‘Dk,gvﬁ (g)‘

2,ke AUATER 2
[¢|ZR or |k|ZR

1/2
< C( Z e—n(ral-i-lfll—R-i-Telk)) HDUHHWT- (6.8.38)

0,k,09 €eAUATef
[|ZR or |k|ZR

We again show that the prefactor in this expression is bounded: by summing

over k,¢; and ¢ (in that order) we have,

Z 6—77(T13151+\€1|—I~2+wlk) < Ce—%n(R—E)‘

€,k,01 € AUATF
[¢|ZR or |k|>R

(6.8.39)

Therefore, after collecting (6.8.36)—(6.8.39) and applying (6.8.34) and
(6.8.35), we obtain (6.8.28). O
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Proof of Proposition 6.4: § — co in the Grand Canonical Ensemble

We consider a sequence, ug,, of solutions to (GCEﬁj ) (with B; — oo as
j — oo) such that sup; HDU@H@ < oo. Noting that, after factoring out a
constant shift, %12 (A) is a Hilbert space and so we may apply the Banach-

Alaoglu theorem to conclude that there exists a @ € #2(A) such that
_ _ . 1,2 .
Ug, U in ¥ "7 as j— oo

along a subsequence (which we do not relabel). Now, because v — D,v({) is a
linear functional for all £ € A and p € A — ¢, we have obtained (6.6.1).

To simplify notation, let us define the forces

F(u) = and  Fy(u) = (6.8.40)

Since g, solves (GCE,ﬁ/’OO), we have

0= <5gﬁf (ug,), v> =N Fl(@g,) o) forallve #(A).
LeN

Let us fix v € 7/1’2(A) with compact support in Bg, for some R, > 0. Now, it

is sufficient to show that
ffj (up;) — Fe(u) as j— oo

for all £ € AN Bpg,. Here, we may apply Remark 6.7 and the fact that p is
uniformly bounded away from o(H(wg,)) to conclude that G(w) is differentiable.

For sufficiently large j,
‘./_'fj (ﬂﬁ]) - thj (ﬂ)| < C<6_7CTRU + ”D(ﬂﬁ] - ﬂ)”f%(AﬂBz}ﬁ,)) . (6841)

The proof of this estimate is given below. By first choosing R, and then j

sufficiently large, (6.8.41) can be made arbitrarily small.
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Applying Lemma 6.16, we obtain

|F) (@) — Fo@)| < OBt sd@8 37 emerm < ¢prte 5@ (6.8.42)
keA
Combining (6.8.41) and (6.8.42), we obtain ffj (ug;) — Fe(u) as j — 0o
and so Fy(u) = 0.

Proof of (6.8.41). We will prove a more general statement: for g € (0, 00| and

ur, uy € #H2(A), with || D(u; — uQ)||£%(AmBzRv) sufficiently small, we have
F () = F ()] < C (7 4 | D(ur = w)l2 (anppy))- - (6:343)

This result is also true in the case of periodic displacements uq,us as will
become clear in the proof.

Using the chain rule, we obtain the formula:

Flw= > gl (Dut—p)— Y G (Du(t (6.8.44)

pel—A pEA—L

which is valid for both f < oo and 8 = oo.

We first notice that

Gl y—e(Dur(0)) = Gy _y(Dun(6)) =

- OZ(u2) — R (u1)ly dz
tr §éf+u%’ GP(z; 1) ulk) £ et (6.8.45)

We again consider the derivative of the difference of two resolvents as in (6.8.35),

above. By Lemma 6.12, if || D(u; — uz)Hg% (ANBag, ) is sufficiently small, we have:
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for m € A,

(%= (uz) = A= (ur) g, = [Z=(u2) (H(u1) = H(u2))Z=(u1)] g,

E e—”/CT(Tul +T22m)e—707’/_7142

£1,9€A
[€1|>2Ry or [£5|>2Ry

+ C’( Z e—vCT(rﬂlJrrgw)) 12 < Z () — H)l s, ’2> 1/2

41 £o€ANBsR, 41 £o€ANBsR,

N

B R,
< O (e dminter e 4| D(ur — ua) 2wy, )-
Here, we have used the fact that ¢ € Bg, in the first term. Therefore, we have:

[(Z:(u2) — R (1)) H(u2) xZ-(u2)] ,,

< C<€7VCTR” + || D(u1 — UQ)H[ZT(AQBQR )) Z e 0(Te kHTegk) o= YCTTE e
1,02

< C(eiVCTR” + |D(uy — UQ)HE%(AQBQR ))6*% min{yor,70}rek

(6.8.46)

Similarly, by Lemma 6.12, we have

[%’z(ul)[H(W),k - H(Ul),k]%z(W)he

o (6.8.47)
<O (7 4 [ D(ur = u2)lg (a2 T

where ¢ = is the constant from Lemma 6.12.

my/3
2

Therefore, by combining (6.8.46) and (6.8.47) and using the formula for the

derivative of the difference between two resolvent operators (6.8.35) together

with the chain rule formula (6.8.44), we have (6.8.43). O
Proofs of Theorem 6.5 and Proposition 6.6: 5 — oo in the Canonical
Ensemble

Before we proceed with the proofs of Theorem 6.5 and Proposition 6.6, we first
recall that EF’R(UR) denotes the Fermi level given by (6.3.3). For § = oo, we

define 6%0’R(UR) via the zero Fermi-temperature limit (Lemma 6.2).
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Proof of Theorem 6.5. We suppose that ug is a strongly stable solution to
(CEJOVO;i). In particular, up is a strongly stable solution to (GCEZO’R) for all
p € I where I is a closed interval such that I N Bs(o(H%(ug))) = 0 for some
§ >0 and ep ’R(HR) € I. Therefore, by Theorem 6.3, for sufficiently large 3
(depending on ¢ and not on ), there exists a unique solution @}, 4 to (GCEg’R)
satisfying

| Dy, 5 — Diigpp, < Ce 12408 = 75 (6.8.48)

Since I N Bs(o(H(ugr))) = 0, the pre-factor and exponent can be chosen to
depend on § but not on p € I. Now by Lemma 6.11, for § sufficiently large,
we have

Mol ) = As()] < Ce 4T3 (6:8.49)

where \4(u) denotes the eigenvalues of H(u) in increasing order. In particular,
gR(uRB) — 5%0’R(ER) as 8 — oo and so, for sufficiently large 3, we have
5@’ (“R,B) €l forall uel.
For now, we assume that the mapping I — I given by pu — s—:F’R(u ” 6) is
continuous for all sufficiently large 5. We will prove this fact after noting that
this is sufficient to conclude. Since I is a compact and convex set, we can apply

Brouwer’s fixed point theorem to conclude that there exists p* = E'g’ (uhy ﬂ) cl.

In particular, ﬂ/;%tﬁ is a solution to (GCEﬁ;R) with Fermi level p*. That is, HR B

solves (CE’]BV’fR) and, by (6.8.48), we have ||Dﬂ%,jﬂ - DURH[z Ce~124@R)B,
Continuity of p +— 65 R(

/33(

Up 5): We now wish to show that I — I: p
s ﬁ) is continuous for all sufficiently large 5. To do so, we fix v € I and
apply the inverse function theorem on 6G%%(-;v) around HR’ 5 for € I close
to v.

Firstly, we remark that §2G»%( ;) is Lipschitz continuous in a neighbour-
hood of U‘A g for all € I with Lipschitz constant uniformly bounded below
by a positive constant for all p € I.

Since GA(-;v) is analytic on C\ {v +ir: r € R}, we know that G°(-;v) is

Lipschitz continuous on all compact sets K C C\ {v+ir: r € R}. In particular,
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if uw € I, then
GP (2 1) = GP ()| = |G (2 + v — psv) = GP(2;v)| < Ll — v

for all z € €~ U% ™ for some appropriate choice of contours as in Figure 6.3 with
dist(Re(z),I) > 16 for all z € €~ UL, Since G?(2;-) — 2(z — - ) pointwise as
8 — 00, we can conclude that the Lipschitz constant can be chosen uniformly
(for sufficiently large (). Using this, together with the stability of ﬂ%’ s (where

the stability constant ¢ is independent of p € I'), we obtain

<52gﬂ’R(ﬂ%75; V)U,U> = <62gﬁ’R(U§7BSM)U7U>
— <<5295’R(ﬂ§76; v) — 52Q5’R(Uﬁ,5;/ﬁ)>vav>
2 (a1 = Clp— V|)HDU||[4 and
<5g57R(ﬂ‘éﬂ;u),v> = <5gﬁvR(a;;ﬁ;y) - 5gﬂ’R(ﬂ§§,5;u),v>

< Clp—v|.

Therefore, if |u — v| is sufficiently small, the inverse function theorem yields

the existence of ﬂlfgﬁ satisfying
59’8’R(ﬂ’§l,’ﬁ; v) =0 and HDH%/B - DH‘ABH@ < Clp—v|. (6.8.50)

In particular, ﬂ‘;{ﬁ solves (GCEZ®). By (6.8.48), if |v — p/ is sufficiently small,
we necessarily have @ 5 € By, (ug; [|D - | @ ) and thus, by uniqueness of the
solution U 5 to (GCES") on By, (ug; |D[l¢2 ), we have @'y = Uy, 5. Therefore,
for all yi,v € I with [ — v| sufficiently small, || Duf, 5 — DH/;LBH@Y < Clp—v|
and thus, by Lemma 6.11, dist(a(HR(ﬂ’éﬂ)),a(’HR(ﬂ%ﬁ))) <Clp—v|. In

. 7]% — L . .
particular, p +— e (W 5) is continuous on I. O

Proof of Proposition 6.6. Suppose that ug, is a bounded sequence (with 8; —
o0) of solutions to (CE%:;) As before, along a subsequence, there exists a
weak limit ug, — w as j — oco. By applying Lemma 6.11 and noting that weak

convergence on a finite domain implies strong convergence, we can conclude
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that
[As(ug;) — As(@)] — 0

as j — oo for each s = 1,..., Ng. Therefore egj’R(ﬂgj) — E%O’R(ﬂ) as j — oo.
Since we have assumed that agj’R(Hﬂj) is uniformly bounded away from
o(H"(ug,)), we can apply Remark 6.7 to conclude p1 == 5%0’R(ﬂ) ¢ o(HE ().

Since g, solves (CE]ﬁVje’f;),

0GP (ug s )
35@ (0)

0GP (g, i) 0G% " (ug,; 7)
dug,(0)  Oug,(0)

B, R
—_="
T=¢€p

(@p,)| (6.8.51)

< C‘eéj’R(ﬂgj) —pu| =0 asj— oo

On the other hand, as in the proof of Proposition 6.4 (see, (6.8.40)—(6.8.42)),

we have

0G% (s, 1) 0G>" (w; )
Oug, (£) ou(f)

as j — oo. (6.8.52)

Therefore, by combining (6.8.52) and (6.8.51), we can conclude that @ is a

critical point of G (- ). O

6.8.3 Thermodynamic Limit

The results of [26] are analogous to Theorem 6.9 and Proposition 6.10 but
in the case of finite Fermi-temperature. Moreover, the authors of [26] only
consider the case of a Bravais lattice A™ = BZ?. In this section, we prove
that these results can be extended to the case of zero Fermi-temperature for
insulators in the more general case where A™f need not be a Bravais lattice.
In principle, one may prove these thermodynamic limit results by using
Theorem 6.3 and Proposition 6.4 to compare the zero Fermi-temperature
problems with the analogous finite temperature problems and showing that
the convergence rates in [26] are independent of Fermi-temperature. However,
we opt for a more direct approach here because the case A™ # BZ? was not

considered in [26] and thus a rigorous treatment would be lengthy.
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Proof of Theorem 6.7: R — oo in the Grand Canonical Ensemble

Throughout this proof 8 € (0,00] will be fixed and therefore we omit the
index corresponding to Fermi-temperature on the grand potential and the site
energies. Again, we will use the notation of Lemma 6.18 for the truncation
operator Tr: #'12(A) — #<(A).

Step 1: Quasi-best approximation. For some r > 0 sufficiently small, we
have z 4+ By, (u) € Adm(A). We may choose R sufficiently large such that
Tru € B.(u) and so = + B,(Tru) € Adm(A). We know that G € C3(Adm(A))

and so 6G and 62G are Lipschitz continuous on Adm(A) N B,(@). In particular,

166 (@) — 6G(Tru)|| < C||Du — DTrullg. < Cl|Dullz (a\By,,), and

1°6(a) — $*G(Tru)|| < C||Du — DTwlle. < Cl Dl (apy - (6:8.53)

Step 2: Consistency. We fix v: Ar — R? satisfying (L). Since v is periodic
and not necessarily an admissible displacement on A, we consider the compactly
supported displacement Tr«v for some R* < R and extend by zero to A.

Rewriting <6QR(TRH), v>, we have

(661 (Tru),v) = (6G"(Tru), (I — Tr-)v)
+ (6G"(Tgu) — 6G(TrT), Trev)

+ (0G(Tru) — 6G(u), Tr+v) (6.8.54)

We consider each of these contributions in turn.
Replacing Tru with Tzu for some R < R* < R in the first term of (6.8.54)

gives an approximation error of C’||DHH£%(AOBR\B Since (I —Tg+)v =0

~ )-
R/2
on AN Bg+ and Tu = 0 on A\ Bp, we can bound (§GF(Txu), (I — Tre)v)
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as follows:

[(6G"(Tru), (I — Tre)v)|
< (6G™(Txa), (I — Te)v)| + (86" (Tru) — 6G"(T), (I — Tr-)v)|
< CRd/QB_”(R*_R)HDUH@(A\BRW) + OVl g (anBr\B ) 1PVNl2. (A\B e )

(6.8.55)

where 1 == %m min{ycr, 370} The first term in (6.8.55) is bounded by compar-
ing the first derivative of the grand potential with the corresponding reference
grand potential and taking the derivatives inside the contour integration in an
argument that is exactly the same as in (6.8.28). Bounding the second term
in (6.8.55) is done by applying Taylor’s theorem and using the locality of the
second derivatives of the site energies (for an identical argument see (6.8.27)).

Next, we consider the second term of (6.8.54). We simply apply the
convergence of the site energies as R — oo (Lemma 6.17), together with the
locality of the site energies (Theorem 3.1) and the fact that Trsv has compact

support in Br+ to conclude:

(66" (Tru) — 6G(Tru), Trev)

=> Y (GL(DTru(L)) — Gr,p)(DTRU(E))) - D,Trev (L)

leAR peAR—1L

— Y Geu(DTxa() - DTrev(t)
LeN,pEA—L
LZA R or L+pZAR

<C Z Z e_”(diSt(e’Q%)HpD]DpTR*v(E)‘

LeAR peAR—L
+C Z e—erlel |D,Trev(£)]
LeN,peA—2

LZAR or L4pgAp

< C(RY)2em 21 =B DT (6.8.56)

where n = %m min{vycr, %fyo}. In the final line, we have used the fact that
Tr+v has compact support in Br«. More specifically, in the first term, we have

used the fact that, if £ € Bg+« or £ + p € Bg«, then dist(¢, Q%) + [p| > R — R*.

146



Moreover, in the second term, we have that, if £ ¢ Ag then we must sum over
¢+ p € Br+ and so |p| > R — R* (and vice versa).
Finally, we consider the third contribution from (6.8.54): by (6.8.53), we

have
(0G(Trm) — 6G(@), Tr-v)| < C|I DU r g, IDTrevl . (6857)
Combining (6.8.54)—(6.8.57) we obtain the following consistency estimate:

‘<(5GR(TRE),U>‘
< C(R’d/Zefn(R*fé) + ”DHHZQT(A\Bé/z) + (R*)d/Zefén(R—R*)> ”DUHZ%

(6.8.58)

where 7 := immin{ycr, $70}. Here, we can see that if ”DﬂHe?T(A\BR) < R™Y?

(which would follow if (6.6.4) holds), then we obtain a convergence rate as
discussed in Remark 6.4.
Step 3: Stability. We now show the following stability estimate: there exists

c¢1 > 0 such that
(6°G"(Truyo, v) > e[ Dollfy (6.8.59)

for all sufficiently large R.

We first take a sequence vg of test functions with ||Dug|| @ =1 and note
that wg = Trog € #2(A) and ||Dwgllz < C||Dvglle (anpy) < C where
C' is independent of R. Therefore, along a subsequence (which we do not
relabel) we have wg — v in #12(A) as R — oo for some v € #12(A).

By [47, Lemma 7.8], we may choose a sequence of radii S(R) with S(R) — oo
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as R — oo “sufficiently slowly” such that

Tgrywr — v strongly in W12(N), (6.8.60)
Tsrywr —wr — 0 weakly in #H2(A) and (6.8.61)
R—S(R) — oo as R — . (6.8.62)

We let vg = Tg(rywr and vff% = vp — vf and expand <52gR(TRU)’L)R,’L)R> as

follows:

<52gR(TRﬁ)UR, UR>
= (3*°G"(Tru)v§e, v§e) + 2<52QR(TRH)U%},’U§> + <5QQR(TRE)U%,U%L>

We shall consider each of these terms separately.

Using the fact that v’ has compact support in Bg(g), we obtain:

(626" (Tru) — 6°G(w))v3e, w)
-3 - m co

(6.8.64)

where 7 = %m min{~cT, %'yo}. The proof of this estimate is similar to that of

Step 2; see, [96, Appendix I] for the details.
Ty: core term. Using the strong stability of the solution @ together with

(6.8.64), we may conclude that, for sufficiently large R, we have

T, = <52GR(TRH)U§_—§,U%’
= (6*G()v§R, vy — ((6?G(a) — 6*°G"(Tru))v§y, v5e) (6.8.65)

CO 2
= §HDU%?||@-

Ty: cross term. Now, we show that the cross term in (6.8.63) vanishes in
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the R — oo limit. Rewriting T9, we have

Ty = (826" (Tru)ofy. of)
_ <(52gR(TRm - 52g(a))v;§,v§§>
<52g( (VS — v), v > <52g( Yo, vg> (6.8.66)

By (6.8.64), the first term of (6.8.66) vanishes as R — oo and, since v§ — v

strongly in 7/172(A), the second term in (6.8.66) also vanishes:
(6@ w57 —v). o) < CIDOSE ~ vz [Dofll =0 as R = .

Finally, since 62G(T)v is a bounded linear functional on #2(A), we may apply
the Riesz representation theorem to conclude that there exists ® € #12(A)

such that

<52g( Yo, v§> <Dc1> DvR>€

T

This quantity vanishes as R — oo by the weak convergence of v% — 0 as
R — oo (see (6.8.61)).

Ts: far field term. Since U% only sees the far field behaviour of the test
function, and not the point defect, we may replace §2GT(Txru) by 629ref giving

an approximation error of C| DTxrul| @ y- To do this, we extend vl

(AR\Bs(ry/2
by zero to Ar U Ar}gf and note that,

‘TB - <5 grerR’vR>‘ ‘<(529R(TRU) 529&)”%”%»

(6.8.67)
— ff
< C”DTRU”@(AR\BS(RW)||DURH?§-
It is now sufficient to prove that there exists ¢; > 0 such that
<52grerR, UR> > e1l| Do) - (6.8.68)

A proof of this fact for Bravais lattices can be found in [75] which can be adapted
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to the multi-lattice setting. We also give an alternative proof in [96, Appendix I].

Therefore, applying (6.8.67) and (6.8.68) we can conclude that
Ts <52gR(TRU)UR7U§f%> HDUR”P

for all R sufficiently large.

Using the fact that || Dv§ ”42 + ||DUR||62 > %HDURH?% for all sufficiently
large R, which follows from [47, Lemma 7.9], allows us to conclude the proof
of the stability estimate (6.8.59).

Step 4: Application of the Inverse Function Theorem. The consistency
(6.8.58) and stability (6.8.59) estimates allow us to apply the inverse function
theorem [88, Lemma B.1] to conclude: for sufficiently large R, there exists up

such that
6GR(wR) =0 and |Dug— DHH@T — 0 as R — oo.
Moreover, there exists a constant co > 0 such that
<529R(ER)U,U> > @HDUH?%.

Proof of Proposition 6.8: R — oo in the Grand Canonical Ensemble

Since sup; [|[Dug, ||z < oo, there exists a u € #12(A) such that Ur, — U
along a subsequence as j — oo. Using Lemma 6.14 and the fact g is uniformly
bounded away from o(H (g,)), we obtain p & o (H(T)).

We wish to show that 6G(u) = 0. Using the notation from (6.8.40) and

noting that g, solves (GCEzO’Rj) we have, for all v € #'12(A),

0= (6G" (up,),v) = Y _ F (ug,) - v(f). (6.8.69)
ZEAR

It is sufficient to suppose that supp(v) C Bpg, for some R, > 0 and show that
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F, () = Fo(@) as j — oo:
P (@ny) = Fe@| < |2 @n) = 70 @)+ 170 @ = F(@]. - (6870

The first term of (6.8.70) may be treated in the exact same way as in (6.8.43)
to conclude that ].Ffj (ug,) — ngj (@) - 0 as j — oo.

For the second term of (6.8.70) we may use the chain rule formula (6.8.44)
to write the forces as sums over site energies. Using the fact that ¢/ € Br, and

Lemma 6.17, we have

S (958, ,(Dult) = Gey(Du(@)) = 30 Grp(Du(t))

pGARj —/ pEA\ARj —/
—n(dist(£,Q% )+]pl) -
< Z e R; _ Z e~ crlol
PR, L pEA\AR, —

g Cefén(ijRv) .

where n == immin{ycr, 370}. We can therefore conclude that ]]—f "(w) —

Fi(@)] — 0 as j — oo. That is, Fy(u) =0 for all £ € AN Bg,.

Proofs of Theorem 6.9 and Proposition 6.10: R — oo in the Canonical

Ensemble

Proof of Theorem 6.9. We suppose that @ is a strongly stable solution to
(GCE;"™). By Theorem 6.7, there is a sequence of solutions %g to (GCEZO’R)
with ugp — @ in 7/1’2(A) as R — oo. This strong convergence means that, by
Lemmas 6.11 and 6.14, every isolated eigenvalue of o(H(w)) is a limit point of
a sequence of eigenvalues contained in o(H?(r)) and the accumulation points
of every such sequence are contained in o(H(w)). Since p € o(H(w)), we can
find adjacent points v,7 € o(H(u)) such that v < u < 7. Now, choosing the
electron number N, g = Nl (HR; %(g—i— ﬁ)), and by applying Lemma 6.2,
we can conclude that E%O’R(ER) — 2(v 4+ ) as R — oo. Further, the interval

between ep H(ug) and (v + ) does not intersect o(H (%)) for all sufficiently

large R. That is, for all sufficiently large R, ug solves (CE?\Z’]Z). O
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Proof of Proposition 6.10. Since || Dug, || ¢ is uniformly bounded, along a sub-
sequence, Ug;, — U as j — oc for some u € #12(A). Now, because o (H (uR;))
is uniformly bounded, 5;0’Rj (ug,) — p along a further subsequence as j — oo
for some p € R.

Supposing that o(H (g, )) is (eventually) bounded away from 5%0’Rj (R, ),
we know that p is eventually bounded away from o (H (ug,)). This means that,
for all j sufficiently large, wr; solves (GCES®) for all v in a neighbourhood
of . Therefore, by Proposition 6.8, @ is a critical point of G(-; u).

We remark here that the boundedness of the sequence (Ne g, — Ny, - [Ag,|);
is a necessary condition for the limit i to be contained in the band gap. We
do not state this as an assumption in Proposition 6.10 because we require the

stronger condition that s is (eventually) bounded away from o(H% (ug,)). O
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APPENDIX A

Notation and Assumptions

A.1 Basic Notation

Sets and Functions

e | - | : absolute value on R™ or C or the Frobenius matrix norm on R™*",

N={1,2,3,...} : natural numbers,

e Ny := {0} UN : natural numbers including zero,
o R, :={r e R: r >0} : positive real numbers,

o |A| = #A : cardinality of A,

o B(x;]| - |lx) ={y € X:||lx—y|lx <r}: open ball of radius r about x

in (X, [| - [x),
o dist(z, A) :=inf,cq |z — a| : distance between z and the set A,

e dist(A, B) := max{sup,¢ 4 dist(a, B),sup,cp dist(b, A)} : Hausdorff dis-

tance between A and B,

o B.(A) = {z:dist(z,A) < e} : open ball of radius € about A,
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e a+bC :={a+bc: ce Y},

o [a,b] ={(1—t)a+tb:t €[0,1]} : closed interval between a,b € R" or C,
o convA:={(1—-t)a+th:a,be A tec|0,1]} : convex hull of A,

e liminf, ,o A, = {a: Ja, € Ay, s.t. a, — a},

e limsup,,_, A, = {a: 3a, € A, s.t. a, — a along a subsequence},

e lim, ., A, : (topological) limit of (A4,); defined and equal to both

liminf,, s~ A, and limsup,,_,., A, in the case that these limits agree,

® x4,: A — {0,1} : characteristic function of Ap on A; function with

XA, =1 on Ap and x4, =0 on A\ Ay,
o f|a, : restriction of f to Ao,

e supp f : support of f,

[1f1lLoe (4) 7= supzealf ()] : sup-norm of f on A,
Contour Integrals

e len % : length of the simple closed positively oriented contour &,

. len?®

* Ol = "3 sup.ey

O(2)l,

. 5&5 : contour integral around %,

. f; = f[a,b} : integral between a and b in C,
Sequences and Operators

e (P(A;R™) : space of sequences 9 for which [[¢]m = (3 e \1/14|p)1/p is

finite,
o (*°(A;R™) : space of bounded sequences with |[1)]|sec = supycn |¥el,
o [|T]|x—y = supzex |a|x=1 Ty : operator norm of T: X — Y,

e |T||r : Hilbert-Schmidt norm of 7', a bounded linear operator on a

Hilbert space,
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e o(T) : spectrum of operator T,
e 04isc(T) @ discrete spectrum; isolated eigenvalues of finite multiplicity,
o 0ess(T) == 0(T) \ 0qisc(T) : essential spectrum,
e TrT : trace of the operator T,
o tr7T;; : trace of the (7, j)-block of the block matrix T'; i.e. TrT = ) tr T},
e Id, : n x n identity matrix,
o AT : transpose of matrix A,
o [|Al|max = max; j|A;;| : maximum-norm of an operator,
Other Notation
e 0;; : Kronecker delta,
e () : Dirac delta; distribution with 6(f) = [ f(z)dé(z) == f(0),

e (' : generic positive constant that may change in calculations from one
line to the next. C' will always be independent of important quantities
such as Fermi-temperature and the band gap. The dependencies of C'

will normally be clear from context or stated explicitly,

o [ <g: f<Cgfora generic positive constant as above,

~

o f~gasxz — x9p € RU{£oo} or CU {oco} : there exists an open
neighbourhood U of xy and positive constants ci,co > 0 such that

c1g(z) < f(z) < c2g(w) for all x € U,

e suppv : support of the measure v; set of all  for which every open

neighbourhood of x has non-zero measure,
e For multiindices 6, we write [0]; :== }_, 6; and |0]o := max; 0;,
° <6Q(u),v),<52g(u)v,w>,<53g(u)v,w,z> : first, second, and third vari-

ations of G € C3(X).
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A.2 Atomic configurations

r = {ri}en C R? : atomic positions for some finite or countable index

set A,

Xy == (rg,ve, Zy) : state of atom ¢ where vy is the effective potential and

Zy is the atomic species,

Xk = (rok, v, v, Zy, Zy,) : state of atom k relative to the central site £

where ry = 7, — ry. Moreover, we write rg, = |rg,

V/h(Xy) : derivatives with respect to relative atomic positions. For
functions A, independent of the effective potential, we write VOh(X ) =

h(Xy) and

. 87 (f = h((éavfavky ZZ7Z]€)))

[vjh(Xék)]il...ij — 0&, ...0&;.

E=rok

for each 1 < dy,...,4; < d. We use Vit (Xom, Xim) for derivatives of
the function (£,¢) € R* — t((f,vg,vm,Zg,Zm), (C,vk,vm,Zk,Zm)) at

(&,¢) = (Pom, Tkm). Sometimes it will be useful to use the following:

[V®jt(XZma ka)]al.“aj = val ce vajt(Xéma ka)a and

(Vv vy = > [V, 001 - [0]a,,  (A2.1)

1<ag ., <2

where V := (V1,V3)T and V, denotes the derivative with respect to the

v € {1,2} component.
X ={Xys}oer = (r,v,Z) : whole atomic configuration,

% : derivative with respect to X,. That is, for functions f with values

in Y, we denote by %(T)i) € Y4 the following derivative

Of(X)  ipq
[W(X)] B 6§)n) if 1 =0,
0Xn Iy 91X) 41 <1< d.
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e | - | : Euclidean norm on R" or C or the Frobenius matrix norm: e.g. for

a function h with values in a normed space (Y,]| - |y),
[VIh(Xox)| = > VIR X )iy
i1 ey =1
(for us Y = RN Mo and |Aly == />, |Aap|? again denotes a Frobenius

matrix norm).

A.3 Summary of the Assumptions

In this section we summarise the main assumptions of this thesis:
e (AC), p.g. 13 : atomic configurations for which rg, > m and |v| < ¢,

(TB), p.g. 14 : tight binding Hamiltonian H (X )z € RM*M given by

H(X)oe =0 Xep) + Y HXom, Xiom) + dppveldy,,
m@{ek}

(Ps), p.g. 16 : a pair (X, X9) where X4 is a point defect configuration

relative to X,

(SC), p.g. 83 : self-consistency, py = Ff (X (p)) for all £ € A,

(Stab), p.g. 85 : stability, I — Z(p): £2(A) — £2(A) is invertible,

(Gap), p.g. 107 : spectral gap in the homogeneous system,

(L), p.g. 108 : uniform non-interpeneration condition,

(RefR), p.g. 109 : supercell model.
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APPENDIX B

Mathematical Formulation of the

Tight Binding Models

B.1 Non-constant Number of Atomic Orbitals Per

Atom

As noted in §2.2, the number of atomic orbitals per atom should be able to
depend on the atomic species. That is, for £ € A, the number Ny(¢) of atomic
orbitals corresponding to ¢ may depend on Z,. In particular, the size of the
blocks H (X )¢, depend on (Zy, Zj): the entries H(X ) qp are well-defined for
orbital indices 1 < a < Np(¢) and 1 < b < Np(k) (see, (1.2.1)).

We may assume without loss of generality that the spectrum J(H(X )) is
bounded below by a positive constant. If not, we may artificially add a constant
multiple of the identity zpId to the Hamiltonian to shift the spectrum of H(X)
away from {0}. This modification does not affect the local observables (2.4.1)
as long as the integration contour and function arguments are also shifted away
from {0} by 2z (i.e. consider O(- — zp) and integration over 6o + zp). We may
therefore assume that 6o does not encircle {0}.

Now, by defining N}y, := maxyep N, (£), we may extend the definition of the

158



Hamiltonian by adding additional zero rows and columns:

~ /H(X)gk,ab if 1 <a< Nb(g) and 1 < b < Nb(k)
H(X) ok ,ab =

0 lbe(f) < a< N, or Nb(k‘) <b< Ny

which possibly introduces 0 as an eigenvalue but does not affect the rest of the
spectrum.
Therefore, the modified Hamiltonian #(X) satisfies (TB) and, in addition,

we have

O¢(X) :tr[ O(z)(z—H(X))_lk}M

Co 271
= tr[ ) O(2)(z — ﬁ(X))’l%Lz. (B.1.1)

Here, we have used the fact that the integration contour %o does not encircle
{0}. In particular, local observables corresponding to H(X) and H(X) are
identical and we may assume that the number of atomic orbitals per atom is

constant.

B.2 Band Structure of a Multi-lattice Reference Con-

figuration

We suppose that A™f is a multilattice reference configuration: consider a finite

unit cell I' € A™ satisfying A™f = | (I' + Ay) and T" 4+ Ay are pairwise

yezZd
disjoint for all v € Z? where A € R?*? is an invertible matrix. We consider the
band structure of general self-adjoint operators T': ¢2(A™f; C?) — £2(A™f; C™)
satisfying Tyiay k+Ay = Toi for all £,k € I' and v € Ze.

For ¢ € R? and ¢ € £2(A™;C"), we define (Uv)¢ € £2(A™;C") by

(UP)e(t) = D (£ + Ay)e (HADE, (B.2.1)

~EeZA

We suppose that I'* C R? is a bounded connected domain containing the
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origin such that R? is the disjoint union of I'* 4+ 27A~Ty for n € Z¢. In
particular, for & € R%, there exist unique n € Z¢ and & € I'* such that ¢ =
& + 27A~ Ty and so e AT = ¢ iATEo—iAY2TATTn — o—iAYEo for any y € ZC.
We therefore restrict £ to I'* and define U: ¢(A™;C") — L*(T*; (*(I';C"))
by (B.2.1). This operator is unitary between the Hilbert spaces £?(A™f; C")

and L?(I'™*;¢*(I'; C*)) with inner products

(W, B parery = D (O -6(0) = D> > p(ip(f);  and

LeAref LeAref i=1
0 ey = Ve POrye = 3 £ elt) - Belh)de,
ler

respectively. Therefore, we may write

(UT)e(0) = Z Z T€+A%k¢(kz)e_i(€+'°‘7)'5

NEZA ke Aret

=3 (X Teraprane AT i 4 Appe i€

kel nezd  ~ezd

=3 (X Termpe D) U)e(k) = [Te(U)e] (0

kel  ~ezd

where T is the operator ¢2(I'; C") — ¢*(I'; C") with matrix entries [Tﬁ}ek =

E'yEZd T£+A%ke—i(ﬂ—k+A’y)~§ .

Therefore, since U is unitary, we have

o(T) = | J o(Ty).

ger*

Moreover, the eigenvalues of T may be chosen to be continuous functions of

& eI [62].

B.3 Exponential Sums

Throughout this thesis, we frequently apply the following estimate:

Lemma B.1. Suppose X is a configuration satisfying (AC) with the constant
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m. Then, for v =2 n >0, we have

C 1
E :e—wme—nrmk < d_ =307k

(mry)d

meA

where Cy is a constant depending only on d.

Proof. Since yrpp + nrme = nree and Y7rep, + N7k = YTem, We obtain

Z eV Teme TN Tmk <Z eé’YTZm)e;T]rék‘ (B.3.1)

meA meA

To conclude, we approximate the summation in (B.3.1) with an integral.
To do so, we note that e=77em < e~ VI"="l for all » € B,, (), the sets
By, (1¢) N Byya(Tm) are pairwise disjoint for m # £, and, after denoting the d-
dimensional Lebesgue measure by L4, we have Ly (Br[m (r¢)NBy, /2(rm)) > cqm?
where ¢4 = L4(B1(0) N By 5(r)) for |r| = 1. For a schematic plot summarising
these properties, see Fig. B.1.

We therefore obtain

e "ldr

Z eV Tem Z][ eIy <

m#e Y Brig, (1) B /2(Tm)

_ L4(B1) / el — Lq(B1) (d—1)!
Cdmd 0 cdmd ’yd

Cqmt Rd

where the final equality can be shown by induction. O
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Figure B.1: Schematic plot to demonstrate the proof of Lemma B.1. Dotted
circles represent the pairwise disjoint sets Bm/g(rm). Dashed arcs lie on
0By, (r¢). For 7 in the shaded region nearest m; (i.e. 7 € By o(Tm;) N

B,,. (r¢)), we have e 7" < e~Im=7el Moreover, the volume of each shaded
J

region is bounded below by cqm® = L4(By /2(Tm,) N By, (r¢)) since ¢, = m.
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APPENDIX C

Body-ordered Approximations
of the Potential Energy Landscape

C.1 Truncation of the Atomic Environment

We have seen that analytic quantities of interest may be approximated by
body-order approximations. However, each polynomial depends on the whole
atomic configuration X. In this section, we consider the truncation of the
approximation schemes to a neighbourhood of the central site ¢ and prove the

exponential convergence of the corresponding sparse representation.

C.1.1 Banded Approximation

One intuitive approach is to restrict the interaction range globally and consider

the following banded approximation:

h(ka) + Z t(ka’v Xmm’) + 5kmkadNb if rim <71
[ﬁrc] e m'@{k,m}:
km — /<Tc

r T
km/*"mm

0 otherwise.

(C.1.1)
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Therefore, approximating Oy(X) with a function depending on the first N
moments [(H")"]g (e.g. applying Theorem 4.3 or 4.4 to H') results in an
approximation scheme depending only on finitely many atomic sites in a

neighbourhood of £. This can be seen from the fact that

[(He)™ee = > HooyHerey - He e (C.1.2)

£y »~~-7Zn71
Teeq5Teq Lo 7"'7rln_llgrc

Moreover, we obtain appropriate error estimates by combining Theorem 4.3 or

4.4 with the following estimate:

Proposition C.1. Suppose X satisfies Definition 2.2. Fix 0 < 8 < oo and

suppose that, if B = oo, then g > 0. Then, we have

OuX) — trO(H(X) | 5 e 3.

Suppose yn (rc) and fyj‘{}ef(rc) are the rates of approzimation from Theorems 4.3

and 4.4 when applied to H'=. Then v (re) = v and Y3 (re) — Y% as

re — 00, with an exponential rate.

Proof. We first note that

H(X)km if Tkm > Te
k .
" Z m’: t(ka/aXmm/) if Tpm < re.
rkm/>'rc Or T/ >rec

(C.1.3)

Therefore, applying (TB), we obtain

[[H(X) = H (X iom| S 72707 Y e 200km H ) S o207 a0,

m/

(C.1.4)

To conclude we choose a suitable contour € and apply the Combes-Thomas
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estimate (Lemma 3.3) together with (C.1.4):

0,(X) — trO(H™ (X)),

tr — /T 1/Tc -
< 2ﬂ?gO(z){(H(X)—z) 1(’i’-[(X)—';’{C(X))(’;’{ (X)—2) 1} dz
& o
< Hou%e—%’mrc § e—’YCT(Tek-i-Tmz)e—%’YoTkm < e—%’yorc (C.1.5)

km

As a consequence of (C.1.4), we have |[H(X) — H™ (X))l < e~ 200re
and so dist(o(H), U(?T[TC)) < e 2707 [76]. This means that for sufficiently large
rc, we obtain the same rates of approximation when applying Theorems 4.3

and 4.4 to H". O

C.1.2 Truncation

One downside of the banded approximation is that the truncation radius
depends on the maximal polynomial degree (e.g. see (C.1.2)). In this section,
we consider truncation schemes that only depend on finitely many atomic sites

independent of the polynomial degree:
He = H‘E;AOBTC(E) (C.1.6)

where the restriction of the Hamiltonian has been introduced in (4.5.1).

On defining the quantities

INOY(X) = tr[INO(H™)] (C.1.7)

where the operators Iy are given by Theorem 4.2, we obtain a sparse repres-
entation of the N-body approximation depending only on finitely many atomic

sites, independently of the maximal body-order N.

Proposition C.2. Suppose X satisfies Definition 2.2. Fix 0 < 5 < oo and

suppose that, if B = oo, then g > 0. Then,

INO2 (X) — INOP(X)| < e~ i minlier ol
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where OP = FP or GB and ot is the constant from Lemma 3.3.

Proof. Applying the Hermite integral formula (4.8.1) directly, we conclude
that IxyOP(z) is bounded uniformly in N along a suitably chosen contour
¢ = {gr = 7} (examples of such contours are given in Figure 4.4). It is
important to note that the contour ¥ must be chosen to encircle both o(H)
and a(ﬁ“). In the following, we let vcr be the Combes-Thomas exponent
from Lemma 3.3 corresponding to H.

Similarly to (C.1.5), we obtain

‘INOf(X) - INéf(X)‘

S INOg Y e e | [H(X) — H™“(X)] |

km
< § : G—VCTreke—%’yomm + E e YCTTk E G—VO(Tkm/+7"mm/)
~Y
k,m: k,m: m!:
TgkZTC OF Tgm 2Te Tk Tem <Tc Tom! 2TC
1 s 1
—3 min{ycT,57}7
< g~z minfromz0lbre, (C.1.8)
This concludes the proof. ]

C.1.3 Divide-and-conquer Methods

The truncation scheme considered in §C.1.2 is closely related to the divide-
and-conquer method for solving the electronic structure problem [132]. In
this context the system is split into many subsystems that are only related
through a global choice of Fermi level. In our notation, this method consists of
constructing Npac smaller Hamiltonians Hre% centred on the atoms ¢; (for
j =1,...,Npac) and approximating the quantities Oy(X) for ¢ in a small
neighbourhood of ¢; by calculating trO(?—N[TC’eJ') - That is, the eigenvalue
problem for the whole system is approximated by solving Npac smaller eigen-
value problems in parallel. In particular, this method leads to linear scaling
algorithms [57]. Theorem C.2 then ensures that the error in this approxima-
tion decays exponentially with the distance between £ and the exterior of the

subsystem centred on /;.
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A similar error analysis in the context of divide-and-conquer methods in
Kohn-Sham density functional theory can be found in [30].
C.1.4 General truncation operators

It should be clear from the proof of Proposition C.2 that more general truncation
operators may be used. Indeed, Proposition C.2 is satisfied for all truncation

operators H' = ’;EZ"C(X ) satisfying the following conditions:

(T1) For every polynomial p, the quantity p(?—NlTC) 4 depends on at most finitely

many atomic sites depending on 7. but not p,
(T2) For all k,m € A, we have [ﬁTC]km — Hpm as 1e — 00,

(T3) There exists ¢y > 0 such that for all v, r. > 0,

[H . ﬁrc]km‘ < Cle %0 min{~yo,7} rc

E e Ttk
km

for some C' > 0 depending on ~ but not on .

Due to the exponential weighting of the summation, (T3) states that Hre
captures the behaviour of the Hamiltonian in a small neighbourhood of the

site £. Moreover, when making the approximation I NO(H) w1 NO(HTC) w

the number of atomic sites involved is finite by (T1).
C.1.5 Non-linear schemes

One may be tempted to approximate the Hamiltonian with the truncation,
7—~er, and then apply the nonlinear scheme of Theorem 4.4. In doing so, we

obtain the following error estimates:

00(X) ~ O e, ()]t
< ‘O(%W - O(ﬁrc)ze‘ + ‘O(ﬁrc)a o @([ﬁrc]% RR) [(ﬁTC)N]M)‘

< e—i min{~yo,ycT }Tc + e_iN(TC)N. (Clg)
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A problem with this analysis is that the constant 7 (7¢) in (C.1.9) arises by
applying Theorem 4.4 to Hre rather than the original system . In particular,
this means that Yy (r.) depends on the spectral properties of H'e rather than
‘H. Since spectral pollution is known to occur when applying naive truncation
schemes [84], the choice of H'* is important for the analysis. In particular, it
is not clear that yn(r.) — yn in general. This is in contrast the the result of

Proposition C.1.

C.2 Derivatives in the Nonlinear Scheme
As mentioned in Remark 4.8, the results of this section depend on the “regu-
larity” properties of Dy:

Definition C.1 (Regular n'"-root Asymptotic Behaviour). For a unit measure
v with compact support E = supprv C R, we say v is reqular and write v € Reg

if the corresponding sequence of orthonormal polynomials {p,(-;v)} satisfy

lim ]pn(z;u)ﬁ = e98(?)
n—oo

locally uniformly on C\ conv(E).

Remark C.2. The regularity condition says that the n**-root asymptotic be-

haviour of |pn(z;v)| is minimal: in general, we have [113, Theorem 1.1.4]

e92(2) < liminf |pn (2 l/)|% < lim sup |pp(z; 1/)|% < e9(?)
n—00 n—00

where g, > gg s the minimal carrier Green’s function of v [113].

Under the regularity condition of Definition C.1, we obtain results analogous

to (4.3.6):
Theorem C.3. Suppose that X satisfies Definition 2.2 and £ € A is such that

Dy € Reg. Then, with the notation of Theorem 4.4, we in addition have

0
'&X(O?(X) - @(Hf@) [HQ]KZ, e [HN]gg))‘ 5 e_%'YNNe—nrem.
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More generally, if the regularity assumption is not satisfied, it may still be
the case that Theorem C.3 holds but with reduced locality exponent n. To

formulate this result, we require the notion of minimal carrier capacity:
Definition C.3 (Minimal carrier capacity). For arbitrary Borel sets C, the
capacity of C is defined as

cap(C) = sup{cap(K): K C C,compact},

where cap(K) is defined as in §4.8.1.
For a unit measure v with compact support E .= suppv C R, the set of

carriers of v and the minimal carrier capacity are defined as

I'(v) ={C CC: C Borel and v(C\ C) =0}, and (C.2.1)
¢, = inf{cap(C): C € I'(v),C bounded} < cap(F), (C.2.2)
respectively.

Under these definitions, we have the following [113, p. 8-10]:

Remark C.4. For a unit measure v with compact support E := suppv C R,
we have

(i) The set of minimal carriers I'y(v) .= {C € T'(v): cap(C) = ¢,,C C E}
18 monempty,

(i) If ¢, > 0, then there exists a minimial carrier equilibrium distribution
wy, a (uniquely defined) unit measure with suppw, C E satisfying

1
gu(z) = — /log ﬁdwy(t) —logec,,

|z =1

(iii) g, = gg if and only if ¢, = cap(E),
(iv) In particular, if ¢, = cap(E), then v € Reg (although the converse is
false [113, Example 1.5.4]),

(v) Suppose ¢, > 0. Then, on defining v, to be the discrete unit measure
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giving equal weight to each of the zeros of py(-;v), the condition that
Un —* wWE,

where wg is the equilibrium distribution for E, is equivalent to v € Reg [113,

Thm. 3.1.4]. In particular, this justifies (4.8.8).

We therefore arrive at the corresponding result for £ € A for which the

corresponding LDOS has positive minimal carrier capacity:

Proposition C.4. Suppose that X satisfies Definition 2.2 and { € A such
that cp, > 0. Then, with the notation of Theorem 4.4, we in addition have
0
_ - (OE(X) _ G(Héb [HQ]M, . [HN]M)> S e—%’YNNe—mf Tem
0Xm

where ny > 0,

ne —1n as cp, — cap(supp Dy),

and n > 0 is the constant from Theorem C.3.

The proofs of Theorem C.3 and Proposition C.4 follow from the following
estimates on the derivatives of the recursion coefficients {ay,b,}, and the
locality of the tridiagonal operators T, together with the asymptotic upper

bounds (i.e. Definition C.1 or Remark C.2).

Lemma C.5. Suppose X satisfies Definition 2.2. Then, for a simple closed
positively oriented contour €' encircling the spectrum U(H(X)), there exists

n=n(%¢") > 0 such that

ob
x| < ClmlE e and

0X,
Oay,
0Xm

n
< C Z ||pl H%oo(%/)e_n”m
=0

where n ~ 0 as 0 — 0 where d := dist (¢, 0 (H(X))).

In the following, we denote by T the infinite symmetric matrix on Ny

with diagonal (ay)nen, and off-diagonal (b,,)pen.
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Lemma C.6. Fiz N € NU {oo}. Suppose that z € C such that Oy =

dist(z,0(Tn)) > 0. Then, for each i,j € Ny, we have
(T — 2)| < Cem iz,

(i) For each r € N, we have v, y ~ 0N as Oy — 0.
(it) We have lim, o0 Vr.0o = IMN_y00 YN N = gU(Tw)(z) where go(,.) 15 the

Green’s function for the set 0(Tw) as defined in (4.8.8).

Remark C.5. The fact that go(t.,) does not depend on the discrete eigenvalues
of T means that asymptotically the locality estimates do not depend on defect
states in the band gap arising due to perturbations satisfying Proposition 2.3, for
example. Indeed, this has been shown in Lemma 3.4. We show an alternative

proof using logarithmic potential theory.

We will assume Lemmas C.5 and C.6 for now and return to their proofs
below.

We first add on a constant multiple of the identity, cI, to the operators
{Tn} so that the spectra are contained in an interval bounded away from
{0}. Moreover, we translate the integrand by the same constant: O(z) =
O(z — ¢). Then, we extend Tl to an operator on ¢?(Ng) by defining [Tx]; =
P i=olTnijpj for 0 < i < N and [Tn¢]; = 0 otherwise. We therefore choose a

simple closed contour (or system of contours) ¢ encircling |y (1) so that

0[04(X ) ~ O(TN)OO}

=5 95 O(= s = 2o n41bn1 (T — Z)z_v%] dz
oT,
—1 910 -1 -1
= 52§, 0 [(T = 97 = T =2y aban(D = 15
_ (9bN_|_1 _
+ (Tee — Z)o,}v+1m(TN - 2)vo
-1 1 TN -1
+ (Too — 2)g y110N+1 [(Tn — 2)~ X, —(Tn — 2) ]No}dz. (C.2.3)
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Therefore, applying Lemma C.5, a simple calculation reveals

‘a[og(X) — O(T)0)

X,
9]
day, by, : _
<C |: ‘ + } e~ mm{’Yn,N,’Yn,oo}nef min{yYn,N,YN+1,00 } IV
h Z_: X, loxX,,
n=0
o n
< C[Z Z leH%oo((g/)ef min{'Yn,N:'Yn,oo}n] o= M {YN, N AN 41,00 N =11 Tem
n=0 [=0

(C.2.4)

where v, v = 7. ~(%) is the constant from Lemma C.6. We therefore may
conclude by choosing ¢’ := {gp = 7} if D; € Reg and ¢’ = {gp, = 7}
otherwise for some constant v > 0 sufficiently small such that the summation

in the square brackets converges.

Proof of Lemma C.5. The proof follows from the following identities:

7 z
g()l;:z = éb%pn(z)Q [('H — z)_lag'[)((i) (H — Z)—1:| M% and (C25)
aan n—1 .
0X,, = %é’ ((z - an)pn(z)2 + kzo(—l) k(QZ — Bak)pk(z)2)
_1OH(X) dz

(H - —2)7! : 2.
[(H ?) 0X (H = 2) Le 271 (C26)
To do this, it will be convenient to renormalise the orthogonal polynomials
as in Remark 4.9 (that is, we consider P,(z) := bypy(z)). Moreover, we define
b_1 = 1. Using the shorthand 9 = %, we therefore obtain: 0b_1 = dbg = 0,
OP_1(z) = 0Py(z) =0, and

8PnJrl (x)

=" 0P () -

bn,
bnf 1

bn,
bnfl

OP,_1(z) — a(‘bL:)Pn(x) - a(

)Pn_l(x),

(C.2.7)

for all n > 0.
By noting 0P (x) = —0ag and applying (C.2.7), we can see that 0P, is a

polynomial of degree n — 1 for all n > 0. Therefore, since P, is orthogonal to
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all polynomials of degree n — 1, we have

dz
200270

| OH

-1
8Xm(H z)

DR = 2 / Po(2)0 Py (2)dD; +§£

5
1 OH dz

— 72)13“(2)2 [(H —2)” E(H N Z)_l]ezfm'

which concludes the proof of (C.2.6).

Pu(2?|(H = 2)”

To prove a similar formula for the derivatives of a,,, we first state a useful

identity which will be proved after the conclusion of the proof of (C.2.6):

n—1
xOP,( chkPk , where cu, = Z (ak% - 3%) (C.2.8)
k=0 k

Therefore, we have

da,, = bl%;é 2P (2)? [(H - Z)_la(izﬂ(ﬂ - Z)_l}a%
522 / 2Py ()0 P, (2)dDe(w) - ay a(sz%i)
— b anner o T o] &
. "Zl ( 994 ) (C.2.9)
=0

Applying (C.2.8) for k£ < n — 1, we can see that da,, can be written as

n—1

dan, = 512 ((Z —ap)pa(2)” + ) (digz + do,k)pk(2)2)
( k=0
o=, 097 55

for some coefficients dy i, do . Using (C.2.8) and assuming the result for
k <n—1, we have
n—1

dy gz +dog =ar —2(z —ag) — 2 Z (fl)l_k(Qz — 3ag)
l=k+1

= —2z+ 3a, — (-1)"((-=1)F + (=1)"71) (22 — 3ay)

= (—1)" (22 — 3ay.).
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for all kK <n —1. O

Proof of (C.2.8). We have

xOP, () = ’ xOP,_1(x) — 8(271_1):5]3,1,1(93) + lo.t. (C.2.10)
n—1 n—1
1 n—
= —ntn12 P (@) — a(“ 1)bn,1pn(x) +lot. (C.2.11)
bnfl bnfl

= Cnfl,nflpn(l‘) - a(%

n—1

)bn,lpn(x) +lo.t. (C.2.12)

where lLo.t. (“lower order term”) denotes a polynomial of degree strictly less
than n that changes from one line to the next. That is, since ¢;; = —0dag =

8(2—8)()0, we apply an inductive argument to conclude

= LE R (L
n—1 n—1
_ kz_:o (akabi’“ ~ ) = kz_o (‘;’“a(b%k) ~ da,)

O

Proof of Lemma C.6. The first statement is the Combes-Thomas resolvent
estimate (Lemma 3.3) for tridiagonal operators (which, in particular, satisfy
the off-diagonal decay assumptions of Lemma 3.3).

To obtain the asymptotic estimates of (i), we apply a different approach
based on the banded structure of the operators. Since Ty is tri-diagonal,
[(Tn)"]i; = 0 if |[i — j| > n. Therefore, for any polynomial P of degree at most
li — j] — 1, we have [12]

— -7
-2 Lo(o(Ty))

(T —2);;'| = ) (Ty — )7 — P(Tw)],, . (C.2.13)

<|

We may apply the results of logarithmic potential theory (see (4.8.13)), to
conclude. Here, it is important that |0(Tx) \ 0(Tn)| remains bounded inde-
pendently of N so that, asymptotically, (C.2.13) has exponential decay with

exponent g, (r,.)-
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The proof that |0(Ts) \ o(Tx)| is uniformly bounded can easily be shown
when considering the sequence of orthogonal polynomials generated by To,. A

full proof is given in parts (%) and (iv) of Lemma C.7. O

C.3 Quadrature Method

The quadrature method as outlined in this section was introduced in [93] to
approximate the LDOS. For a comparison of various nonlinear approximation
schemes, see [68] and [56]. The former is a practical comparison of quadrature
and BOP methods, while the later also discusses the maximum entropy method
[90].

We now give an alternative proof of Theorem 4.4 by introducing the
quadrature method [93].

Recall that Dy is the local density of states (LDOS) satisfying (4.2.1) and
{pn} is the corresponding sequence of orthogonal polynomials generated via

the recursion method:

[ (H)pm (H)r = / P(@)pm(2)dDg(x) = G,

We use the set of zeros of pyy1, denoted by Xn = {eo,...,en}, as the

basis for the following quadrature rule:

Here, ¢; is the polynomial of degree N with ¢;(e;) = 6;;.
The following lemma highlights the fundamental properties of Gauss quad-

rature and allows us to show that the approximation scheme given by

Q4 (”HM, H2w, ... [HQN“]M) = w0(E). (C.3.1)
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satisfies Theorem 4.4:

Lemma C.7. Suppose that {p,} is the sequence of polynomials generated by
the recursion method (4.8.25), Xn is the set of zeros of pn+1, and {w;} are

the weights satisfying [ Ixy,O(x)dDy(z) = Z;V:O w;O(gj). Then,
(i) Xy C R is a set of N + 1 distinct points,
(ii) If Pan+1 is a polynomial of degree at most 2N + 1, then
N

Poni1(H)ee = Y wiPanya(ej),
=0

(11t) The weights {w;} are positive and sum to one.

Proof. The idea behind the proofs are standard in the theory of Gauss quad-
rature (e.g. see [55]) but, for the convenience of the reader, they are collected

together in C.3.3. O

Remark C.6. The quadrature rule discussed in this section can be seen as the

exact integral with respect to the following approrimate LDOS

N
N7 .
D£ d = ijé(- — €j).
7=0

Lemma C.7 (ii)-(iii) allows us to conclude that the first 2N + 1 moments of

Dév’q are given by [H"]g forn=1,...,2N + 1, and that Dév’q is positive.

In the following two sections we prove error estimates and show that the

[H2N+1]

functional form is analytic on an open set containing (Hgg, e a).

C.3.1 Error Estimates.

Applying Remark C.6, together with (4.2.2), we have: for every polynomial

Pon4q of degree at most 2N + 1,

=

0u(r) = 3" w;0(e;)| <2110 = Panallz= o) (C3.2)
=0
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Now, since U(H) C I_U{\;j} Ul where {);} is a finite set, we may apply
Lemma 4.5 (iii) together with the fact Xn = o(Tn) where Tl is the matrix
(4.8.27), to conclude that the number of points in X \ (I- U I;) is bounded
independently of N. Accordingly, we may apply (4.8.13) with E =1_U I, to

obtain the desired asymptotic error estimates.

C.3.2 Analyticity.

To conclude the proof of Theorem 4.4, we show that ©9 as defined in (C.3.1)
is analytic in a neighbourhood of (H, [H%]er, - - ., [H*¥*1]4). Recall that in
(4.8.37) we have extended the definition of T to an analytic function on
U={zecCN*: p2(21.9,) #0VYn=1,...,N}.

We define Xn(z) to be the set of eigenvalues of T (z). Since Xy =
Xn (Mg - [HPNH ) is a set of N + 1 distinct points (Lemma C.7 (i),
there exists a continuous choice of eigenvalues Xy (z) = {eo(2),...,en(2)}
such that Xy (z) is a set of N + 1 distinct points in a neighbourhood, Uy, of
(Hep, - - -, [H?NF1] ) € U and each ¢, is analytic on Uy [76,125]. With this in

hand, we define ©%: Uy — C by

Tr —&;

N
0%(2) = L(x — Ly (0(x))(z1:n) = Z[,(x =1 ) 0o,

6]'—61'

(C.3.3)

which is analytic on {z € Up: O analytic at €;(z) Vj =0,...,N}.

C.3.3 Proof of Lemma C.7

Proof of (i). Since Ty is symmetric, the spectrum is real. Now, for each
ej € Xy = o(Ty), the matrix (Ty — £j)-n—o formed by removing the N*!

0" column is lower-triangular with diagonal (by,...,by). Since each

row and
b; > 0, (Tn — €j)-~N-0 has full rank and thus ¢; is a simple eigenvalue of Ty .

Proof of (ii). We may write Pony+1 = pNn+19N + rn where gy, 7y are
polynomials of degree at most N and note that [pyy1(H)gn(H)]ee = 0 by

Lemma 4.5 (i) and Ponyy1(g;) = rn(ej) since Xy is the set of zeros of pn1.
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Therefore,

/ Poar(#)Dy(x) = [ [pres (@)an(@) + rv(a)] dDy(a) (C3.4)

——

ry(x)dDy(x) = /IXNTN(x)dDg(x) (C.3.5)
N

wer(sj) = ijP2N+1(5j)- (036)
7=0

I
.MZ

<
I
=)

In (C.3.5) we have used the fact that polynomial interpolation in N + 1 distinct
points is exact for polynomials of degree at most V.

Proof of (iii). £;(x)? is a polynomial of degree 2N and so, by (ii), we have

N

0< /Ej(:c)2Dg(a:)da: = Zwiﬁj(&‘i)Q = wj.
i=0
Moreover, Z;V:O ¢;(x) is a polynomial of degree N equal to one on Xy (a

set of N + 1 distinct points) and so Zévzo ¢j(z) = 1. Finally, Z;'V:o w; =

/ (Zé‘vzo ;(z))De(z)dz = 1.

C.4 Numerical Bond-Order Potentials (BOP)

In mathematical terms, the idea behind BOP methods is to replace the local
density of states (LDOS) with an approximation using only the information
from the truncated tri-diagonal matrix T (and possibly additional hyper-
parameters). Since the first N coefficients contain the same information as the
first 2N + 1 moments Hyy, . .., [H*V 1]y, this approach is closely related to
the method of moments [34].

Equivalently, the resolvent [(z — H) %], which can be written conveniently
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as the continued fraction expansion

[(z —H) Yo = , (C.4.1)

Z —ap —

Z— a1 —
zZ—ag —

is replaced with an approximation Gév only involving the coefficients from Ty .

For example, for fixed terminator t., we may define

G (2) = : (C.4.2)

Z—ap —

Z— a1 —
2
bN

B z—an — too(2)

Truncating (C.4.1) to level N, which is equivalent to replacing the far-field
of the linear chain with vacuum and choosing t., = 0, results in a rational
approximation to the resolvent and thus a discrete approximation to the LDOS.
We have seen that truncation of the continued fraction in this way leads to an
approximation scheme satisfying Theorem 4.4.

Alternatively, the far-field may be replaced with a constant linear chain
with ayy; = ae and byy; = by for all j > 1 leading to the square root
terminator to(2) = %ﬁ‘to&z) [53,66,126].

More generally, one may choose any “approximate” local density of states

l~)g and construct a corresponding terminator that encodes the information

from Dy [69,87]. For example, ﬁg(l‘) = boﬁ 1— ("”2;):;0)2 results in the
square root terminator. While we are unaware of any rigorous results, there is
numerical evidence [69] to suggest that the error in the approximation scheme
is related to the smoothness of the difference D, — 15@.

Equivalently, we may choose any bounded symmetric tri-diagonal (Jacobi)

operator Ty with diagonal ag,a1,...,an,an11,-.. and off-diagonal entries
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bi,..., bN,ZNH, ... . That is, we may evaluate the recursion method exactly
to level N and append the far-field boundary condition {'dn,gn}n> N+1 to the
semi-infinite linear chain. This approach also includes the case t,c = 0 as in
§4.8.3 by choosing a,, = by, = 0 for all n.

With this in hand, we define

ONBOP(X) = O(T)oo = / 0 D1V EOP (C.4.3)
where ﬁéV’BOP is the appropriate spectral measure corresponding to fN.

C.4.1 Error estimates

Since [(Tn)"]oo = [(Tn)"]oo = [(Tse)™00 is independent of the far-field coeffi-
cients {Ej,gj} for all n < 2N + 1, we can immediately see that the first 2V 41

moments of 13?7’BOP agree with those of Dy. In particular, we may immediately

apply (4.2.2) to obtain error estimates that depend on supp (Dg — bzv’BOP).
Therefore, as long as the far-field boundary condition is chosen so that there
are only finitely many discrete eigenvalues in the band gap independent of NV,
the more complicated BOP schemes converge at least as quickly as the too =0
case. Intuitively, if the far-field boundary condition is chosen to capture the
behaviour of the LDOS (e.g. the type and location of band-edge singularities),
then the integration against the signed measure Dy — ﬁéV’BOP as in (4.2.2) may

lead to improved error estimates. A rigorous error analysis to this affect is left

for future work.

C.4.2 Analyticity

Since Ty is bounded and symmetric, the spectrum U(TN) is contained in a
bounded interval of the real line. In particular, we can apply the same arguments
as in (4.8.38) to conclude that (C.4.3) defines a nonlinear approximation scheme

given by an analytic function on an open subset of C2N+1,
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C.5 Kernel Polynomial Method & Analytic Bond

Order Potentials

We first introduce the Kernel Polynomial Method (KPM) for approximating
the LDOS [110,111,128]. In this section, we scale the spectrum and assume
that o(#H) C [—-1,1].

For a sequence of kernels Kn(z,y), we define the approximate quantities

of interest
oy ::/KN*OdDg ::/ Kn(z,y)O(y)dy dDy(x). (C.5.1)

Under the choice Ky (z,y) = 21/1 — y? mev:o Un(2)U,(y) (where U, denotes
the n'® Chebyshev polynomial of the second kind), we arrive at a projection

method similar to that discussed in §4.8.1: if O(z) = > >~ ¢mUp (), then

1 N
Ky 0@) =Y enlin(@) [ Ualo)Un(p)VI= 32 dy = Y (o)
m,n n=0

-1

(C.5.2)
Equivalently, we may consider the corresponding approximate LDOS
9 N
oy = /O(:J;)Dév(x)dx where D} (z) = —V 1— a2 Z Un(H)eeUn ().
n=0

However, truncation of the Chebyshev series in this way leads to artifi-
cial oscillations in the approximate LDOS known as Gibbs oscillations [61].
Moreover, without damping these oscillations, the approximate LDOS need

not be positive. However, on defining

. 1 & 2 al
K ) = 33 Rl = SV RS (1= R0 ), (€59
n=1 n=0

we obtain a positive approximate LDOS [128] where the damping coefficients
d, = (1 — &) reduce the effect of Gibbs oscillations. In practice, one may

instead choose the Jackson kernel [65].

181



The problem with the above analysis in practice is that the damping factors
that we have introduced mean that more moments [H"], are required in
order to obtain good approximations to the LDOS. Instead, analytic BOP
methods [101,107] compute the first N rows of the tridiagonal operator T,
thus obtaining the first 2/V + 1 moments exactly. Then, a far-field boundary
condition (such as a constant infinite linear chain) is appended to form a
corresponding Jacobi operator T, v as in Appendix C.4. Now, since higher order
moments of Ty can be efficiently computed, we may evaluate the following

approximate LDOS

M
DVM(g) = %\/1 =223 dalUn(Tx)ooUn(2) (C.5.4)
n=0

where d,, are damping coefficients and M > 2N + 1. The damping is chosen
so that the lower order moments which are computed exactly and are more
important for the reconstruction of the LDOS are only slightly damped. With

this choice of kernel, the approximate quantities of interest take the form
2N+1 M
N,M Tl
Og = Z dncnUn(H)% + Z dnCnUn(TN)OO
n=0

n=2N+2

Efficient implementation of analytic BOP methods can be carried out using

the BOPfox program [65].
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