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Abstract

We apply the super-cell method to define Fermi levels on finite sub-lattices within the
framework of the canonical ensemble and tight binding model. These Fermi levels of course
depend on the size of the sub-lattice and the model, but also on temperature via the Fermi-
Dirac distribution. We show that the zero temperature and thermodynamic limits of the
Fermi levels exist and commute. We then perturb the system by considering more general
configurations of the lattice and find that, in the case of metals, the aforementioned results
still hold. In the more complex case of insulators, we note that the results break down

due to the introduction of new eigenstates within the band gap.
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Chapter 1
Tight Binding Approximation

In this section we give a very brief introduction to the formulation of the tight binding
model, largely following [9]. Starting with the time independent Schrédinger equation,
we will explain the assumptions made in order to arrive at the tight binding model. For

a more detailed exposition, see [T1], [13, [16] 20].

We shall consider a system consisting of M nuclei positioned at Ry,---, Ry € R? and
N electrons at r1,---, 7y € R3. We shall make the Born-Oppenheimer approzimation
and assume that the nuclei positions are fixed. This is a good approximation in most
circumstances [9] and is based upon the fact that nuclei move very slowly relative to the

electrons in most cases.

The Hamiltonian is an operator, ﬁ, describing the total energy of the system. This
is composed of the kinetic energy and the potential energy operators. Since, we are

considering the nuclei as fixed, the kinetic energy operator is of the form
Noope

Qmj

j=1
where h is the reduced Planck constant and m is the mass of the electron. On the other
hand, the energy due to the interactions between the electrons and nuclei is expressed in
the potential energy term:

1 e? —e2Z;
Z I - -7
2 Z dreg|r; — Tk Z Aeg|ry — Rl

1<5,k<N 1M
J#k 1<kSN

where e is the electronic charge, Z; is the atomic number of atom the atom positioned at

R; and €y is the permittivity of free space. This corresponds to the electron-electron and
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the electron-nuclei interactions respectively. The time-independent Schrédinger equation

takes the form of the eigenvalue problem for the operator 7:
HU = EV. (1.1)

We call the U satisfying this equation the many-body wave functions and E the cor-
responding energies. Notice that, for fixed nuclei positions, the complex-valued wave
functions only depend upon the position and spin of the electrons. The wave functions
are normalised so that they give rise to probability densities |¥|? which represents the

probability of finding the system in a given state [20].

Further, we shall make the mean field approximation in which the electron-electron in-
teractions are replaced by a term representing the average potential generated by the
electrons [9]. This is then added to the electron-nuclei potential giving an effective po-
tential which we will denote by Ve Now, the Hamiltonian can be written as the sum of

single-particle contributions, ’}:lj, and thus 1) becomes

ZH U= Z <——A + veff(rj)) U =FEU.

For the following, we shall denote by P the single-particle Hamiltonian. Suppose we
are given a set, of basis functions {¢.(- — R;)}, centred on each atom j. We assume that
we can approximate the solutions to the single-particle Schrédinger equation by linear
combination of our basis functions. That is, if ¢/ is some solution to the single-particle
Schrodinger equation with corresponding energy, €, then there is some constants C}, such

that
r) =Y Ciadalr — Ry).
jo

Now, since 1) is a solution to the single-particle equation, we know that
3ot~ 1) = 3 ol 1)

After multiplying on the left by some ¢3(- — Rx) and integrating over space, we obtain
the following matrix equation:

HC =eSC

where H and S are the Hamiltonian and overlap matrices repectively:

Hjokp = /9256(’ — Ri)H?¢u(- — Rj) and  Sjaps = /¢ﬂ(' — Ri) ¢a(- — Ry).



This matrix equation is known as the Kohn-Sham equation and of course depends upon
the choice of basis [9]. In the tight binding framework, a minimal set of basis functions
consisting of atomic-like orbitals is chosen. These functions are localised (tightly bound)
around the atomic positions and so off-diagonal entries of the overlap matrix are small.
In this report, we will only consider orthogonal tight binding where the overlap matrix
is assumed to be the identity. This assumption can be justified by replacing the atomic

orbitals by Lowdin functions [19] [15].

After making the simplifying assumption that the effective potential can be written as a

sum of contributions centred on each atom:
Vea(r) = > Vi@ (r = Ry),
J

we can see that the Hamiltonian matrix elements are composed of on-site terms and two-
and three-centre integrals. On-site terms only depend upon a single atomic position and

are of the form
1 .
[ o5t R (=584 VR~ B)) oul- - ).
On the other hand, taking 7 # k, we have two-centre contributions of the form

[ o5t~ Ry (~58) éut ~ 1) and
[ st = R VE( = R éul- - R)

which only depend on the vector between R, and R; and three-centre contributions of

the form

> [ éal = ) (VA - R)) éu- - R).

1£5,k
Since we have these integrals between each pair of atoms and each combination of atomic
orbitals, the number of integrals is very large for large systems. Even if we neglect three-
centre integrals, which is done in a number of tight binding models [9], and consider N,
orbitals, the number of Hamiltonian entries between each pair of atoms is N,2. It can be
shown however [19], that the number of variables can be drastically reduced by considering

the various symmetries of the atom-like orbitals.



Chapter 2

Homogeneous Lattice

2.1 Definitions & Results

We shall consider the infinite homogeneous lattice A := Z? and finite subsystems Ap =
{-R+1,--- R} C A with periodic boundary conditions. This is for simplicity of
notation and the same results hold in the more general case of Bravais lattices without

any complication.

We will denote by = a finite set of n=z atomic orbitals and thus, the Hamiltonian matrix
for the finite subsystem Ap will be a = x = block matrix consisting of (2R)? x (2R)?

blocks. We further interpret (wa(é))?eei as a vector in the following way:

Hara .. H A1 %¥nz (¢a1 (g))é
wr— | and  (0*(0)jex, = :
Honz®1 ... HOnzOng (wana (g))f

Thus, we have the following matrix-vector multiplication:

HR@b Z Z H@B¢ﬂ

BEE kEAR

We make the following standard assumptions on the Hamiltonian:

Assumption (Sym). The Hamiltonian is symmetric: for each {,k € Ar and o, 5 € =

Ba
%ﬁkz - HM



Assuming the following two-centre approrzimation will allow us to explicitly calculate

eigenvalues of the Hamiltonian:

Assumption (2C). There exist functions h®® € (*(A) such that, for each o, 3 € Z and
(ke N we have
HOP = hB(k — 1),

The continuous and discrete Brillouin zones associated with, respectively, A and Ag, will
be important for discussing the energy bands (defined in Proposition [1]) of the system.
These are, respectively, defined by

. d
BZI:(—W,TI‘]d and BZR::{—W+‘%:j:1,~~,2R} C BZ.

Under the above assumptions, we can obtain explicit formulae for the energy bands of

the system:

Proposition 1. Suppose that our Hamiltonian matrices on A satisfies (TB), (Sym) and

(2C). Then, there exists nz continuous functions £*: BZ — R for o € Z such that
o(H?) = {e%(k): k € BZg, o € E}.

We shall call the functions €*(-) energy bands corresponding to the Hamiltonian. More-

over, the energy bands are given as the nz roots of the equation
det (ﬁ(k;) - 5(k)1d5> —0

where ﬁ(kz) is the nz X nz matriz composed of the Fourier transforms W(k‘), for each

a, e =,

Remark 1. In general, the labelling of the energy bands is not unique. The non-uniqueness
results from the fact that energy bands may intersect. We will fix some choice of contin-
wous energy bands €*: BZ — R for a € =. These maps are of course real-valued by the

symmetry of the Hamiltonian.

By Proposition [I} we know that that the spectrum, o(H%), is uniformly bounded in R.

Thus, for the remainder of this report, we shall fix [, 7] such that o(HE) C [o,7].

We now introduce the Fermi-Dirac distribution fs(-) given by

1

f8(E) = 1 E
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which gives the probability of an electron occupying a particular energy level [9]. The
parameter 3 > 0 is equal to (kgT)~! where kp is the Boltzmann constant and 7T is the

absolute temperature. We will consider the zero temperature limit (8 — oo) and so we

note that
1 ifE<O0
[ : — 1 . .
JolE) = lim f3(E)=q§ i E=0
0 if £>0.

3
For a given chemical potential T, we can define the local particle number for each finite
subsystem (R < oo) by
NZH(r) = g D0 D o€ ) =)
ae kEBZg

for each § € (0,00]. As shown in [5] for the local particle number and other local
observables, we can consider the thermodynamic limit (R — oo) of the local particle
number to obtain the local particle number for the infinite crystal, denoted by Nﬁ#()

In the case of the two-centre approximation that we are considering, we obtain

Ny#(r = Z |BZ‘ e*(k) — 1) dk.

It will be useful to consider pr and the density of states, p, which are probability measures

defined by
(A) = ! > ! #{k € BZp: (k) € A} and
PR = n= 2 #BZR R- € an
1 1
=—Y — |{keBZ: " (k)e A
NE;’BZH{ € BZ: (k) € A}|

for every Borel A C R. These definitions lead to simple formulae for the local particle

number functions:

NEEe) =2 [ - n)don ad NFF =2 [ () de

Remark 2. It is important to note that the spectrum corresponding to each finite sub-
system s contained within the support of the density of states. Indeed, if we take some
eigenvalue of HE then, as shown in Proposz'tz'on it is of the form €*(k) for some o € =
and k € BZg. By the continuity of €*(-) on BZ, we necessarily have p(N) > 0 for all
open sets N that contain £*(k).
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(a) Band structure of Silicone (left), a semiconductor, and Carbon (right), an insulator.
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(b) Band structure of Aluminium, a metal.

Figure 2.1: Band structure of typical semiconductors, insulators and metals [13]. Here,

the symbols on the x-axis represent high symmetry points in the Broullin zone.

We now make the following assumption on the energy bands:

Assumption (E). There exists a constant M < oo such that, for all « € = and 7 € R,

the level sets {k € BZ: ¢*(k) = 7} contain at most M points.

In particular, (E) asserts that the energy bands are not constant on any open ball con-

tained in BZ. Therefore, for all 7 € R, we have that p({7}) = 0. As we shall see,

this assumption is satisfied for all the mathematical examples we consider in this report.

Moreover, the energy bands resulting from real materials satisfies this assumption in a

large number of cases. This is demonstrated in Figure for typical insulators, metals

and semiconductors.



We shall consider the canonical ensemble in which the number of electrons are fixed. In
this case, the Fermi level is defined so that we have the correct number of electrons in the

system [9]:

Definition 1 (Fermi Level for finite temperature). Fiz some 0 < < oo and R € N. We

define ep™ and €% to be the unique solutions of the non-linear equations
Nfe’R(E’g’R) =1 and Ni#(sg#) =1 respectively.

We call ™ (and €27 ) the Fermi Level for 5 < oo and the finite system A (and for the

infinite lattice A respectively).

Remark 3. Note that, Nﬁ’R and Ni’# are strictly increasing continuous functions and

thus have strictly increasing continuous inverses. Furthermore, Nﬁ’R(T) —0as17— —0

and Ni’R(T) — 2 as T — 00 and so Deﬁnitz’on is valid.

Now, if it is possible, we similarly define the zero temperature Fermi Level for the infinite

crystal:

Definition 2 (Fermi level for zero temperature). In the case that there exists a unique
7 € R satisfying

NE# () =1,
we denote this T by 5%0’# and call it the zero temperature Fermi Level for the infinite

lattice A.

Definition [J]asserts that, at zero temperature, exactly half of the total number of electronic

states are filled [4].

Notice that, if the Definition [2] is not satisfied for a unique value, then there exists an
interval [g, g] of positive length such that N;f’# = 1 on [, Z]. The maximal such interval

is known as the band gap.
The first main aim of this report is to prove the following theorem:

Theorem 1 (Fermi levels commute). Suppose that, for each R € N, we have a Hamil-
tonian H? satisfying (Sym) and (2C). Moreover, suppose that the corresponding energy
bands satisfy (E). Then, the zero temperature and thermodynamic limits of the Fermi
levels commute and satisfy

1
lim lim e2® = lim lim 2% = &% .= Z(c + 7).
R—00 f—00 F B—00 R—00 F F 2(_ )
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Furthermore, we may take the diagonal limit,

: R
lim e = 2o
R—oo

for any sequence (Br)r such that Sr > 0 for all R and fr — 00 as R — oo.

Theorem |1 allows us to extend the definition of 8%0’# to the case where we have a band
gap (i.e. when Definition [2| no longer applies). In Sections and 2.3 we shall discuss
examples of this result and a full proof will be given in Chapter

2.2 Examples: Metals

We first consider the case of metals where there is no band gap in the thermodynamic
limit of the spectrum. This means that the Fermi level on the infinite crystal at zero
temperature is well defined. Throughout this section, we will assume that there is only
one atomic orbital per atom. This is for simplicity of notation but does not affect the

results described.

We will now see the calculation of 5§’R and 5@’# for a simple two centre approximation

model that only accounts for nearest neighbour interactions:

Example 1. Denoting by e; the standard basis vectors of R?, we assume that the Hamil-

tonian matriz takes the form:

p

h(€>: hq Zfﬁ:j:ej forsomej:l)...,d

0  otherwise.

\

As shown in Proposition [}, the eigenvalues are given by:

e(k) = h(k) = Y h(0)e™™ = hg + 20 Y _ cos(k;). (2.1)

leAr 7j=1

for k € BZg. We will show that this means 2™ = ho for all finite 8> 0 and R > 0.
F

Proof. Without loss of generality, we may assume that hg = 0. If not, we can always

shift the Hamiltonian so that the diagonal entries are zero. We note that by (2.1)), it is



clear that o(HF) is symmetric about 0. Moreover, since #o(H%?) = (2R)? is even, we can
conclude that we have an even number of zero eigenvalues. This, along with the fact that

[3(E) + fs(—FE) =1 for all E and § € (0, cc], means that we have

> fale) = (2};)d

e€o(HE)

and so aF’R = 0 for each [ and finite R.

Now, for the thermodynamic limit, we will show that 51’2’# = 0. By the periodicity of the

cosine function, we have

[ e S eost) k=2 [ pifam 3 cos(hy) db
(—m,m]e J (0,m]@ §

After defining g(k) = f3(2h1 3= cos(k;)), we have g(k) = 1—g(71—k) for each k € (0, 7]
where 1 = (1,...,1). This means that the area inside the box (0,7]? x [0, 1] bounded
above by the surface y411 = g(k) is equal to that bounded below by the same surface. We
therefore obtain

. — ﬂ-d _
/( - f3(2h XJ: cos(k;)) dk /( O

7Td

fﬁ <2h1 zj: COS(/{ZJ->) dk = ?

)4

This means that the original integral is equal to en¢

5— and so sg’# = 0. We have thus
showed that 5F’R = 5@’# =0 forall R > 0,3 € (0,00]. ]

For this particular example, firstly we have shown that EF’R = hg for all 8, R and thus,
trivially, EfﬁR converges in the thermodynamic limit. Moreover, we have seen that the
limiting value is ag’#. Also, in the case of Example |1} it is trivial to see that the limits
,8113010 ex® and 1%1—{20 eor (for any choice of Bz — oo) exist. This is in agreement with the

claims made in Theorem [

In addition, Theorem [1f asserts that ma 2% — 2% which, since we are assuming there
—00
is only one energy band, is given by Definition [J] For the case of Example [I, we have

2% — hy for all B, and so we also have ™" = hy.

To complete this section, we look at the case where the Hamiltonian is given by a two-
centre approximation and show an example where the zero temperature Fermi Level for
the infinite lattice need not be hy. This also means that the zero temperature limit of

8?’# need not be hy for a general two-centre approximation model.

10



Example 2. In this example, we consider d = 1 and the Hamiltonian given by

)
ho forf =0
hy  forl =41

h(€) =
hy forl =42

\0 otherwise.

In the following we will take hy = hy = % for simplicity and, without loss of generality,

take hy = 0. In this case, the spectrum in the thermodynamic limit is given by
e(k) = cos(k) + cos(2k) for k€ BZ. (2.2)

Because we only have one energy band, 5%0’# is well defined by Definition @ Recall, this
18 the T satisfying

g = /07r foo(e(k) — 7)dk = [{k € [0,7]: cos(k) + cos(2k) < T}|.

Let us find points k € [0, 7| such that e(k) = 7. By applying the double angle formula and
, we know that e(k) = 7 is equivalent to

2 cos?(k) + cos(k) — (1 +1) = 0.

If this equation had no roots then, by continuity, cos(k) + cos(2k) — 7 would be always
positive or always negative. This clearly means T is not the required Fermi level. Solving

this quadratic equation in cos(k), we have

-1 1
cos(k) = T + ZVDT where D, =87 + 9.

Supposing that —3 + +v/D, € [—1,1], allows us to find kX € [0, 7] such that

1 1
cos(k¥) = ~1 + Z\/DT

Now, cos(k) + cos(2k) < 7 ezactly on the interval (kf, k) and so

k€ [0,7]: e(k) < 7}| = kT — k.

us

In order to find the Fermi level, we therefore wish to solve k- = kI 4 5. Taking cosines

of both sides and using the fact that cos(xz + 7/2) = —sin(x), we have

_i _ }l\/iz —sin (cos1 (_Tlﬂll\/D_T))
- —\/1— (_TlJri\/D_T)Q.

11




Rearranging this yields D, =7 and 7T = —;. Since _Tl + iﬁ € [—1,1], the calculations

above are valid and the Fermi level that we are interested in is €307 = —

1
1

=

2.3 Examples: Insulators

As shown in Section for a band gap to be present, we will need to consider more than
one atomic orbital per atom. We will now see an explicit example to show that the energy

bands need not overlap and so band gaps are possible.

Example 3 (Two orbitals per atom). This ezample is adapted from [13] and [20]. Firstly,
we shall consider the finite 1 dimensional system Ar = {—R+1,--- , R} endowed with
periodic boundary conditions. Fach atom in the system will be associated with two atomic
orbitals. We shall consider the 5—parameter Hamiltonian matriz given by a simple nearest
neighbour model. That s, if we use the notation { ~,, k to mean ¢ and k are nearest

neighbours in A then, for all {,k € Ar and o, B € {1,2}, we have

hy ifl=kand a=p

of hy  if b ~p, k and a = f3
Hy, =
hi? if b ~p, k and o # 3

0 otherwise

for some constants hl,h3, hi, hi? h?. Because of the translational symmetry in the sys-
tem, we may apply the calculation in Proposition |1 to conclude, for each k € BZg, the

eigenvalues are solutions to the equation

~

|h(k) —e(k)I| = 0.
A simple calculation reveals

m h¢ + 2hicos(k)  2h}%cos(k)
2hi?cos(k)  h3+ 2hi?cos(k)

and thus we obtain the quadratic in (k):

e(k)? — e(k) (h + 2h] cos(k) + h§ + 2k cos(k)) +
+ (hg + 2hy cos(k)) (kg + 2h7 cos(k)) — (2hy? cos(k))2 = 0.

12



After denoting a(k) = h{ + 2hicos(k) and b(k) = h3 + 2h?cos(k), we see that the

discriminant of this quadratic is
(a(k) +b(k))? — 4a(k)b(k) + 16(hi* cos(k))? = (a(k) — b(k))? + 16(h;? cos(k))?

and so we see that there are two energy bands given by:

€i<k,) _ a(k) ‘2" b(k) + \/(CL(k) :lb(k))z + 4(h12 cos(k))2.

It is easy to see that, for k € BZg, these bands do not necessarily intersect as is the case

of Figure[2.3

Figure 2.2: Energy bands resulting from the simple 5-parameter model from Example
with constants h = 0,h2 = 10, h{ = —1,h? = 10 and h}?> = 5. Left: the two energy bands

with the band gap shown in green. Right: associated approximate density of states.

For the remainder of this report, we will denote the band gap by [g,Z]|. Since N;o’# =1
on the whole band gap, we cannot use N;o#() alone to define 5?”#. We will instead show
# .= lim 5?’#. Moreover,
B—00

we show that this limiting value is the midpoint of the band gap and is therefore consistent

that the zero temperature limit of 5?’# exists and thus define e

with the definition of e;”% given in the case of a metal (Definition .

13



The results described in this chapter can be summarised by the commutative diagram in

Figure 2.3

57R \ 57#
€F % ? EF
3 7R OO,# .- 1 =
ﬁlgnoo g —— ep " =5 (e+9)

Figure 2.3: Commutative diagram representing Theorem The horizontal arrows repre-
sent the thermodynamic limits (R — oo) and the zero temperature limits (5 — oo) are
represented by the vertical arrows. The diagonal arrow represents the limit lim 5§R’R for

R—o0

any choice of sequence of positive numbers Sr — 0o as R — oc.

14



Chapter 3

Defects

3.1 Definitions & Notation

We shall now consider inhomogeneous lattice systems. This is equivalent to perturbing
the atoms of the homogeneous lattice by some displacement u: A — R? We shall see

how this perturbation affects the results described in Chapter

Let V, denote the set of all admissible configuations y: A — R? satisfying the following

non-interpenetration condition:
ly(0) —y(k)| = m|¢ — k| forall (ke A

for the positive constant m > 0.

In this setting, the Hamiltonian matrices also depend upon the configuration y € V,, and

the assumptions that we impose now take the following form:

Assumption (Sym). We further suppose that the Hamiltonian is symmetric: for all
Y € Va
Mo (y) = My (y)

for each £,k € Ag and atomic orbitals o, 5 € =.

Assumption (2C). There exist functions h®® such that

Mol (y) = h*?(y(k) — y(0))
for each a, 5 € = and l, k € A.

15



We introduce the following additional assumption on the Hamiltonian:

Assumption (TB). The functions h®® are continuously differentiable and there exist

positive constants hg, Yo, hi,v1 > 0 such that, for all y € Vy

|h°‘5(y(€) —y(k))| < hoe—w\y(f)—y(k)\ and

|Vh"‘5(y(€) _ y(km < hle—my(é)—y(k)\

forall k€ A and o, B € =.

Under these assumptions we again obtain the uniform boundedness of the spectrum:

Proposition 2 (Lemma 2.1 [6]). Under the assumptions (2C), (TB) and (Sym), the
spectrum of HE(y) is uniformly bounded in R independent of R and the configuration
Y € V. That is, there exists 0,7 such that o(H"(y)) C [o,] for all R and y € Vy,.

It will be convenient to consider displacements u: A — R? such that the configuration
T+ u € Vy where x: A — A is the identity. For each v > 0, we define the semi-norm,
| - ||, on the space of displacements by
ull? =" e u(l) — ulk) .
ke
All of these semi-norms are equivalent, [7], and so we can define the set of admissible

displacements by
Admy, = {u: A = R%: |ju|, < oo, and x +u € Vp}.

For a given displacement v € Adm,, and chemical potential 7 € R, we can define the local
particle number for each finite subsystem
2
€—1T).
mpcT e SO DRLCE

e€EHR(z+u)

Ni’R(u; T) =

Thus, we can define the Fermi level as we did for the homogeneous case:

Definition 3. Fiz € (0,00), R € N and displacement u € Adm,,. We define gg’R(u) to

be the unique solution of the non-linear equation
7R . 7R
Ny (us e (u) = 1.

We call 5§’R(u) the Fermi Level for f < oo and the finite system Ag corresponding to the

displacement u.

16



3.2 Results

Theorem 2. Suppose that HE is a Hamiltonian satisfying (Sym), (2C) and (TB).
Moreover, suppose that the energy bands corresponding to HE(x) satisfy (E). For an

admissible displacement u € Admy, (for some m > 0) we have

(1) The thermodynamic limit of the Fermi level coincides with the non-defect case:

1 7R — 67#
51{1_{1;10 ep (u) =ep™  forall B < o0

and thus the zero temperature limit of this quantity s 6%0’#.

(2) The zero temperature limit 511_{1010 sg’R(u) exists but is not, in general, equal to 611_{{)10 EF’R.

(3) In the case of a insulator, the limit lim lim ey™(u) exists but, in general, is not
R—00 f—00
m7#

equal to g
(4) In the case of a metal, the zero temperature and thermodynamic limits of the Fermi

level exist and commute:

lim lim ef®(u) = lim lim epf(u) = lim *.
R—00 f—00 f—o0 R—00 B,R—00

Remark 4. It is important to note that we do not prove (3) in full generality. As we will
see, perturbing the system may introduce eigenvalues into the band gap. We only prove
(3) for the case where these eigenvalues are isolated. If the eigenvalues cluster as R — oo,

or we have repeated eigenvalues, more arqguments are needed.

8,R (1) R
ep’ (u) A
(2)| /
B,R . Bt
Ep l Ep
I R (3) . . 8,R
im e (u) > lim lim e (u)
B—00 7 R—00 f—00
/metal
lim ep” y lim e2f
p—ro0 B,R—o0

Figure 3.1: Commutative diagram to summarise both Theorem 1 and 2. Here, the hor-
izontal arrows represent thermodynamic limits (R — oo) and vertical arrows are zero
temperature limits (5 — 00). The labels correspond to the numbering of the statements

in Theorem 2.
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We now informally discuss the main ideas in the proof of Theorem 2 and give some

examples. A full proof is given in Chapter [4]

First of all, under the regularity assumptions on the functions h*?, we can use Taylor’s
Theorem to write

H(z +u) =H+ P(u) (3.1)
for some perturbation matrix P(u). We will see that, under the assumption on the

displacement, we will be able to write
P(u) = PO (u) + PP (u)

where P (u) has finite (R—independent) rank and P® (u) is a small perturbation in the
Frobenius matrix norm. In Proposition 3] and [] below, we shall see how to deal with both

of these terms.

First we look at an example of how perturbing the homogeneous Hamiltonian by a finite

rank matrix affects the spectrum.

Example 4. We shall consider the case of a one dimensional lattice with two atomic
orbitals per atom and the homogeneous Hamiltonian given by a nearest neighbour model.

That is, for atoms {,k € Ar and atomic orbitals indexed by o, f € {1,2}, we have

(

hi ifl=kanda=p
hy if b ~p, kand a = f

hi? if b ~p, koand o # 3

\ 0 otherwise

for some constants hi, h3, hi, hi% h2. In Ezample[d, we gave a formula for the eigenvalues
of this Hamiltonian and plotted the energy bands for some choice of constants that gave
rise to a band gap (shown in Figure . We will now add a defect into the system and
see how this affects the spectrum. We will position the defect at 0 € Ar and suppose it

has the form of a simple nearest neighbour interaction. That is, we define
dy ifl=k=0anda=p

B \af df  if ke {0,£1}, b ~p, k and a = [
(Hdef)ek -
di? if 0k € {0,+1}, L ~p, k and o # 3

0 otherwise
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for some choice of constants dy,ds, di,d3,dy*. The spectrum of H = Hy, + Hi, is

hom
plotted in Figure[3.3

O  eigenvalues of the homogeneous Hamiltonian

*  eigenvalues of the whole system

Figure 3.2: Spectrum of the homogeneous Hamiltonian alongside the spectrum of the
system after adding in a defect at / = 0 € A. Here, we take the simple nearest neighbour
model with constants h) = 0,h2 = 10,h} = —1,h3 = 10,h{?> =5,d}) = d3 = 10,d} = d% =
4,d* = —1 and system size R = 30. The spectrum of the homogeneous system is shown

in blue circles and that of the defective system is in red.

We can see that the eigenvalues of the defective system are positioned between the eigen-
values of the homogeneous Hamiltonian. This interlacing property is the content of Propo-

sition |4 stated below.

For a real symmetric n x n matrix M, we use \;(M) to denote the ;' smallest eigenvalue
of M. Further, we set \;(-) = —oo for j < 0 and \;(-) = +o0 for j > n. As alluded to in
Example [ we will show that the eigenvalues of a finite rank updated matrix satisfy the

following interlacing property:

Proposition 3 (Interlacing Property). Suppose we have n X n real symmetric matrices
A and B and further suppose that B has rank k. Then, there exists a k' that does not

depends upon n such that,

Aj-w(A) S Nj(A+ B) < Ajuw(A) - forall 1 < j <n.

By Proposition 3] the finite rank perturbation introduces only a finite (R-independent)
number of eigenvalues outside the homogeneous density of states. Therefore, after only
perturbing the system by a finite rank matrix, the density of states (in the thermodynamic
limit) will be unchanged. This means that the thermodynamic limit of the defective Fermi

level is the same as for the homogeneous case.

Despite this, in the case of an insulator, the newly introduced eigenvalues in the band gap
have an impact on the zero temperature limit of the Fermi level corresponding to a finite

domain. We now see that this is the case for Example [4]
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Example (4] (continued). Fz'gure displays the zero temperature limits of the homoge-
neous and defective Fermi levels from Examplel{] for a number of system sizes. It should
be clear that these are different for each fized R and that they converge to different values

wn the thermodynamic limit.

Defect Fermi
IS
2
3

el

e
M W‘ N\WH "J'*“/“’\,jf‘}u B
z7sﬁ| w m Wl ,
I

g 2.7595 h‘d

Homogeneous Fermi Le
N

2750 ! ! ! ! ! | ! ! !
100 200 300 400 500 600 700 800 900 1000
System Size (R)

Figure 3.3: Zero temperature limits of the Fermi levels for increasing system size in the
case of a defect (red) and in the case of the homogeneous Hamiltonian (blue). Again, we
take the simple nearest neighbour model from Example [4] with constants hy = 0,h3 =
10,hi = —1,h = 10,h}? = 5,d} = d3 = 10,d} = d? = 4,d}?> = —1 and system size R
between 50 and 1000.

We have only discussed the case of a finite rank perturbation but, as we will see in
Chapter [4] unless the displacement is compactly supported, the perturbation in (3.1]) will
not have finite R-independent rank. Instead, we will be able to write it as the sum of a
finite rank matrix and a matrix that is small in the sense of the Frobenius norm. We will

then apply Weyl’s Perturbation Theorem:

Proposition 4 (Weyl). Suppose we have a real symmetric matriz A and perturb it by

another real symmetric matriz P. Then, for each 1 < k < n, we have that
[Ae(A+ P) = A(A)| <[P

for any sub-multiplicative matriz norm || - ||.
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A proof of this result along with more general inequalities involving the eigenvalues of

perturbed matrices can be found in [I].

In our case, this means that adding on the small perturbation does not change the spec-
trum by much. Therefore, we will be able to show that the thermodynamic limit of the
Fermi level at finite temperature coincides with the non-defect case. Further, we shall
prove that, in the case of a metal, the thermodynamic and zero temperature limits of the

Fermi level exist and commute.
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Chapter 4

Proofs

Proof of Proposition 1. Let us fix R € N and k € BZr. We set v = (c“(lf)e”"‘?)j:/\E for
some constants ¢®(k), normalised so that > |¢*(k)|* = 1. Now we can see that for o € Z
and ¢ € A we have

HRw Z Z H€5w5

BEE MEAR

_ Z Z Haﬂ B lm-k

BEE MEAR

= Z Z heB(m — £) M=k B () etk (by definition of h*%)

BEE mMEAR

= Z ( Z hoP (m) ka) A(k)e* (by symmetry & choice of k)

BEE \m€EAR

= > (k) ¥ ()

Be=
Now, ® is an eigenvector if and only if there exists some associated eigenvalue (k) satis-

fying the following equation
det (h(k) — (k) 1,z) = 0. (4.1)

This means, for each fixed k € BZg, the nz solutions (counting multiplicities) of this
equation are eigenvalues of H. Since h is a continuous function on BZ, the coefficients
of the polynomial equation determining eigenvalues are continuous functions of k as well.
The complex roots of this equation, which we will denote by {e“(k)}qez, are thus also

continuous functions of &k [10]. O
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4.1 Proof of Theorem 1

In the following, we shall use the notation
o(H™) ={ef' <+ <ef}

where #op = #0(H?) of course depends on R but also on the number of orbitals that
we are considering. Moreover, we define € == e% and g = 5%“. Also, recall that
we use [g, €] to denote the band gap of the spectrilm in the thermZodynamic limit. That
is, [g,] is the maximal interval such that p([g,2]) = 0 and p((—o0,¢)) = p((8,)) = 2.

2

We first prove an important lemma that will be used a number of times in the proof of

Theorem 1:

Lemma 1. The local particle number satisfies the uniform convergence properties:

(1) lim ||Ni’R(~) — Ni’#(')HLoo =0 for each finite 5 > 0,

@ lim INFRC) = NEFC) e =0,

In particular, property (2) implies that

Nﬁ#() — N;O#() uniformly as 8 — oo and

N;O’R(-) — N;’#(-) uniformly as R — oo.

For all finite R > 0 and compact intervals K such that N;O’R(-) 18 a constant function on

K, we have

(3)  lm [NG() = N () =) = 0.

B—r00

Proof of (1). Fix 8 € (0,00). We know that Nﬁ’R(-) is a sequence of differentiable func-

tions converging pointwise to Ni’#(-) as R — oco. Furthermore,

0 1
ENQF*(T)]—W Th7 2 2 BhE ) - <38

a€cs kGBZR

and so %N;ZR(-) is uniformly bounded in R (and 7). Now, a consequence of the Arzela—Ascoli

Theorem [I8], implies the uniform convergence of Nz’R(-) as R — oc. O

Proof of (2). For now, we assume the following properties which are shown after we have

seen the main ideas in the proof.
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(a) p([r — 0,7+ d]) — 0 uniformly in 7 as § — 0,
(b) For all fixed § > 0, pr([r — 6,7 + d]) — p([r — &, 7 + §]) uniformly in 7 as R — oo,

(c) pr((—00,7)) = p((—00, 7)) uniformly in 7 as R — oo.
Let us fix > 0. By (a), we choose § > 0 such that p([tT — 0,7 +¢]) <  for all 7. Next,
by (b) and (c), we can choose R’ > 0 sufficiently large such that pg([T — 0,7 +4]) < 2

and |(pr — p)((—o00,7))| < & for all R > R’ and all 7. Choosing 3’ sufficiently large such
that f3(0) < ¢ for all 8> /" allows to conclude: for all 7 € R,

INBR(r) — N2# ()| < INSF(r) = NFR ()| + [NFR(r) — N7
=2\/<fﬁ—foo><-—f>dp3 [ =m0

< pr([T = 0,7 +0]) +2/3(0) + 2[(pr — p) (=00, 7)) <7

+2

forall 5 > and R > R.
Now we return to the proofs of properties (a), (b) and (c):

(a) By (E), it is clear that, for each 7, we have

hmp([7’—(57’+(5 Z‘BZ’hmHkEBZ e*(k) € [t = 4,7+ 4]}
Z‘ Z| () (Ir—6,7+4))
e 2 €7 () =

Now, since the sequence {p([T — 0,7+ d])}s is monotonically decreasing (as 6 — 0) for all
7, we can invoke Dini’s Theorem [12, Theorem 12.1] to conclude that the convergence is

in fact uniform in 7.
(b), (c): We shall apply the following proposition:

Proposition 5 (Cited in [2]). Let P and P, be probability measures on R. Suppose

1. There is a dense set D such that P,,((—o0,t]) — P((—o0,t]) as n — oo for allt € D,

2. t — P((—00,t]) is a continuous function on R.
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Then we necessarily have that

Stlellg P, ((—00,t]) = P((—o00,t])| =0 asn — oc.

It is clear that the conditions from Proposition |5 are satisfied by D = R and the measures

P, = p, and P = p. This means that we have

SUp |pr((=00, 7]) = p((=00, 7))l = 0 as It — oo.

By (E), pr({7}) — 0 uniformly in 7 and so we have (¢). By noting that [7 — §,7 4 §] =
(—o0, 7+ 0]\ (=00, 7 — d) we can conclude that (b) also holds. O

Proof of (3). Fix a compact K such that N;O’R’K is constant. We know that N#£(.) is a
sequence of differentiable functions on K converging pointwise to the continuous function

N;’R’K(-) as B — oo. Furthermore, since there is no eigenvalue of H contained in K,

we have
0 .\ sR
SN = 2o S Y e - )
ac= keEBZR
<26 mg{)%)maxfﬁﬂe—ED —0

as 3 — oo. In particular, %Ni’R(') is uniformly bounded in 8 (and 7). Again, we apply

a consequence of the Arzela—Ascoli Theorem [18], to conclude. O

We will now break the proof of Theorem 1 into five steps that correspond to each of the

limits in the commutative diagram.

1)
Step 1. Using the assumptions from Theorem 1, we have B " f 5§#
(3)l l@)
3 ’ # L\—\’g
}%E};OEF = ey for each finite 5 > 0. L(ep +En) - (e+79)

Proof. Fix 8 € (0,00). By property (1) of Lemma [I| and the fact that Ni’R(sg’R) =

Ni’#(eg’#) = 1, we have

, R , , , R R/ B,R R/ B,R , ,
INGH(ep™) = NG7(ep™)] < ING#(ep™) — NGT(eR™)| + NG (eR™) — NG7(ep™)]
— 0 as R — oo.

Since, V. A #() is a strictly increasing continuous function, there exists a continuous inverse.

In particular, we have e0’™ — 0 as R — oo. []
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1) B.#

Step 2. Using the assumptions from Theorem 1, we have —> e
| 3>l le
lim 6?’# =% = _(e + 7). 1 Ml _
aE 2 Hen+Er) — He+2)

(4)

Proof. We first observe that sg’R € |o,a] for each 8, R. Indeed, we know that the spectrum
of the Hamiltonian is R—uniformly bounded in [0, 7] and thus N% ’R(T) <lforalrT<ag
and similarly Nﬁ’R<T> > 1 for all 7 > . Furthermore, by Step l we have 2% € [0, 7).
Thus, there exists a convergent subsequence (which we do not relabel) such that 5@’# — €

as 8 — oo for some ¢ € [o,7]. We will first show that N;f’#(s) =1landsoc¢ € [g,7].

By the continuity of N;f#() and uniform convergence of {Ni#(')}& we can see that
N;O’#(»s) = 1. Indeed:

INFH () — 1 < INFH(e) = NEH(h)| + [NF#(eh#) - NEH#(hH)
— 0 as g — oo.

Therefore, in the case of a metal, lim 5?’# = 27,

B—o00
On the other hand, in the case of an insulator, we have shown that if eg’# — ¢ along
a subsequence, then we necessarily have ¢ € [¢,Z]. We can use the fact that fz3(F) +

fs(—E) =1 to obtain

1= Ng#(ep?) =2 (/ A= sl - er” 1)} do(7) / follr = ep ™)) dp<r>> .
{r<el# {r=el#)

Since
00, R B—ro0 oo,
N# #<5§#) = 2p((—o0 5§#>) — N# #(5) =1,
p((—o0 5§# — %‘ < ¢ for sufficiently large 8. Thus, we have

<9 (4.2)

| ar =20 = [ fallr = ) don)| <
{T<6 #} {T}sg"#}
for all sufficiently large 5. Therefore, for each r > 0 and sufficiently large 3, we obtain
p ~ el 1atr) < [ i = 2#) do(r)
{T<E§’#}
< T —ep® ) dp(r) + 6
J L B =) +

<(5+9) sz —ci*n+
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and similarly,

p((&5#, 5% 1 1)) () < (1 )fﬁ<|a—eF )

Now, since § > 0 was arbitrary, we necessarily have that

(AR 01 T B (CARE L) VS )
) Folle = =%1)

are bounded by some constant, ', independent of both r and 8. We now fix § > 0
sufficiently small such that e+ < £—§ and note that €2# is contained within (¢ —4, e +96)

for sufficiently large S.

At this point, we suppose that ¢ < 5(g 4 ). For (4.3)) to hold, we require

P —r ) 1) _
BE-F)

We have used & < (e +€) to conclude that f3(Jg — ¢ 5#1) < f3(]g — (e 4+ 0)]). Choosing

plle+8—re =) fo(r) _ p
BlE-GE+o)

r>le—(e+9)] (4.4)

ensures € + 60 — r < € and so we have p([e + 0 — r,e — d]) > 0. Now, we simply need

fa(r)
- rop S°

where C' is independent of 3. Since, for E7, E5 > 0, we have

.

0 if E; > FE,
fs(Er)
lim =<1 ifE,=EFE
g0 f5(E2) BT
oo if F < EQ,
\
we require 1 > [E—(e+9)|. We have shown that if » > 0 satisfies (4.4)) then r > 2— (¢ +9).

Therefore, we necessarily have € — (¢ +6) < (¢ +0) — € and thus £ > 3(¢ + &) — 6.

In the exact same way, if we instead assume £ > %(g +2) and use the uniform boundedness

plle+0,e =0 +7])fs(r) _ pler™ g™ +1])f5(r)

<l
f6(|5_5F#|) f6(|5_5F#|>

we can conclude that ¢ < %(g + ) + d. Since the choice of § > 0 was arbitrary, we have

shown that ¢ = 1(e +2). O
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1
Step 3. Using the assumptions from Theorem 1, we have EfﬁR % gé’#

“\,\’\_‘
' ] N I
lim €F7R = §(§R + gR)-

B0 3(er+Er) — 3(€+7)

Proof. For simplicity of notation, we define

m::#{jg #;R:efzgR} and m2:#{j>?+1i€f:§1%}-

In the case that € # €g, m, m are simply the multiplicities of €5, g respectively.

Step (a): We will first show that, if the Fermi levels converge along a subsequence to

some value, then this value must be inside [, Zg].

Note that, in the case that €, # €, we have

m m
NOOng :1_ —_ , NOO,Rg :1+ 7
# () #0R # () #O0R (4.5)
N;O’R(T) =1 forrt € (ep,Er)
and for e = €r, we have
2m
lim N (1) =1— ——,
Tten T ) #or
oo, R o=\ m—m
Ny (ep=¢%r)=1+ — (4.6)
2m
lim N2R(r) =1+ —.
TlER # <T> #O’R

After possibly taking a subsequence (which we do not relabel), we can find an € € [0,7]

such that i — ¢ as f — .

First, let us suppose that ¢ ¢ o(H"®) and so we can find adjacent eigenvalues V) < £(?)
such that ¢ € (eW,e®). Since, N3>(:) is constant on the interval (e1, ), we know,
by property (3) of Lemma |1} that NQ’R() — N;O’R() uniformly on compact subsets
K c (eM,e®). Since, for large enough j3, the sequence {e5"} is contained in such a

compact set, we have

oo, R oo,R oo,R R oo, R ,R R R
INZ () = 1] S INFF(e) = NP (™) + NS (ep™) — NE(ep™)]

—0as f — oo.

Therefore, we can conclude that N;;O’R(g) = 1. Using 1} and 1} it is clear that

€Rr 7&53 and € € (QR,gR).
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Now we instead assume that ¢ is an eigenvalue and find
eW = max{r € o(HE): 7 <&} and &? :=min{r € o(H): 7 > ¢}.

Let us choose ¢ > 0 sufficiently small such that e < e —§ < e <e+d < e? and find
a [ > 0 large enough so that el € (¢ — 8,e + 0) for all B > . As Ni’R() is strictly

increasing for each 5 > 0, we know that
NZB(e = 0) < NOR () < NEF(e +6) forall 8> 3.

We can first suppose that €, # €x. If ¢ < g5 then, as Ni’R(-) converges pointwise to

N;’R(-) as [ — oo, we have for all § > [

00, 00, m
1= NpP(eg™) S NE (e +0) < N P(ep) =1— — < L.
On the other hand, if ¢ > g then for all g > /'

_ 57R B7R OO,R oo7R_ o
1—N# (EF )EN# (6—(5)>N# (ER)—1+%>1.

In both these cases we have a contradiction and thus € € [e, 2] and s0 € = g or £ = Eg.
In the case that £, = € we can use a similar argument: if ¢ < ep =€ then e+ < ¢gp

and so for all g > '

2m
1= NOBEERY S NORe 4 6) =1 - — < 1.
# (ep™) < # (e +9) Hog

On the other hand, if ¢ > ¢, =€ then ¢ — § > g and so for all § >
2m
R/ _B,R oo,R
1:Nf¢ (&“g )2]\7# (8—5):1+%>1.

In both these cases we have a contradiction and so € = g = €g. We can conclude form

the above that if 5§’R — ¢ along a subsequence, then we necessarily have that ¢ € [g5,Zg].

Step 3(b): Now, we will show that either e, = g or the Fermi level is eventually
contained in (g, €g) for large enough . This will important for the final step where we

prove that ¢ = 1(ep + Er).

We assume that g # eg. If the Fermi level is not eventually contained in (gz,2g), there
exists some subsequence (which we do not relabel) such that ep’™ < e, for each 3 or such
that EF’R > g for each 5. We only consider the former as the latter can be treated in the

exact same way. This gives

0o m
1= NER(lR) < NER(ep) » N R(eg) =1 - o < 1



as [ — oo, a contradiction.

Step 3(c): In the case that 5 = Zx, we have already shown that i — t(eg +ER) as
B — 0o. We will therefore assume that €, # €. We have seen that 5§:R € (eg,€R) for
cach (sufficiently large) 5 > 0. We will show that ¢ = 3(ep + Er).

Using the fact that fs(£) =1 — fs(—F) for all £, we obtain: for all 7 € (ep,2R)

#UR

#OR
2
N = e | S = Bl =D+ Y follR )
#0R — o
7= j="5E41
9 #gR #or
=1+ — =D felef =)+ D> fallef = 7D
#0R |  Yog
J=rtl
We therefore obtain the equation
#UR #O0R
Zfﬁ |5 _EF Z fa( |5 _EF |) (4.7)
j—#;’RH

for each J sufficiently large. Now suppose again that 5§’R — € € [eR, ER] along a subse-
quence as [ — oo. After fixing 6 > 0, we know that 5@’3 is necessarily contained in the

interval (¢ — §,¢ + ) for sufficiently large 8. Using (4.7) we obtain the inequalities

#OR

e #OR
mfs(ler —ex"]) < 5 JellEr - er™l) and mfs(Er — &™) < 5 Jollen - )
which hold for sufficiently large § > 0. These give rise to the following equations
0 — Er— (=96

foEr—(e+09)) = fs((e =6) —£g))
for all § sufficiently large and some [ independent constant C' > 0. Now, the conditions
in (4.8) ensure that e +0 —ecp > g — (¢ +9) and g — (¢ — ) > (¢ — §) — €. These

inequalities imply

3 B Ept+¢E
ERTER s <ERTER 5
2 2
and so, because the choice of § > 0 was arbitary, we conclude that ¢ = (5 +2r). O

30



Step 4. Using the assumptions from Theorem 1, we have % gF

B)l l(?)
BR _ _oo#t

lim lim &% .
R—00 B—00 F F %(§R+€R)T%€+€)

Proof. We shall use the notation ep>™ := :(ep+2r). We know that, along a subsequence

(which we do not relabel), we can find e, ¢ such that e3> — ¢, N;f’R(s? By 5 ¢ as

R — oo. This means that for all 6 > 0 we can find a R’ > 0 such that e —0 < e oo, <e+d
for all R > R'. Since N;;’R(-) is increasing and N;;O’R(-) — N;f#() pointwise as R — oo,

we obtain
N (e — 6) < NP (e ™) < NPT (e +6)
and thus
N # (e —8) <LK NPT (e +0).
By continuity of N;O’#(-) we have that ¢ = N;’#(E). We know

NZR(eR) ¢ (1— 21y #”;R)

and so N;f’ (¢) = 1. Now, in the case that we do not have a band gap, N % (1) is strictly

increasing and so ¢ is the required Fermi level.

Next, we consider the possibility of a band gap (¢ # ). We remark that, by Proposition ,
we know that o(H?®) C suppp and moreover, e, < € and £ > £ for each R > 0. Suppose
that e, — ¢ along a subsequence as R — oo. If € < ¢, then, for some small § > 0,
we will have e, < € + 0 < ¢ for all sufficiently large R > 0. This however implies that,
for sufficiently large R, there are no eigenvalues of H in the range (¢ + d,£) and so
p((e + d,¢)) = 0 contradicting the choice of ¢. Similarly, €z — € as R — oco. We have
thus shown that

1 1
§(§R +2g) — §(§+§)

as R — oo. O
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. . (1)
Step 5. Using the assumptions from Theorem 1, we have —> €F

3)l l(Q)
BRy — 6;07#

where — 00 as R — oo.
Br %(§R+5R)T>%5+e)

hm Ep

Proof. We again suppose that eFR’R — ¢ along a subsequence (which we do not relabel)
as R — oo for some ¢ € [0, 7]. Using the uniform convergence (Property (2) of Lemmall)),

we obtain

NG H(E) = 1 <IN (e) = N () + [N () — N ()

—0 as R — 0.

In particular, if 56 g along a subsequence as R — oo then we necessarily have

N;f’#( ) = 1 and thus, in the case of a metal, & = e}>%.

When there is a band gap, we conclude as in Step (C): we have

Y Janllef = ) = D foallef — ).

VE 5?<§ J: 8525

Assuming that | — g| < |e — €] we can write the above as

> Jonllef —ep™ ) = Y fonlleff =™ D = > faallef — )

j: |s—g\<|€f—e|<|e—€| j: €R>6 j: |5f—s|>|e—€|

R

where, since max{f«:f' e < g} — gas R — oo, either the set of indices in the first

J
summation is non-empty for sufficiently large R or |¢ — g| = |e — &|. The latter would
imply € = 1(e + ) and so we assume the former. Therefore, for alle — (F—¢) < <¢

we have [e —¢| < |e —&| < |e —E| and so

re—(F—e)<elf g
e E S8 =8 e - )

for all R > 0. Therefore,

Fonll6 = (=0 _ fonlle =) _
TonlE— T O) S ol = 20P))

~ R
< fonllE =22

for some constant C' and all sufficiently large R > 0. This implies that we have (¢—§)—¢& >
€ — (¢4 6) and so we necessarily have that € > 1(e +2). In the same way, if we instead
assumed |¢ —g| > |e — €| then we can conclude e < 3(e +&). We have shown that

BR7 00, #

—ep " as R — oo. O
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4.2 Proof of Theorem 2

We start by proving the interlacing property:

Proof of Proposition [ We first consider the case of a rank one perturbation. Let A be a
real symmetric matrix and B a real symmetric rank one matrix. We will first show that

the eigenvalues of A + B interlace those of A:

Lemma 2 (Stated in [3]). Suppose we have n x n real symmetric matrices A and B and

further suppose that B is of rank one. Then, either

M(A+ B) < M(A) < < M(A+ B) S M(A) < <M (A+ B) < A (A) or
MA) KMA+B) < < M(A) S M(A+B) < < A (A) S (A B).

For now, we assume Lemma [2| If we instead consider a rank k matrix, B, it is easy to
see that B can be written as the sum of a finite number, &/, of rank one matrices. After

applying Lemma [2] a finite number of times, we can conclude. O]

Proof of Lemma[3 First, assuming B # 0, we can find a normalised real vector u and
some scalar « such that B = auu’. We simply compute the characteristic polynomial of

A+ B at a point A € o(A):

pars(A) = det(A + auu” — \I)

= det(A — M) det(I + a(A — \I) " tuu®).
Applying the Matrix Determinant Lemma [§], we obtain
pA+B()\) = pA()\)(l + auT(A - )\I)_lu)
That is, if A has eigenvalues \; < --- < A, with associated eigenvectors (v(j))j, then
" (u- v(j>)2
A)=pa(N) |1 ~— .
pA+B( ) pA( )( +ajz_; )\j_)\

Therefore, eigenvalues of A 4+ B are either eigenvalues of A or roots of the equation

LN
g(\) = az % = 1. (4.9)
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a(n)
T
1

" (o)
Figure 4.1: Plot of the function g(\) = Z ( )

where A is the 4 x 4 diagonal matrix

with diagonal (1234) and B = auu® Wlth a=1and u = (1111)". We can see that

solutions to the equation g(-) = 1 satisfy the interlacing property described in Lemma

We take 1 < j < n such that ); is not an eigenvalue of A + B. Since (A + B)v\W) =
Ao + o (u- D) u, we can see that u- v #£ 0. We define k € NU {oo} by

k= inf{m: A, > \; and u - 0™ # 0}.

Therefore \,, € 0(A+ B) for each A\; < A, < A and so

4

+o0 as A\ A
gA) — S —00  as A NN, ifk < oo

0 as A — oo ifk=o0o0

Moreover, after defining

;o (Aj, Ap) if k< oo
(Aj,00) ifk=o00
we know that, g(-) is a strictly decreasing continuous function on I and thus there is a

unique solution to g(-) = 1 on I. We will denote this solution by A\*. Thus, we can see
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that for j <m < k,

(
At N> A

An(A+B) =9 A if Ay <A < At

Am it A<\,

\
and thus we have the required interlacing property. The o < 0 case can be treated in the

exact same way. L]

Throughout the proof of Theorem 2 we shall use the notation || - || for the Frobenius

norm and will write
o(H (x +u)) = {ef(u) <--- <elf,, (u)}

where #0r = #0(H%(x + u)) of course depends on R but also on the number of orbitals

that we are considering.

Step 1. Using the notation of Theorem 2, we have that for all 6 > 0, there exists a matrix
P (u) with finite R-independent rank such that

H(z +u) = H(x) + Pi(u) + Py(u)

and || Py(u)||r < 0.

Proof. Since the h*® are C' functions, we can apply Taylor’s theorem to conclude that
for each £,k € A and a,3 € Z, there exists €5 = (£ — k) + 0(u(f) — u(k)) for some
0=0((k,apB) € [0,1] such that

WP (y(€) = y(k)) = h*P(C = k) + Vh(E57) - (u(l) — u(k)). (4.10)

This means that we can write H(x + u) = H(z) + P(u) where the perturbation P(u) is
given by
P(u)y = VP (EG) - (u(l) — u(k)).

Since x € Vi and x 4+ u € Vy, we know that = + 6u € V,,. This, together with (TB) and
the fact that €37 = (z + Ou)(¢) — (x + Ou) (k) gives

VR (&) | < hye Mol Ly emmmie=hl, (4.11)
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Further, as v € Adm,,, we have
| P(u)|lr < nzhilull, < oo

where v = yym > 0. We will use this to write P(u) as the sum of a matrix of finite R

independent rank and a small perturbation in the Frobenius norm.

Fix an arbitrary ¢ > 0 and choose Rs > 0 such that
2
IP@IE - Y Y (Pi) <
a,B€E LkeAR,
Now, we can write the perturbation P(u) as the sum of two contributions P;(u) and Py(u)

where
Pi(u)Sf if both £,k € A,
Py(u)S?  otherwise.

By the choice of Rs, we know that ||P2(u)||r < J. On the other hand, the rank of P (u)

is finite and only depends on Rs and the number of orbitals that we are considering. [

We now see how this affects the spectrum of the Hamiltonian. For fixed R, we are con-
sidering the spectrum of H%(x +u) = H®(x) + Py (u) + P2(u). Since P;(u) has some finite
rank ', independent of R, we may apply Proposition [} to conclude that the spectrum of
HE(z) + P (u) has the interlacing property. That is, after denoting the ;' smallest eigen-
values of H® and H® + Pi(u) by ¢; and &; respectively, we have that ¢;_p < & < &j4m
for each k' < j < #ogr — k’. Now, by Proposition {4} adding on Ps(u) to the resulting

Hamiltonian can only perturb each eigenvalue by at most ||Pe(u)||r < 6.

Now we see what this description of the perturbed spectrum means for the associated

Fermi levels.

Step 2. Using the assumptions from Theo- o

E‘Y 6‘7
rem 2, for all B > 0, we have F 1 F
k lim 2% (u) k% lim lim i (u)
B—00 R— o0 f—o0
- 7R )
lim 0™ (u) = el#. ‘ op Zmetal
F F : B.R i B.R
R—00 lim ep" ———— lim €
B—o0 B,R—00

Proof. First of all, we note that Step [1] of Theorem 1 still holds in this more general case.

That is, 5F’R(u) converges to the solution, 7, of the following equation
2 [ fale =) d(e) =1
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where p’ is the density of states corresponding to the perturbed system:

p'(4) = lim L# (o(H"(x +u)) N A)

R—o0 #O’R

for all Borel A C R. Therefore, to complete this step, we only need to show that the
density of states corresponding to the perturbed Hamiltonian is the same as in the ho-
mogeneous case. We now fix some interval (a,b) C R and show that p((a,b)) = p'((a,b)).
From the interlacing property (Proposition , adding on the finite rank perturbation to
the homogeneous spectrum may introduce at most k' eigenvalues into the interval from
each end point. On the other hand, by the same argument, no more than 2k’ eigenvalues
can leave the interval. Since k&’ is independent of R, the density of states corresponding
to only adding this finite rank perturbation is unchanged. Now, by introducing the small

perturbation matrix, we perturb the spectrum by at most §. We therefore obtain,
pl(a+ 6,6 8)) < p/((a,b)) < p((a - 6,b+0)).

As § > 0 was chosen arbitrarily, we can conclude that p = p’. We have thus shown that

; R B,#
lim 2% (u) = 2%, 0
Jim <) = f
Step 3. Using th tions from Th & (w) e
ep 3. Using the assumptions from Theo- -
o \ 58’#/
rem 2, we have that F 1 F
. B.R/. . . B.R
. k i ) kﬁ A AL
lim e (u)  erists. , \ p Zmetal
B—00 lim g‘g’R —— lim 5§’R
B—ro00 B,R—00

Proof. We showed in Step 3 of the proof of Theorem 1 that the zero temperature limit
of the Fermi level corresponding to the subsystem is the midpoint of the two middle
eigenvalues. This is purely based upon the fact we have some finite spectrum and so we

can equally apply this result to o(H(z + u)). Therefore, we have

5§’R(u) — % (ep(u) +Er(u)) as f — o0

where £5(1) = €40, (1) and Eg(u) = 40y . (u). Therefore lim ™ (u) exists but need
= ol B—o0
not be equal to %(gR + ) due to the introduction of new eigenvalues inside the band

gap. 0
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Step 4. Under the assumptions of Theorem 2, in the case of a metal, the zero temperature
and thermodynamic limits of the Fermi level exist and commute:

lim lim ep®(u) = lim lim e2%(u) = lim &2
R—o00 B—00 f—o00 R—00 B,R—00

Proof. We know that hm lim 5FR(u) = lim gﬁ’R by Step [2| and Theorem 1. Further,
B—00 R—00 B,R—o0

hm 2R (1) exists by Step

Since Blim eof(u) = +(ep(u) +Er(u)), we only need to show that, in the case of a metal,
— 00

ep(u),r(u) — € = € as R — oo. However, this follows from the description of the

perturbed spectrum. Indeed, for all § > 0, there exists a &’ > 0 such that

R R R - R
Shon_p 0 < epu) < Chon iy +94 and Shon yy T 0 <Egr(u) < €hon y iy + 0.

Taking R — oo, we obtain

1 1
pE D) IS fim Jim &) < 5le+ D) +o
Since 0 > 0 was chosen arbitrarily, we can conclude. O
B.R _B.#
e (u) / 33
Step 5. Under the assumptions of Theo- g | g
1
rem 2, the limit J%im ma en™(u) ewists, k lim e (u) k% Jim lim &7 (u)
—00 B—00 !
;EI;OE‘;’R . ﬁ’ggoogé’ja metal

Proof. Recall, we only prove this step for isolated eigenvalues in the band gap. For the
case of a metal, this has been shown in Step |4l and so we assume that there is a band gap

in the spectrum.

We will simply show that the newly introduced eigenvalues in the band gap converge as

R — oo. We will use the following lemma:

Lemma 3 (Lemma 2.2 [6]). Suppose that H' is a Hamiltonian satisfying TB and let

¢ C C be a curve in the complex plane such that
dist(€, o (H™)) > d

or some d > 0 independent of R. Then, there exists a pOSitiU@ constant o > O, indepen—
7y
dent 0fﬂ7 such that
‘(?‘l’ Z)Zk’ 2d- 16 v2l6=k]

for all z € € and each R.
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We suppose that there exists a single eigenvalue in the interior of the band gap for each
R and denote this eigenvalue by €gz. The band gap is a compact interval and so we
know there exists a convergent subsequence. We suppose there are two such subsequences
(Ry)n, (R),)n such that ep, — € and epr — ¢’ as n — oo where € # &' and ¢,¢’ are
contained in the interior of the band gap. This means we can find a (R-independent)

curve ¥ C C encircling the eigenvalues er and a positive constant 6 > 0 such that
1
§ < dist(c(H"),¢) and §< Z|€ — |
By removing finitely many terms from each sequence, we further suppose that cg, €
B(e;6) and ep, € B(e';6) for all n.

We will show that the eigenvector corresponding to eg (for R € {R,},) decays expo-
nentially and thus will show that it is “close” to an eigenvector corresponding to €g on
the larger domain Ag O Ag such that S € {R]},. We will then use the Inverse Func-
tion Theorem to conclude that there exists a nearby eigenvector with eigenvalue g, a

contradiction.

We let ¥i be an eigenvector of H? corresponding to ez and use the eigen-decomposition

of H® to show that the eigenvector has exponential decay:

1
i PG —HY) N dz = Yp @ Y. (4.12)

Now, by applying Lemma [3] we have: for each ¢,k € Ag

[Yr(O)Wr(k)] < Cre 2+l

for some positive (R-independent) constant C;. We therefore obtain the required expo-

nential decay of the eigenvector:
lhp(l;a)| < Cre 2l (4.13)
for all « € = and ¢ € Ap.
For given R and Ryys < R let us define the sets
Ay =Ag_p,, and OAr = Agp\A%.
Now for a given S > R we define @/;R on Ag by
Frltia) = Yr(la) if 0 e Ay

0 otherwise.
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If ¢ € Ag \ Ag then, by (TB), we have

HEDn(60)| =[S0 D7 () vk 8)

BEE keAS,

< Cle~ 1M Rbui/2

for some C > 0 independent of R, Ry; and S. Moreover, for ¢ € A, we have

HOD(La) =D > (R (k; B)

BEZ kEAG

=cpt(la) =Y > (M) w(k: B).

BeEE k€OAR

We can therefore write
HIYR(l; @) = erth (@) + Mg Ry (6 Q)

where

‘T]R,Rbuf(g; O[)‘ g Ci’e*'ymaX{Rbuf’Rbeuf}
for some positive constants C, ~v > 0 independent of R, Ry and S.
At this point we introduce the Inverse Function Theorem [I7, Theorem 2.1]|:

Inverse Function Theorem. Suppose F': X — Y is Fréchet differentiable at a point
g € X where X,Y are two Banach spaces. Further, suppose that DF(xq) is invertible
and that there exists strictly positive constants n, o, L > 0 such that the following holds

2Lo%*n < 1

1E(zo)lly <7
IDF(x0) lop < 0

|DF(x) — DF(2)||,p < Lljx — 2'|| x for all x,z" € B(xo,20n).

Then there ezists a unique v € B(xo,20m) such that F(x) = 0.

We now fix R = R,, and Ry, sufficiently large so that

~ 1
—v max{ Rypuf, R— R 2
Ce Y { buf buf} < _ 6

and S = R, > R for some m. To obtain a contradiction, we will now show that e is an

eigenvalue of H°. We introduce the function F defined by
F() = H') — ex.

40



Notice that zeros ¢* of F' such that ||¢*|| # 0 correspond to eigenvectors with eigenvalue
er. By our choice of R and Rpus, we know ||[F(¥g) e < 102, Moreover, differentiating,
we have

DF(¢) = H® —erl

which is clearly satisfies the Lipschitz condition from the Inverse Function Theorem. By
choice of §, we know that

IDF(g) M <o

Now, the condition 2Lo%n < 1 is satisfied with L = 1,0 = §~',n = 16% and so, there is a
zero ¢* of F' satisfying ||¢* — QZRH < % In particular, as ¥z is normalised, we have that
¢* is non-zero and thus is an eigenvector of H° with corresponding eigenvalue . This

implies eg = €, a contradiction. O

Remark 5. We again stress that we do not prove Theorem 2 in full generality. We have
only shown that Step @ holds in the case of single isolated eigenvalues in the band gap (as

was the case i Erample . This can be extended to multiple isolated eigenvalues in the

band gap. In this case, the projector in (4.14) will now take the form Zj wg) ® 1/11(;{) and

stmilar arguments can be made. If the eigenvalues cluster as R — oo, or we have repeated

etgenvalues, more arqguments are needed.
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