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Abstract

We apply the super-cell method to de�ne Fermi levels on �nite sub-lattices within the

framework of the canonical ensemble and tight binding model. These Fermi levels of course

depend on the size of the sub-lattice and the model, but also on temperature via the Fermi-

Dirac distribution. We show that the zero temperature and thermodynamic limits of the

Fermi levels exist and commute. We then perturb the system by considering more general

con�gurations of the lattice and �nd that, in the case of metals, the aforementioned results

still hold. In the more complex case of insulators, we note that the results break down

due to the introduction of new eigenstates within the band gap.
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Chapter 1

Tight Binding Approximation

In this section we give a very brief introduction to the formulation of the tight binding

model, largely following [9]. Starting with the time independent Schrödinger equation,

we will explain the assumptions made in order to arrive at the tight binding model. For

a more detailed exposition, see [11, 13, 16, 20].

We shall consider a system consisting of M nuclei positioned at R1, · · · , RM ∈ R3 and

N electrons at r1, · · · , rN ∈ R3. We shall make the Born-Oppenheimer approximation

and assume that the nuclei positions are �xed. This is a good approximation in most

circumstances [9] and is based upon the fact that nuclei move very slowly relative to the

electrons in most cases.

The Hamiltonian is an operator, Ĥ, describing the total energy of the system. This

is composed of the kinetic energy and the potential energy operators. Since, we are

considering the nuclei as �xed, the kinetic energy operator is of the form

N∑
j=1

− ~2

2m
∆j

where ~ is the reduced Planck constant and m is the mass of the electron. On the other

hand, the energy due to the interactions between the electrons and nuclei is expressed in

the potential energy term:

1

2

∑
16j,k6N
j 6=k

e2

4πε0|rj − rk|
+
∑

16j6M
16k6N

−e2Zj
4πε0|rk −Rj|

where e is the electronic charge, Zj is the atomic number of atom the atom positioned at

Rj and ε0 is the permittivity of free space. This corresponds to the electron-electron and
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the electron-nuclei interactions respectively. The time-independent Schrödinger equation

takes the form of the eigenvalue problem for the operator Ĥ:

ĤΨ = EΨ. (1.1)

We call the Ψ satisfying this equation the many-body wave functions and E the cor-

responding energies. Notice that, for �xed nuclei positions, the complex-valued wave

functions only depend upon the position and spin of the electrons. The wave functions

are normalised so that they give rise to probability densities |Ψ|2 which represents the

probability of �nding the system in a given state [20].

Further, we shall make the mean �eld approximation in which the electron-electron in-

teractions are replaced by a term representing the average potential generated by the

electrons [9]. This is then added to the electron-nuclei potential giving an e�ective po-

tential which we will denote by V̂e�. Now, the Hamiltonian can be written as the sum of

single-particle contributions, Ĥj, and thus (1.1) becomes

N∑
j=1

ĤjΨ =
N∑
j=1

(
− ~2

2m
∆j + Ve�(rj)

)
Ψ = EΨ.

For the following, we shall denote by Ĥsp the single-particle Hamiltonian. Suppose we

are given a set of basis functions {φα( · −Rj)}α centred on each atom j. We assume that

we can approximate the solutions to the single-particle Schrödinger equation by linear

combination of our basis functions. That is, if ψ is some solution to the single-particle

Schrödinger equation with corresponding energy, ε, then there is some constants Cjα such

that

ψ(r) =
∑
jα

Cjαφα(r −Rj).

Now, since ψ is a solution to the single-particle equation, we know that∑
jα

CjαĤspφα(r −Rj) = ε
∑
jα

Cjαφα(r −Rj).

After multiplying on the left by some φβ(· − Rk) and integrating over space, we obtain

the following matrix equation:

HC = εSC

where H and S are the Hamiltonian and overlap matrices repectively:

Hjα,kβ :=

∫
φβ(· −Rk)Ĥspφα(· −Rj) and Sjα,kβ :=

∫
φβ(· −Rk)φα(· −Rj).
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This matrix equation is known as the Kohn-Sham equation and of course depends upon

the choice of basis [9]. In the tight binding framework, a minimal set of basis functions

consisting of atomic-like orbitals is chosen. These functions are localised (tightly bound)

around the atomic positions and so o�-diagonal entries of the overlap matrix are small.

In this report, we will only consider orthogonal tight binding where the overlap matrix

is assumed to be the identity. This assumption can be justi�ed by replacing the atomic

orbitals by Löwdin functions [19, 15].

After making the simplifying assumption that the e�ective potential can be written as a

sum of contributions centred on each atom:

Ve�(r) =
∑
j

V
(j)
e� (r −Rj),

we can see that the Hamiltonian matrix elements are composed of on-site terms and two-

and three-centre integrals. On-site terms only depend upon a single atomic position and

are of the form ∫
φβ(· −Rj)

(
−1

2
∆ + V

(j)
e� (· −Rj)

)
φα(· −Rj).

On the other hand, taking j 6= k, we have two-centre contributions of the form∫
φβ(· −Rk)

(
−1

2
∆

)
φα(· −Rj) and∫

φβ(· −Rk)V
(j)
e� (· −Rj)φα(· −Rj)

which only depend on the vector between Rk and Rj and three-centre contributions of

the form ∑
l 6=j,k

∫
φβ(· −Rk)

(
V

(l)
e� (· −Rl)

)
φα(· −Rj).

Since we have these integrals between each pair of atoms and each combination of atomic

orbitals, the number of integrals is very large for large systems. Even if we neglect three-

centre integrals, which is done in a number of tight binding models [9], and consider Nb

orbitals, the number of Hamiltonian entries between each pair of atoms is Nb
2. It can be

shown however [19], that the number of variables can be drastically reduced by considering

the various symmetries of the atom-like orbitals.

3



Chapter 2

Homogeneous Lattice

2.1 De�nitions & Results

We shall consider the in�nite homogeneous lattice Λ := Zd and �nite subsystems ΛR :=

{−R + 1, · · · , R}d ⊂ Λ with periodic boundary conditions. This is for simplicity of

notation and the same results hold in the more general case of Bravais lattices without

any complication.

We will denote by Ξ a �nite set of nΞ atomic orbitals and thus, the Hamiltonian matrix

for the �nite subsystem ΛR will be a Ξ × Ξ block matrix consisting of (2R)d × (2R)d

blocks. We further interpret (ψα(`))α∈Ξ
`∈ΛR

as a vector in the following way:

HR =


Hα1α1 · · · Hα1αnΞ

...
. . .

...

HαnΞ
α1 · · · HαnΞ

αnΞ

 and (ψα(`))α∈Ξ
`∈ΛR

=


(ψα1(`))`

...

(ψαnΞ (`))`

 .

Thus, we have the following matrix-vector multiplication:

(
HRψ

)α
`

=
∑
β∈Ξ

∑
k∈ΛR

Hαβ
`k ψ

β(k).

We make the following standard assumptions on the Hamiltonian:

Assumption (Sym). The Hamiltonian is symmetric: for each `, k ∈ ΛR and α, β ∈ Ξ

Hαβ
`k = Hβα

k` .
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Assuming the following two-centre approximation will allow us to explicitly calculate

eigenvalues of the Hamiltonian:

Assumption (2C). There exist functions hαβ ∈ `1(Λ) such that, for each α, β ∈ Ξ and

`, k ∈ Λ we have

Hαβ
`k = hαβ(k − `).

The continuous and discrete Brillouin zones associated with, respectively, Λ and ΛR, will

be important for discussing the energy bands (de�ned in Proposition 1) of the system.

These are, respectively, de�ned by

BZ := (−π, π]d and BZR :=

{
− π +

jπ

R
: j = 1, · · · , 2R

}d
⊂ BZ.

Under the above assumptions, we can obtain explicit formulae for the energy bands of

the system:

Proposition 1. Suppose that our Hamiltonian matrices on Λ satis�es (TB), (Sym) and

(2C). Then, there exists nΞ continuous functions εα : BZ→ R for α ∈ Ξ such that

σ(HR) = {εα(k) : k ∈ BZR, α ∈ Ξ}.

We shall call the functions εα(·) energy bands corresponding to the Hamiltonian. More-

over, the energy bands are given as the nΞ roots of the equation

det
(
ĥ(k)− ε(k)IdΞ

)
= 0

where ĥ(k) is the nΞ × nΞ matrix composed of the Fourier transforms ĥαβ(k), for each

α, β ∈ Ξ.

Remark 1. In general, the labelling of the energy bands is not unique. The non-uniqueness

results from the fact that energy bands may intersect. We will �x some choice of contin-

uous energy bands εα : BZ → R for α ∈ Ξ. These maps are of course real-valued by the

symmetry of the Hamiltonian.

By Proposition 1, we know that that the spectrum, σ(HR), is uniformly bounded in R.

Thus, for the remainder of this report, we shall �x [σ, σ] such that σ(HR) ⊂ [σ, σ].

We now introduce the Fermi-Dirac distribution fβ(·) given by

fβ(E) =
1

1 + eβE
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which gives the probability of an electron occupying a particular energy level [9]. The

parameter β > 0 is equal to (kBT )−1 where kB is the Boltzmann constant and T is the

absolute temperature. We will consider the zero temperature limit (β → ∞) and so we

note that

f∞(E) := lim
β→∞

fβ(E) =


1 if E < 0

1
2

if E = 0

0 if E > 0.

For a given chemical potential τ , we can de�ne the local particle number for each �nite

subsystem (R <∞) by

Nβ,R
# (τ) :=

2

#σ(HR)

∑
α∈Ξ

∑
k∈BZR

fβ(εα(k)− τ)

for each β ∈ (0,∞]. As shown in [5] for the local particle number and other local

observables, we can consider the thermodynamic limit (R → ∞) of the local particle

number to obtain the local particle number for the in�nite crystal, denoted by Nβ,#
# (·).

In the case of the two-centre approximation that we are considering, we obtain

Nβ,#
# (τ) =

2

nΞ

∑
α∈Ξ

1

|BZ|

∫
BZ

fβ(εα(k)− τ) dk.

It will be useful to consider ρR and the density of states, ρ, which are probability measures

de�ned by

ρR(A) :=
1

nΞ

∑
α∈Ξ

1

#BZR
#{k ∈ BZR : εα(k) ∈ A} and

ρ(A) :=
1

nΞ

∑
α∈Ξ

1

|BZ|
|{k ∈ BZ: εα(k) ∈ A}|

for every Borel A ⊂ R. These de�nitions lead to simple formulae for the local particle

number functions:

Nβ,R
# (τ) = 2

∫
fβ( · − τ) dρR and Nβ,#

# (τ) = 2

∫
fβ( · − τ) dρ.

Remark 2. It is important to note that the spectrum corresponding to each �nite sub-

system is contained within the support of the density of states. Indeed, if we take some

eigenvalue of HR then, as shown in Proposition 1, it is of the form εα(k) for some α ∈ Ξ

and k ∈ BZR. By the continuity of εα(·) on BZ, we necessarily have ρ(N) > 0 for all

open sets N that contain εα(k).
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(a) Band structure of Silicone (left), a semiconductor, and Carbon (right), an insulator.

(b) Band structure of Aluminium, a metal.

Figure 2.1: Band structure of typical semiconductors, insulators and metals [13]. Here,

the symbols on the x-axis represent high symmetry points in the Broullin zone.

We now make the following assumption on the energy bands:

Assumption (E). There exists a constant M < ∞ such that, for all α ∈ Ξ and τ ∈ R,

the level sets {k ∈ BZ: εα(k) = τ} contain at most M points.

In particular, (E) asserts that the energy bands are not constant on any open ball con-

tained in BZ. Therefore, for all τ ∈ R, we have that ρ({τ}) = 0. As we shall see,

this assumption is satis�ed for all the mathematical examples we consider in this report.

Moreover, the energy bands resulting from real materials satis�es this assumption in a

large number of cases. This is demonstrated in Figure 2.1 for typical insulators, metals

and semiconductors.
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We shall consider the canonical ensemble in which the number of electrons are �xed. In

this case, the Fermi level is de�ned so that we have the correct number of electrons in the

system [9]:

De�nition 1 (Fermi Level for �nite temperature). Fix some 0 < β <∞ and R ∈ N. We

de�ne εβ,RF and εβ,#F to be the unique solutions of the non-linear equations

Nβ,R
# (εβ,RF ) = 1 and Nβ,#

# (εβ,#F ) = 1 respectively.

We call εβ,RF (and εβ,#F ) the Fermi Level for β <∞ and the �nite system ΛR (and for the

in�nite lattice Λ respectively).

Remark 3. Note that, Nβ,R
# and Nβ,#

# are strictly increasing continuous functions and

thus have strictly increasing continuous inverses. Furthermore, Nβ,R
# (τ)→ 0 as τ → −∞

and Nβ,R
# (τ)→ 2 as τ →∞ and so De�nition 1 is valid.

Now, if it is possible, we similarly de�ne the zero temperature Fermi Level for the in�nite

crystal:

De�nition 2 (Fermi level for zero temperature). In the case that there exists a unique

τ ∈ R satisfying

N∞,## (τ) = 1,

we denote this τ by ε∞,#F and call it the zero temperature Fermi Level for the in�nite

lattice Λ.

De�nition 2 asserts that, at zero temperature, exactly half of the total number of electronic

states are �lled [4].

Notice that, if the De�nition 2 is not satis�ed for a unique value, then there exists an

interval [ε, ε] of positive length such that N∞,## ≡ 1 on [ε, ε]. The maximal such interval

is known as the band gap.

The �rst main aim of this report is to prove the following theorem:

Theorem 1 (Fermi levels commute). Suppose that, for each R ∈ N, we have a Hamil-

tonian HR satisfying (Sym) and (2C). Moreover, suppose that the corresponding energy

bands satisfy (E). Then, the zero temperature and thermodynamic limits of the Fermi

levels commute and satisfy

lim
R→∞

lim
β→∞

εβ,RF = lim
β→∞

lim
R→∞

εβ,RF = ε∞,#F :=
1

2
(ε+ ε).
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Furthermore, we may take the diagonal limit,

lim
R→∞

εβR,RF = ε∞,#F ,

for any sequence (βR)R such that βR > 0 for all R and βR →∞ as R→∞.

Theorem 1 allows us to extend the de�nition of ε∞,#F to the case where we have a band

gap (i.e. when De�nition 2 no longer applies). In Sections 2.2 and 2.3, we shall discuss

examples of this result and a full proof will be given in Chapter 4.

2.2 Examples: Metals

We �rst consider the case of metals where there is no band gap in the thermodynamic

limit of the spectrum. This means that the Fermi level on the in�nite crystal at zero

temperature is well de�ned. Throughout this section, we will assume that there is only

one atomic orbital per atom. This is for simplicity of notation but does not a�ect the

results described.

We will now see the calculation of εβ,RF and εβ,#F for a simple two centre approximation

model that only accounts for nearest neighbour interactions:

Example 1. Denoting by ej the standard basis vectors of Rd, we assume that the Hamil-

tonian matrix takes the form:

h(`) =


h0 if ` = 0

h1 if ` = ±ej for some j = 1, · · · , d

0 otherwise.

As shown in Proposition 1, the eigenvalues are given by:

ε(k) = ĥ(k) =
∑
`∈ΛR

h(`)ei`·k = h0 + 2h1

d∑
j=1

cos(kj). (2.1)

for k ∈ BZR. We will show that this means εβ,RF = h0 for all �nite β > 0 and R > 0.

Proof. Without loss of generality, we may assume that h0 = 0. If not, we can always

shift the Hamiltonian so that the diagonal entries are zero. We note that by (2.1), it is

9



clear that σ(HR) is symmetric about 0. Moreover, since #σ(HR) = (2R)d is even, we can

conclude that we have an even number of zero eigenvalues. This, along with the fact that

fβ(E) + fβ(−E) = 1 for all E and β ∈ (0,∞], means that we have∑
ε∈σ(HR)

fβ(ε) =
(2R)d

2

and so εβ,RF = 0 for each β and �nite R.

Now, for the thermodynamic limit, we will show that εβ,#F = 0. By the periodicity of the

cosine function, we have∫
(−π,π]d

fβ
(
2h1

∑
j

cos(kj)
)

dk = 2d
∫

(0,π]d
fβ
(
2h1

∑
j

cos(kj)
)

dk

After de�ning g(k) = fβ
(
2h1

∑
j cos(kj)

)
, we have g(k) = 1−g(π1−k) for each k ∈ (0, π]d

where 1 = (1, . . . , 1). This means that the area inside the box (0, π]d × [0, 1] bounded

above by the surface yd+1 = g(k) is equal to that bounded below by the same surface. We

therefore obtain∫
(0,π]d

fβ
(
2h1

∑
j

cos(kj)
)

dk = πd −
∫

(0,π]d
fβ
(
2h1

∑
j

cos(kj)
)

dk =
πd

2
.

This means that the original integral is equal to (2π)d

2
and so εβ,#F = 0. We have thus

showed that εβ,RF = εβ,#F = 0 for all R > 0, β ∈ (0,∞].

For this particular example, �rstly we have shown that εβ,RF = h0 for all β,R and thus,

trivially, εβ,RF converges in the thermodynamic limit. Moreover, we have seen that the

limiting value is εβ,#F . Also, in the case of Example 1, it is trivial to see that the limits

lim
β→∞

εβ,#F and lim
R→∞

εβR,RF (for any choice of βR →∞) exist. This is in agreement with the

claims made in Theorem 1.

In addition, Theorem 1 asserts that lim
β→∞

εβ,#F = ε∞,#F which, since we are assuming there

is only one energy band, is given by De�nition 2. For the case of Example 1, we have

εβ,#F = h0 for all β, and so we also have ε∞,#F = h0.

To complete this section, we look at the case where the Hamiltonian is given by a two-

centre approximation and show an example where the zero temperature Fermi Level for

the in�nite lattice need not be h0. This also means that the zero temperature limit of

εβ,#F need not be h0 for a general two-centre approximation model.
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Example 2. In this example, we consider d = 1 and the Hamiltonian given by

h(`) =



h0 for ` = 0

h1 for ` = ±1

h2 for ` = ±2

0 otherwise.

In the following we will take h1 = h2 = 1
2
for simplicity and, without loss of generality,

take h0 = 0. In this case, the spectrum in the thermodynamic limit is given by

ε(k) = cos(k) + cos(2k) for k ∈ BZ. (2.2)

Because we only have one energy band, ε∞,#F is well de�ned by De�nition 2. Recall, this

is the τ satisfying

π

2
=

∫ π

0

f∞(ε(k)− τ) dk = |{k ∈ [0, π] : cos(k) + cos(2k) < τ}|.

Let us �nd points k ∈ [0, π] such that ε(k) = τ . By applying the double angle formula and

(2.2), we know that ε(k) = τ is equivalent to

2 cos2(k) + cos(k)− (τ + 1) = 0.

If this equation had no roots then, by continuity, cos(k) + cos(2k) − τ would be always

positive or always negative. This clearly means τ is not the required Fermi level. Solving

this quadratic equation in cos(k), we have

cos(k) =
−1

4
± 1

4

√
Dτ where Dτ = 8τ + 9.

Supposing that −1
4
± 1

4

√
Dτ ∈ [−1, 1], allows us to �nd k±τ ∈ [0, π] such that

cos(k±τ ) = −1

4
± 1

4

√
Dτ

Now, cos(k) + cos(2k) < τ exactly on the interval (k+
τ , k

−
τ ) and so

|{k ∈ [0, π] : ε(k) < τ}| = k−τ − k+
τ .

In order to �nd the Fermi level, we therefore wish to solve k−τ = k+
τ + π

2
. Taking cosines

of both sides and using the fact that cos(x+ π/2) = − sin(x), we have

−1

4
− 1

4

√
Dτ = − sin

(
cos−1

(
−1

4
+

1

4

√
Dτ

))
= −

√
1−

(
−1

4
+

1

4

√
Dτ

)2

.

11



Rearranging this yields Dτ = 7 and τ = −1
4
. Since −1

4
± 1

4

√
7 ∈ [−1, 1], the calculations

above are valid and the Fermi level that we are interested in is ε∞,#F = −1
4
.

2.3 Examples: Insulators

As shown in Section 2.2, for a band gap to be present, we will need to consider more than

one atomic orbital per atom. We will now see an explicit example to show that the energy

bands need not overlap and so band gaps are possible.

Example 3 (Two orbitals per atom). This example is adapted from [13] and [20]. Firstly,

we shall consider the �nite 1 dimensional system ΛR := {−R + 1, · · · , R} endowed with

periodic boundary conditions. Each atom in the system will be associated with two atomic

orbitals. We shall consider the 5−parameter Hamiltonian matrix given by a simple nearest

neighbour model. That is, if we use the notation ` ∼ΛR k to mean ` and k are nearest

neighbours in ΛR then, for all `, k ∈ ΛR and α, β ∈ {1, 2}, we have

Hαβ
`k =



hα0 if ` = k and α = β

hα1 if ` ∼ΛR k and α = β

h12
1 if ` ∼ΛR k and α 6= β

0 otherwise

for some constants h1
0, h

2
0, h

1
1, h

12
1 , h

2
1. Because of the translational symmetry in the sys-

tem, we may apply the calculation in Proposition 1 to conclude, for each k ∈ BZR, the

eigenvalues are solutions to the equation

|ĥ(k)− ε(k)I| = 0.

A simple calculation reveals

ĥ(k) =

h1
0 + 2h1

1 cos(k) 2h12
1 cos(k)

2h12
1 cos(k) h2

0 + 2h12
1 cos(k)


and thus we obtain the quadratic in ε(k):

ε(k)2 − ε(k)
(
h1

0 + 2h1
1 cos(k) + h2

0 + 2h2
1 cos(k)

)
+

+
(
h1

0 + 2h1
1 cos(k)

) (
h2

0 + 2h2
1 cos(k)

)
−
(
2h12

1 cos(k)
)2

= 0.

12



After denoting a(k) := h1
0 + 2h1

1 cos(k) and b(k) := h2
0 + 2h2

1 cos(k), we see that the

discriminant of this quadratic is

(a(k) + b(k))2 − 4a(k)b(k) + 16(h12
1 cos(k))2 = (a(k)− b(k))2 + 16(h12

1 cos(k))2

and so we see that there are two energy bands given by:

ε±(k) =
a(k) + b(k)

2
±
√

(a(k)− b(k))2

4
+ 4(h12

1 cos(k))2.

It is easy to see that, for k ∈ BZR, these bands do not necessarily intersect as is the case

of Figure 2.2.

Figure 2.2: Energy bands resulting from the simple 5-parameter model from Example 3

with constants h1
0 = 0, h2

0 = 10, h1
1 = −1, h2

1 = 10 and h12
1 = 5. Left: the two energy bands

with the band gap shown in green. Right: associated approximate density of states.

For the remainder of this report, we will denote the band gap by [ε, ε]. Since N∞,## ≡ 1

on the whole band gap, we cannot use N∞,## (·) alone to de�ne ε∞,#F . We will instead show

that the zero temperature limit of εβ,#F exists and thus de�ne ε∞,#F := lim
β→∞

εβ,#F . Moreover,

we show that this limiting value is the midpoint of the band gap and is therefore consistent

with the de�nition of ε∞,#F given in the case of a metal (De�nition 2).
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The results described in this chapter can be summarised by the commutative diagram in

Figure 2.3.

εβ,RF εβ,#F

lim
β→∞

εβ,RF ε∞,#F := 1
2

(ε+ ε)

Figure 2.3: Commutative diagram representing Theorem 1. The horizontal arrows repre-

sent the thermodynamic limits (R → ∞) and the zero temperature limits (β → ∞) are

represented by the vertical arrows. The diagonal arrow represents the limit lim
R→∞

εβR,RF for

any choice of sequence of positive numbers βR →∞ as R→∞.
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Chapter 3

Defects

3.1 De�nitions & Notation

We shall now consider inhomogeneous lattice systems. This is equivalent to perturbing

the atoms of the homogeneous lattice by some displacement u : Λ → Rd. We shall see

how this perturbation a�ects the results described in Chapter 2.

Let Vm denote the set of all admissible con�guations y : Λ → Rd satisfying the following

non-interpenetration condition:

|y(`)− y(k)| > m|`− k| for all `, k ∈ Λ

for the positive constant m > 0.

In this setting, the Hamiltonian matrices also depend upon the con�guration y ∈ Vm and

the assumptions that we impose now take the following form:

Assumption (Sym). We further suppose that the Hamiltonian is symmetric: for all

y ∈ Vm
Hαβ
`k (y) = Hβα

k` (y)

for each `, k ∈ ΛR and atomic orbitals α, β ∈ Ξ.

Assumption (2C). There exist functions hαβ such that

Hαβ
`k (y) = hαβ(y(k)− y(`))

for each α, β ∈ Ξ and `, k ∈ Λ.

15



We introduce the following additional assumption on the Hamiltonian:

Assumption (TB). The functions hαβ are continuously di�erentiable and there exist

positive constants h0, γ0, h1, γ1 > 0 such that, for all y ∈ Vm

|hαβ(y(`)− y(k))| 6 h0e
−γ0|y(`)−y(k)| and

|∇hαβ(y(`)− y(k))| 6 h1e
−γ1|y(`)−y(k)|

for all `, k ∈ Λ and α, β ∈ Ξ.

Under these assumptions we again obtain the uniform boundedness of the spectrum:

Proposition 2 (Lemma 2.1 [6]). Under the assumptions (2C), (TB) and (Sym), the

spectrum of HR(y) is uniformly bounded in R independent of R and the con�guration

y ∈ Vm. That is, there exists σ, σ such that σ(HR(y)) ⊂ [σ, σ] for all R and y ∈ Vm.

It will be convenient to consider displacements u : Λ → Rd such that the con�guration

x + u ∈ Vm where x : Λ → Λ is the identity. For each γ > 0, we de�ne the semi-norm,

‖ · ‖γ, on the space of displacements by

‖u‖2
γ :=

∑
`,k∈Λ

e−2γ|`−k||u(`)− u(k)|2.

All of these semi-norms are equivalent, [7], and so we can de�ne the set of admissible

displacements by

Admm := {u : Λ→ Rd : ‖u‖γ <∞, and x+ u ∈ Vm}.

For a given displacement u ∈ Admm and chemical potential τ ∈ R, we can de�ne the local

particle number for each �nite subsystem

Nβ,R
# (u; τ) :=

2

#σ(HR(x+ u))

∑
ε∈HR(x+u)

fβ(ε− τ).

Thus, we can de�ne the Fermi level as we did for the homogeneous case:

De�nition 3. Fix β ∈ (0,∞), R ∈ N and displacement u ∈ Admm. We de�ne εβ,RF (u) to

be the unique solution of the non-linear equation

Nβ,R
# (u; εβ,RF (u)) = 1.

We call εβ,RF (u) the Fermi Level for β <∞ and the �nite system ΛR corresponding to the

displacement u.
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3.2 Results

Theorem 2. Suppose that HR is a Hamiltonian satisfying (Sym), (2C) and (TB).

Moreover, suppose that the energy bands corresponding to HR(x) satisfy (E). For an

admissible displacement u ∈ Admm (for some m > 0) we have

(1) The thermodynamic limit of the Fermi level coincides with the non-defect case:

lim
R→∞

εβ,RF (u) = εβ,#F for all β <∞

and thus the zero temperature limit of this quantity is ε∞,#F .

(2) The zero temperature limit lim
β→∞

εβ,RF (u) exists but is not, in general, equal to lim
β→∞

εβ,RF .

(3) In the case of a insulator, the limit lim
R→∞

lim
β→∞

εβ,RF (u) exists but, in general, is not

equal to ε∞,#F .

(4) In the case of a metal, the zero temperature and thermodynamic limits of the Fermi

level exist and commute:

lim
R→∞

lim
β→∞

εβ,RF (u) = lim
β→∞

lim
R→∞

εβ,RF (u) = lim
β,R→∞

εβ,RF .

Remark 4. It is important to note that we do not prove (3) in full generality. As we will

see, perturbing the system may introduce eigenvalues into the band gap. We only prove

(3) for the case where these eigenvalues are isolated. If the eigenvalues cluster as R→∞,

or we have repeated eigenvalues, more arguments are needed.

εβ,RF (u) εβ,#F

εβ,RF εβ,#F

lim
β→∞

εβ,RF (u) lim
R→∞

lim
β→∞

εβ,RF (u)

lim
β→∞

εβ,RF lim
β,R→∞

εβ,RF

(2)

(1)

(3)

metal

(4)

Figure 3.1: Commutative diagram to summarise both Theorem 1 and 2. Here, the hor-

izontal arrows represent thermodynamic limits (R → ∞) and vertical arrows are zero

temperature limits (β →∞). The labels correspond to the numbering of the statements

in Theorem 2.
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We now informally discuss the main ideas in the proof of Theorem 2 and give some

examples. A full proof is given in Chapter 4.

First of all, under the regularity assumptions on the functions hαβ, we can use Taylor's

Theorem to write

H(x+ u) = H + P (u) (3.1)

for some perturbation matrix P (u). We will see that, under the assumption on the

displacement, we will be able to write

P (u) = P (1)(u) + P (2)(u)

where P (1)(u) has �nite (R−independent) rank and P (2)(u) is a small perturbation in the

Frobenius matrix norm. In Proposition 3 and 4 below, we shall see how to deal with both

of these terms.

First we look at an example of how perturbing the homogeneous Hamiltonian by a �nite

rank matrix a�ects the spectrum.

Example 4. We shall consider the case of a one dimensional lattice with two atomic

orbitals per atom and the homogeneous Hamiltonian given by a nearest neighbour model.

That is, for atoms `, k ∈ ΛR and atomic orbitals indexed by α, β ∈ {1, 2}, we have

(
HR

hom

)αβ
`k

=



hα0 if ` = k and α = β

hα1 if ` ∼ΛR k and α = β

h12
1 if ` ∼ΛR k and α 6= β

0 otherwise

for some constants h1
0, h

2
0, h

1
1, h

12
1 , h

2
1. In Example 3, we gave a formula for the eigenvalues

of this Hamiltonian and plotted the energy bands for some choice of constants that gave

rise to a band gap (shown in Figure 2.2). We will now add a defect into the system and

see how this a�ects the spectrum. We will position the defect at 0 ∈ ΛR and suppose it

has the form of a simple nearest neighbour interaction. That is, we de�ne

(
HR

def

)αβ
`k

=



dα0 if ` = k = 0 and α = β

dα1 if `, k ∈ {0,±1}, ` ∼ΛR k and α = β

d12
1 if `, k ∈ {0,±1}, ` ∼ΛR k and α 6= β

0 otherwise
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for some choice of constants d1
0, d

2
0, d

1
1, d

2
1, d

12
1 . The spectrum of HR := HR

hom + HR
def is

plotted in Figure 3.2.

Figure 3.2: Spectrum of the homogeneous Hamiltonian alongside the spectrum of the

system after adding in a defect at ` = 0 ∈ Λ. Here, we take the simple nearest neighbour

model with constants h1
0 = 0, h2

0 = 10, h1
1 = −1, h2

1 = 10, h12
1 = 5, d1

0 = d2
0 = 10, d1

1 = d2
1 =

4, d12
1 = −1 and system size R = 30. The spectrum of the homogeneous system is shown

in blue circles and that of the defective system is in red.

We can see that the eigenvalues of the defective system are positioned between the eigen-

values of the homogeneous Hamiltonian. This interlacing property is the content of Propo-

sition 3 stated below.

For a real symmetric n×n matrix M , we use λj(M) to denote the jth smallest eigenvalue

of M . Further, we set λj(·) = −∞ for j 6 0 and λj(·) = +∞ for j > n. As alluded to in

Example 4, we will show that the eigenvalues of a �nite rank updated matrix satisfy the

following interlacing property:

Proposition 3 (Interlacing Property). Suppose we have n × n real symmetric matrices

A and B and further suppose that B has rank k. Then, there exists a k′ that does not

depends upon n such that,

λj−k′(A) 6 λj(A+B) 6 λj+k′(A) for all 1 6 j 6 n.

By Proposition 3, the �nite rank perturbation introduces only a �nite (R-independent)

number of eigenvalues outside the homogeneous density of states. Therefore, after only

perturbing the system by a �nite rank matrix, the density of states (in the thermodynamic

limit) will be unchanged. This means that the thermodynamic limit of the defective Fermi

level is the same as for the homogeneous case.

Despite this, in the case of an insulator, the newly introduced eigenvalues in the band gap

have an impact on the zero temperature limit of the Fermi level corresponding to a �nite

domain. We now see that this is the case for Example 4.
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Example 4 (continued). Figure 3.3 displays the zero temperature limits of the homoge-

neous and defective Fermi levels from Example 4 for a number of system sizes. It should

be clear that these are di�erent for each �xed R and that they converge to di�erent values

in the thermodynamic limit.

Figure 3.3: Zero temperature limits of the Fermi levels for increasing system size in the

case of a defect (red) and in the case of the homogeneous Hamiltonian (blue). Again, we

take the simple nearest neighbour model from Example 4 with constants h1
0 = 0, h2

0 =

10, h1
1 = −1, h2

1 = 10, h12
1 = 5, d1

0 = d2
0 = 10, d1

1 = d2
1 = 4, d12

1 = −1 and system size R

between 50 and 1000.

We have only discussed the case of a �nite rank perturbation but, as we will see in

Chapter 4, unless the displacement is compactly supported, the perturbation in (3.1) will

not have �nite R-independent rank. Instead, we will be able to write it as the sum of a

�nite rank matrix and a matrix that is small in the sense of the Frobenius norm. We will

then apply Weyl's Perturbation Theorem:

Proposition 4 (Weyl). Suppose we have a real symmetric matrix A and perturb it by

another real symmetric matrix P . Then, for each 1 6 k 6 n, we have that

|λk(A+ P )− λk(A)| 6 ‖P‖

for any sub-multiplicative matrix norm ‖ · ‖.
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A proof of this result along with more general inequalities involving the eigenvalues of

perturbed matrices can be found in [1].

In our case, this means that adding on the small perturbation does not change the spec-

trum by much. Therefore, we will be able to show that the thermodynamic limit of the

Fermi level at �nite temperature coincides with the non-defect case. Further, we shall

prove that, in the case of a metal, the thermodynamic and zero temperature limits of the

Fermi level exist and commute.
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Chapter 4

Proofs

Proof of Proposition 1. Let us �x R ∈ N and k ∈ BZR. We set ψ =
(
cα(k)ei`·k

)α∈Ξ

`∈Λ
for

some constants cα(k), normalised so that
∑

α |cα(k)|2 = 1. Now we can see that for α ∈ Ξ

and ` ∈ ΛR we have

(
HRψ

)α
`

=
∑
β∈Ξ

∑
m∈ΛR

Hαβ
`mψ

β(m)

=
∑
β∈Ξ

∑
m∈ΛR

Hαβ
`mc

β(k)eim·k

=
∑
β∈Ξ

∑
m∈ΛR

hαβ(m− `) ei(m−`)·kcβ(k)ei`·k (by de�nition of hαβ)

=
∑
β∈Ξ

(∑
m∈ΛR

hαβ(m) eim·k

)
cβ(k)ei`·k (by symmetry & choice of k)

=
∑
β∈Ξ

ĥαβ(k)ψβ(`)

Now, ψ is an eigenvector if and only if there exists some associated eigenvalue ε(k) satis-

fying the following equation

det
(
ĥ(k)− ε(k)InΞ

)
= 0. (4.1)

This means, for each �xed k ∈ BZR, the nΞ solutions (counting multiplicities) of this

equation are eigenvalues of HR. Since ĥ is a continuous function on BZ, the coe�cients

of the polynomial equation determining eigenvalues are continuous functions of k as well.

The complex roots of this equation, which we will denote by {εα(k)}α∈Ξ, are thus also

continuous functions of k [10].
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4.1 Proof of Theorem 1

In the following, we shall use the notation

σ(HR) = {εR1 6 · · · 6 εR#σR}

where #σR := #σ(HR) of course depends on R but also on the number of orbitals that

we are considering. Moreover, we de�ne εR := εR#σR
2

and εR := εR#σR
2

+1
. Also, recall that

we use [ε, ε] to denote the band gap of the spectrum in the thermodynamic limit. That

is, [ε, ε] is the maximal interval such that ρ([ε, ε]) = 0 and ρ((−∞, ε)) = ρ((ε,∞)) = 1
2
.

We �rst prove an important lemma that will be used a number of times in the proof of

Theorem 1:

Lemma 1. The local particle number satis�es the uniform convergence properties:

(1) lim
R→∞

‖Nβ,R
# (·)−Nβ,#

# (·)‖L∞ = 0 for each �nite β > 0,

(2) lim
β,R→∞

‖Nβ,R
# (·)−N∞,## (·)‖L∞ = 0.

In particular, property (2) implies that

Nβ,#
# (·)→ N∞,## (·) uniformly as β →∞ and

N∞,R# (·)→ N∞,## (·) uniformly as R→∞.

For all �nite R > 0 and compact intervals K such that N∞,R# (·) is a constant function on

K, we have

(3) lim
β→∞

‖Nβ,R
# (·)−N∞,R# (·)‖L∞(K) = 0.

Proof of (1). Fix β ∈ (0,∞). We know that Nβ,R
# (·) is a sequence of di�erentiable func-

tions converging pointwise to Nβ,#
# (·) as R→∞. Furthermore,∣∣∣∣ ∂∂τ Nβ,R

# (τ)

∣∣∣∣ =
2

nΞ

1

#BZR

∑
α∈Ξ

∑
k∈BZR

−β f ′β(εα(k)− τ) 6
1

2
β

and so ∂
∂τ
Nβ,R

# (·) is uniformly bounded inR (and τ). Now, a consequence of the Arzelà�Ascoli

Theorem [18], implies the uniform convergence of Nβ,R
# (·) as R→∞.

Proof of (2). For now, we assume the following properties which are shown after we have

seen the main ideas in the proof.

23



(a) ρ([τ − δ, τ + δ])→ 0 uniformly in τ as δ → 0,

(b) For all �xed δ > 0, ρR([τ − δ, τ + δ])→ ρ([τ − δ, τ + δ]) uniformly in τ as R→∞,

(c) ρR((−∞, τ))→ ρ((−∞, τ)) uniformly in τ as R→∞.

Let us �x η > 0. By (a), we choose δ > 0 such that ρ([τ − δ, τ + δ]) 6 η
6
for all τ . Next,

by (b) and (c), we can choose R′ > 0 su�ciently large such that ρR([τ − δ, τ + δ]) 6 η
3

and |(ρR − ρ)((−∞, τ))| 6 η
6
for all R > R′ and all τ . Choosing β′ su�ciently large such

that fβ(δ) 6 η
6
for all β > β′ allows to conclude: for all τ ∈ R,

|Nβ,R
# (τ)−N∞,## (τ)| 6 |Nβ,R

# (τ)−N∞,R# (τ)|+ |N∞,R# (τ)−N∞,## (τ)|

= 2

∣∣∣∣∫ (fβ − f∞)( · − τ) dρR

∣∣∣∣+ 2

∣∣∣∣∫ f∞( · − τ) d (ρR − ρ)

∣∣∣∣
6 ρR([τ − δ, τ + δ]) + 2fβ(δ) + 2 |(ρR − ρ)((−∞, τ))| 6 η

for all β > β′ and R > R′.

Now we return to the proofs of properties (a), (b) and (c):

(a) By (E), it is clear that, for each τ , we have

lim
δ→0

ρ([τ − δ, τ + δ]) =
1

nΞ

∑
α∈Ξ

1

|BZ|
lim
δ→0
|{k ∈ BZ: εα(k) ∈ [τ − δ, τ + δ]}|

=
1

nΞ

∑
α∈Ξ

1

|BZ|

∣∣∣∣∣⋂
δ>0

(εα)−1 ([τ − δ, τ + δ])

∣∣∣∣∣
=

1

nΞ

∑
α∈Ξ

1

|BZ|
| (εα)−1 ({τ})| = 0.

Now, since the sequence {ρ([τ − δ, τ + δ])}δ is monotonically decreasing (as δ → 0) for all

τ , we can invoke Dini's Theorem [12, Theorem 12.1] to conclude that the convergence is

in fact uniform in τ .

(b), (c): We shall apply the following proposition:

Proposition 5 (Cited in [2]). Let P and Pn be probability measures on R. Suppose

1. There is a dense set D such that Pn((−∞, t])→ P((−∞, t]) as n→∞ for all t ∈ D,

2. t 7→ P((−∞, t]) is a continuous function on R.
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Then we necessarily have that

sup
t∈R
|Pn((−∞, t])− P((−∞, t])| → 0 as n→∞.

It is clear that the conditions from Proposition 5 are satis�ed by D = R and the measures

Pn = ρn and P = ρ. This means that we have

sup
τ∈R
|ρR((−∞, τ ])− ρ((−∞, τ ])| → 0 as R→∞.

By (E), ρR({τ})→ 0 uniformly in τ and so we have (c). By noting that [τ − δ, τ + δ] =

(−∞, τ + δ] \ (−∞, τ − δ) we can conclude that (b) also holds.

Proof of (3). Fix a compact K such that N∞,R#

∣∣
K
is constant. We know that Nβ,R(·) is a

sequence of di�erentiable functions on K converging pointwise to the continuous function

N∞,R#

∣∣
K

(·) as β → ∞. Furthermore, since there is no eigenvalue of HR contained in K,

we have ∣∣∣∣ ∂∂τ Nβ,R
# (τ)

∣∣∣∣ =
2

nΞ

1

#BZR

∑
α∈Ξ

∑
k∈BZR

−β f ′β(εα(k)− τ)

6 2β max
ε∈σ(HR)

max
E∈K

fβ(|ε− E|)→ 0

as β →∞. In particular, ∂
∂τ
Nβ,R

# (·) is uniformly bounded in β (and τ). Again, we apply

a consequence of the Arzelà�Ascoli Theorem [18], to conclude.

We will now break the proof of Theorem 1 into �ve steps that correspond to each of the

limits in the commutative diagram.

Step 1. Using the assumptions from Theorem 1, we have

lim
R→∞

εβ,RF = εβ,#F for each �nite β > 0.

εβ,RF εβ,#F

1
2
(εR + εR) 1

2
(ε+ ε)

(5)(3)

(1)

(2)

(4)

Proof. Fix β ∈ (0,∞). By property (1) of Lemma 1 and the fact that Nβ,R
# (εβ,RF ) =

Nβ,#
# (εβ,#F ) = 1, we have

|Nβ,#
# (εβ,RF )−Nβ,#

# (εβ,#F )| 6 |Nβ,#
# (εβ,RF )−Nβ,R

# (εβ,RF )|+ |Nβ,R
# (εβ,RF )−Nβ,#

# (εβ,#F )|

−→ 0 as R→∞.

Since, Nβ,#
# (·) is a strictly increasing continuous function, there exists a continuous inverse.

In particular, we have εβ,RF → εβ,#F as R→∞.
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Step 2. Using the assumptions from Theorem 1, we have

lim
β→∞

εβ,#F = ε∞,#F :=
1

2
(ε+ ε).

εβ,RF εβ,#F

1
2
(εR + εR) 1

2
(ε+ ε)

(5)(3)

(1)

(2)

(4)

Proof. We �rst observe that εβ,RF ∈ [σ, σ] for each β,R. Indeed, we know that the spectrum

of the Hamiltonian is R−uniformly bounded in [σ, σ] and thus Nβ,R
# (τ) < 1 for all τ < σ

and similarly Nβ,R
# (τ) > 1 for all τ > σ. Furthermore, by Step 1, we have εβ,#F ∈ [σ, σ].

Thus, there exists a convergent subsequence (which we do not relabel) such that εβ,#F → ε

as β →∞ for some ε ∈ [σ, σ]. We will �rst show that N∞,## (ε) = 1 and so ε ∈ [σ, σ].

By the continuity of N∞,## (·) and uniform convergence of {Nβ,#
# (·)}β, we can see that

N∞,## (ε) = 1. Indeed:

|N∞,## (ε)− 1| 6 |N∞,## (ε)−N∞,## (εβ,#F )|+ |N∞,## (εβ,#F )−Nβ,#
# (εβ,#F )|

−→ 0 as β →∞.

Therefore, in the case of a metal, lim
β→∞

εβ,#F = ε∞,#F .

On the other hand, in the case of an insulator, we have shown that if εβ,#F → ε along

a subsequence, then we necessarily have ε ∈ [ε, ε]. We can use the fact that fβ(E) +

fβ(−E) = 1 to obtain

1 = Nβ,#
# (εβ,#F ) = 2

(∫
{τ<εβ,#F }

{
1− fβ(|τ − εβ,#F |)

}
dρ(τ) +

∫
{τ>εβ,#F }

fβ(|τ − εβ,#F |) dρ(τ)

)
.

Since

N∞,## (εβ,#F ) = 2ρ((−∞, εβ,#F ))
β→∞−−−→ N∞,## (ε) = 1,

for each �xed δ > 0,
∣∣ρ((−∞, εβ,#F ))− 1

2

∣∣ < δ for su�ciently large β. Thus, we have∣∣∣∣∣
∫
{τ<εβ,#F }

fβ(|τ − εβ,#F |) dρ(τ)−
∫
{τ>εβ,#F }

fβ(|τ − εβ,#F |) dρ(τ)

∣∣∣∣∣ 6 δ (4.2)

for all su�ciently large β. Therefore, for each r > 0 and su�ciently large β, we obtain

ρ([εβ,#F − r, εβ,#F )) fβ(r) 6
∫
{τ<εβ,#F }

fβ(|τ − εβ,#F |) dρ(τ)

6
∫
{τ>εβ,#F }

fβ(|τ − εβ,#F |) dρ(τ) + δ

6

(
1

2
+ δ

)
fβ(|ε− εβ,#F |) + δ
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and similarly,

ρ((εβ,#F , εβ,#F + r]) fβ(r) 6

(
1

2
+ δ

)
fβ(|ε− εβ,#F |) + δ.

Now, since δ > 0 was arbitrary, we necessarily have that

ρ([εβ,#F − r, εβ,#F )) fβ(r)

fβ(|ε− εβ,#F |)
and

ρ((εβ,#F , εβ,#F + r]) fβ(r)

fβ(|ε− εβ,#F |)
(4.3)

are bounded by some constant, C, independent of both r and β. We now �x δ > 0

su�ciently small such that ε+δ < ε−δ and note that εβ,#F is contained within (ε−δ, ε+δ)

for su�ciently large β.

At this point, we suppose that ε 6 1
2
(ε+ ε). For (4.3) to hold, we require

ρ([ε+ δ − r, ε− δ]) fβ(r)

fβ(|ε− (ε+ δ)|)
6
ρ([εβ,#F − r, εβ,#F )) fβ(r)

fβ(|ε− εβ,#F |)
6 C.

We have used ε 6 1
2
(ε+ ε) to conclude that fβ(|ε− εβ,#F |) 6 fβ(|ε− (ε+ δ)|). Choosing

r > |ε− (ε+ δ)| (4.4)

ensures ε+ δ − r < ε and so we have ρ([ε+ δ − r, ε− δ]) > 0. Now, we simply need

fβ(r)

fβ(|ε− (ε+ δ)|)
6 C

where C is independent of β. Since, for E1, E2 > 0, we have

lim
β→∞

fβ(E1)

fβ(E2)
=


0 if E1 > E2

1 if E1 = E2

∞ if E1 < E2,

we require r > |ε−(ε+δ)|. We have shown that if r > 0 satis�es (4.4) then r > ε−(ε+δ).

Therefore, we necessarily have ε− (ε+ δ) 6 (ε+ δ)− ε and thus ε > 1
2
(ε+ ε)− δ.

In the exact same way, if we instead assume ε > 1
2
(ε+ε) and use the uniform boundedness

ρ([ε+ δ, ε− δ + r])fβ(r)

fβ(|ε− εβ,#F |)
6
ρ((εβ,#F , εβ,#F + r])fβ(r)

fβ(|ε− εβ,#F |)
6 C

we can conclude that ε 6 1
2
(ε + ε) + δ. Since the choice of δ > 0 was arbitrary, we have

shown that ε = 1
2
(ε+ ε).
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Step 3. Using the assumptions from Theorem 1, we have

lim
β→∞

εβ,RF =
1

2
(εR + εR).

εβ,RF εβ,#F

1
2
(εR + εR) 1

2
(ε+ ε)

(5)(3)

(1)

(2)

(4)

Proof. For simplicity of notation, we de�ne

m := #

{
j 6

#σR
2

: εRj = εR

}
and m := #

{
j >

#σR
2

+ 1: εRj = εR

}
.

In the case that εR 6= εR, m,m are simply the multiplicities of εR, εR respectively.

Step 3(a): We will �rst show that, if the Fermi levels converge along a subsequence to

some value, then this value must be inside [εR, εR].

Note that, in the case that εR 6= εR, we have

N∞,R# (εR) = 1− m

#σR
, N∞,R# (εR) = 1 +

m

#σR
,

N∞,R# (τ) = 1 for τ ∈ (εR, εR)

(4.5)

and for εR = εR, we have

lim
τ ↑ εR

N∞,R# (τ) = 1− 2m

#σR
,

N∞,R# (εR = εR) = 1 +
m−m
#σR

,

lim
τ ↓ εR

N∞,R# (τ) = 1 +
2m

#σR
.

(4.6)

After possibly taking a subsequence (which we do not relabel), we can �nd an ε ∈ [σ, σ]

such that εβ,RF → ε as β →∞.

First, let us suppose that ε 6∈ σ(HR) and so we can �nd adjacent eigenvalues ε(1) < ε(2)

such that ε ∈ (ε(1), ε(2)). Since, N∞,R# (·) is constant on the interval (ε(1), ε(2)), we know,

by property (3) of Lemma 1, that Nβ,R
# (·) → N∞,R# (·) uniformly on compact subsets

K ⊂ (ε(1), ε(2)). Since, for large enough β, the sequence {εβ,RF } is contained in such a

compact set, we have

|N∞,R# (ε)− 1| 6 |N∞,R# (ε)−N∞,R# (εβ,RF )|+ |N∞,R# (εβ,RF )−Nβ,R
# (εβ,RF )|

→ 0 as β →∞.

Therefore, we can conclude that N∞,R# (ε) = 1. Using (4.5) and (4.6), it is clear that

εR 6= εR and ε ∈ (εR, εR).
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Now we instead assume that ε is an eigenvalue and �nd

ε(1) := max{τ ∈ σ(HR) : τ < ε} and ε(2) := min{τ ∈ σ(HR) : τ > ε}.

Let us choose δ > 0 su�ciently small such that ε(1) < ε − δ < ε < ε + δ < ε(2) and �nd

a β′ > 0 large enough so that εβ,RF ∈ (ε − δ, ε + δ) for all β > β′. As Nβ,R
# (·) is strictly

increasing for each β > 0, we know that

Nβ,R
# (ε− δ) < Nβ,R

# (εβ,RF ) < Nβ,R
# (ε+ δ) for all β > β′.

We can �rst suppose that εR 6= εR. If ε < εR then, as Nβ,R
# (·) converges pointwise to

N∞,R# (·) as β →∞, we have for all β > β′

1 = Nβ,R
# (εβ,RF ) 6 N∞,R# (ε+ δ) < N∞,R# (εR) = 1− m

#σR
< 1.

On the other hand, if ε > εR then for all β > β′

1 = Nβ,R
# (εβ,RF ) > N∞,R# (ε− δ) > N∞,R# (εR) = 1 +

m

#σR
> 1.

In both these cases we have a contradiction and thus ε ∈ [εR, εR] and so ε = εR or ε = εR.

In the case that εR = εR we can use a similar argument: if ε < εR = εR then ε + δ < εR

and so for all β > β′

1 = Nβ,R
# (εβ,RF ) 6 N∞,R# (ε+ δ) = 1− 2m

#σR
< 1.

On the other hand, if ε > εR = εR then ε− δ > εR and so for all β > β′

1 = Nβ,R
# (εβ,RF ) > N∞,R# (ε− δ) = 1 +

2m

#σR
> 1.

In both these cases we have a contradiction and so ε = εR = εR. We can conclude form

the above that if εβ,RF → ε along a subsequence, then we necessarily have that ε ∈ [εR, εR].

Step 3(b): Now, we will show that either εR = εR or the Fermi level is eventually

contained in (εR, εR) for large enough β. This will important for the �nal step where we

prove that ε = 1
2
(εR + εR).

We assume that εR 6= εR. If the Fermi level is not eventually contained in (εR, εR), there

exists some subsequence (which we do not relabel) such that εβ,RF 6 εR for each β or such

that εβ,RF > εR for each β. We only consider the former as the latter can be treated in the

exact same way. This gives

1 = Nβ,R
# (εβ,RF ) 6 Nβ,R

# (εR)→ N∞,R# (εR) = 1− m

#σR
< 1
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as β →∞, a contradiction.

Step 3(c): In the case that εR = εR, we have already shown that εβ,RF → 1
2
(εR + εR) as

β → ∞. We will therefore assume that εR 6= εR. We have seen that εβ,RF ∈ (εR, εR) for

each (su�ciently large) β > 0. We will show that ε = 1
2
(εR + εR).

Using the fact that fβ(E) = 1− fβ(−E) for all E, we obtain: for all τ ∈ (εR, εR)

Nβ,R
# (τ) =

2

#σR


#σR

2∑
j=1

{
1− fβ(|εRj − τ |)

}
+

#σR∑
j=

#σR
2

+1

fβ(|εRj − τ |)


= 1 +

2

#σR

−
#σR

2∑
j=1

fβ(|εRj − τ |) +

#σR∑
j=

#σR
2

+1

fβ(|εRj − τ |)

 .

We therefore obtain the equation

#σR
2∑
j=1

fβ(|εRj − ε
β,R
F |) =

#σR∑
j=

#σR
2

+1

fβ(|εRj − ε
β,R
F |) (4.7)

for each β su�ciently large. Now suppose again that εβ,RF → ε ∈ [εR, εR] along a subse-

quence as β → ∞. After �xing δ > 0, we know that εβ,RF is necessarily contained in the

interval (ε− δ, ε+ δ) for su�ciently large β. Using (4.7) we obtain the inequalities

mfβ(|εR − ε
β,R
F |) 6

#σR
2

fβ(|εR − εβ,RF |) and mfβ(|εR − εβ,RF |) 6
#σR

2
fβ(|εR − ε

β,R
F |)

which hold for su�ciently large β > 0. These give rise to the following equations

fβ(ε+ δ − εR)

fβ(εR − (ε+ δ))
6 C and

fβ(εR − (ε− δ))
fβ((ε− δ)− εR))

6 C (4.8)

for all β su�ciently large and some β independent constant C > 0. Now, the conditions

in (4.8) ensure that ε + δ − εR > εR − (ε + δ) and εR − (ε − δ) > (ε − δ) − εR. These

inequalities imply
εR + εR

2
− δ 6 ε 6

εR + εR
2

+ δ

and so, because the choice of δ > 0 was arbitary, we conclude that ε = 1
2
(εR + εR).
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Step 4. Using the assumptions from Theorem 1, we have

lim
R→∞

lim
β→∞

εβ,RF = ε∞,#F .

εβ,RF εβ,#F

1
2
(εR + εR) 1

2
(ε+ ε)

(5)(3)

(1)

(2)

(4)

Proof. We shall use the notation ε∞,RF := 1
2
(εR + εR). We know that, along a subsequence

(which we do not relabel), we can �nd ε, ` such that ε∞,RF → ε, N∞,R# (ε∞,RF ) → ` as

R→∞. This means that for all δ > 0 we can �nd a R′ > 0 such that ε−δ 6 ε∞,RF 6 ε+δ

for all R > R′. Since N∞,R# (·) is increasing and N∞,R# (·)→ N∞,## (·) pointwise as R→∞,

we obtain

N∞,R# (ε− δ) 6 N∞,R# (ε∞,RF ) 6 N∞,R# (ε+ δ)

and thus

N∞,## (ε− δ) 6 ` 6 N∞,## (ε+ δ).

By continuity of N∞,## (·) we have that ` = N∞,## (ε). We know

N∞,R# (ε∞,RF ) ∈
(

1− m

#σR
, 1 +

m

#σR

)
and so N∞,## (ε) = 1. Now, in the case that we do not have a band gap, N∞,## (·) is strictly

increasing and so ε is the required Fermi level.

Next, we consider the possibility of a band gap (ε 6= ε). We remark that, by Proposition 1,

we know that σ(HR) ⊂ suppρ and moreover, εR 6 ε and εR > ε for each R > 0. Suppose

that εR → ε along a subsequence as R → ∞. If ε < ε, then, for some small δ > 0,

we will have εR < ε + δ < ε for all su�ciently large R > 0. This however implies that,

for su�ciently large R, there are no eigenvalues of HR in the range (ε + δ, ε) and so

ρ((ε + δ, ε)) = 0 contradicting the choice of ε. Similarly, εR → ε as R → ∞. We have

thus shown that
1

2
(εR + εR)→ 1

2
(ε+ ε)

as R→∞.
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Step 5. Using the assumptions from Theorem 1, we have

lim
R→∞

εβR,RF = ε∞,#F where βR →∞ as R→∞.

εβ,RF εβ,#F

1
2
(εR + εR) 1

2
(ε+ ε)

(5)(3)

(1)

(2)

(4)

Proof. We again suppose that εβR,RF → ε along a subsequence (which we do not relabel)

as R→∞ for some ε ∈ [σ, σ]. Using the uniform convergence (Property (2) of Lemma 1),

we obtain

|N∞,## (ε)− 1| 6 |N∞,## (ε)−N∞,## (εβR,RF )|+ |N∞,## (εβR,RF )−NβR,R
# (εβR,RF )|

−→ 0 as R→∞.

In particular, if εβR,RF → ε along a subsequence as R → ∞ then we necessarily have

N∞,## (ε) = 1 and thus, in the case of a metal, ε = ε∞,#F .

When there is a band gap, we conclude as in Step 3(c): we have∑
j : εRj 6ε

fβR(|εRj − ε
βR,R
F |) =

∑
j : εRj >ε

fβR(|εRj − ε
βR,R
F |).

Assuming that |ε− ε| 6 |ε− ε| we can write the above as∑
j : |ε−ε|6|εRj −ε|6|ε−ε|

fβR(|εRj − ε
βR,R
F |) =

∑
j : εRj >ε

fβR(|εRj − ε
βR,R
F |)−

∑
j : |εRj −ε|>|ε−ε|

fβR(|εRj − ε
βR,R
F |)

where, since max
j
{εRj : εRj 6 ε} → ε as R → ∞, either the set of indices in the �rst

summation is non-empty for su�ciently large R or |ε − ε| = |ε − ε|. The latter would

imply ε = 1
2
(ε + ε) and so we assume the former. Therefore, for all ε − (ε − ε) 6 ξ 6 ε

we have |ε− ε| < |ε− ξ| < |ε− ε| and so

#{j : ε− (ε− ε) 6 εRj 6 ζ}
#σR

fβR(|ξ − εβR,RF |) 6 fβR(|ε− εβR,RF |)

for all R > 0. Therefore,

fβR(|ξ − (ε− δ)|)
fβR(|ε− (ε+ δ)|)

6
fβR(|ξ − εβR,RF |)
fβR(|ε− εβR,RF |)

6 C

for some constant C and all su�ciently large R > 0. This implies that we have (ε−δ)−ξ >

ε− (ε + δ) and so we necessarily have that ε > 1
2
(ε + ε). In the same way, if we instead

assumed |ε − ε| > |ε − ε| then we can conclude ε 6 1
2
(ε + ε). We have shown that

εβR,RF → ε∞,#F as R→∞.
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4.2 Proof of Theorem 2

We start by proving the interlacing property:

Proof of Proposition 3. We �rst consider the case of a rank one perturbation. Let A be a

real symmetric matrix and B a real symmetric rank one matrix. We will �rst show that

the eigenvalues of A+B interlace those of A:

Lemma 2 (Stated in [3]). Suppose we have n× n real symmetric matrices A and B and

further suppose that B is of rank one. Then, either

λ1(A+B) 6 λ1(A) 6 · · · 6 λk(A+B) 6 λk(A) 6 · · · 6 λn(A+B) 6 λn(A) or

λ1(A) 6 λ1(A+B) 6 · · · 6 λk(A) 6 λk(A+B) 6 · · · 6 λn(A) 6 λn(A+B).

For now, we assume Lemma 2. If we instead consider a rank k matrix, B, it is easy to

see that B can be written as the sum of a �nite number, k′, of rank one matrices. After

applying Lemma 2 a �nite number of times, we can conclude.

Proof of Lemma 2. First, assuming B 6= 0, we can �nd a normalised real vector u and

some scalar α such that B = αuuT . We simply compute the characteristic polynomial of

A+B at a point λ 6∈ σ(A):

pA+B(λ) := det(A+ αuuT − λI)

= det(A− λI) det(I + α(A− λI)−1uuT ).

Applying the Matrix Determinant Lemma [8], we obtain

pA+B(λ) = pA(λ)(1 + αuT (A− λI)−1u).

That is, if A has eigenvalues λ1 6 · · · 6 λn with associated eigenvectors
(
v(j)
)
j
, then

pA+B(λ) = pA(λ)

(
1 + α

n∑
j=1

(
u · v(j)

)2

λj − λ

)
.

Therefore, eigenvalues of A+B are either eigenvalues of A or roots of the equation

g(λ) := α
n∑
j=1

(
u · v(j)

)2

λ− λj
= 1. (4.9)
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Figure 4.1: Plot of the function g(λ) = α
n∑
j=1

(u·v(j))
2

λ−λj where A is the 4× 4 diagonal matrix

with diagonal (1 2 3 4) and B = αuuT with α = 1 and u = (1 1 1 1)T . We can see that

solutions to the equation g(·) = 1 satisfy the interlacing property described in Lemma 2.

We take 1 6 j 6 n such that λj is not an eigenvalue of A + B. Since (A+B) v(j) =

λjv
(j) + α

(
u · v(j)

)
u, we can see that u · v(j) 6= 0. We de�ne k ∈ N ∪ {∞} by

k := inf{m : λm > λj and u · v(m) 6= 0}.

Therefore λm ∈ σ(A+B) for each λj < λm < λk and so

g(λ) −→


+∞ as λ↘ λj

−∞ as λ↗ λk if k <∞

0 as λ→∞ if k =∞.

Moreover, after de�ning

I :=

(λj, λk) if k <∞

(λj,∞) if k =∞,

we know that, g(·) is a strictly decreasing continuous function on I and thus there is a

unique solution to g(·) = 1 on I. We will denote this solution by λ∗. Thus, we can see
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that for j 6 m < k,

λm(A+B) =


λm+1 if λ∗ > λm+1

λ∗ if λm 6 λ∗ 6 λm+1

λm if λ∗ < λm

and thus we have the required interlacing property. The α < 0 case can be treated in the

exact same way.

Throughout the proof of Theorem 2 we shall use the notation ‖ · ‖F for the Frobenius

norm and will write

σ(HR(x+ u)) = {εR1 (u) 6 · · · 6 εR#σR(u)}

where #σR := #σ(HR(x+ u)) of course depends on R but also on the number of orbitals

that we are considering.

Step 1. Using the notation of Theorem 2, we have that for all δ > 0, there exists a matrix

P1(u) with �nite R-independent rank such that

H(x+ u) = H(x) + P1(u) + P2(u)

and ‖P2(u)‖F 6 δ.

Proof. Since the hαβ are C1 functions, we can apply Taylor's theorem to conclude that

for each `, k ∈ Λ and α, β ∈ Ξ, there exists ξαβ`k = (` − k) + θ(u(`) − u(k)) for some

θ = θ(`, k, α, β) ∈ [0, 1] such that

hαβ(y(`)− y(k)) = hαβ(`− k) +∇hαβ(ξαβ`k ) · (u(`)− u(k)). (4.10)

This means that we can write H(x + u) = H(x) + P (u) where the perturbation P (u) is

given by

P (u)αβ`k = ∇hαβ(ξαβ`k ) · (u(`)− u(k)).

Since x ∈ Vm and x+ u ∈ Vm, we know that x+ θu ∈ Vm. This, together with (TB) and

the fact that ξαβ`k = (x+ θu)(`)− (x+ θu)(k) gives

|∇hαβ(ξ`k)| 6 h1e
−γ1|ξ`k| 6 h1e

−γ1m|`−k|. (4.11)
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Further, as u ∈ Admm, we have

‖P (u)‖F 6 nΞh1‖u‖γ <∞

where γ := γ1m > 0. We will use this to write P (u) as the sum of a matrix of �nite R

independent rank and a small perturbation in the Frobenius norm.

Fix an arbitrary δ > 0 and choose Rδ > 0 such that

‖P (u)‖2
F −

∑
α,β∈Ξ

∑
`,k∈ΛRδ

(
P (u)αβ`k

)2

6 δ2

Now, we can write the perturbation P (u) as the sum of two contributions P1(u) and P2(u)

where

P (u)αβ`k =

P1(u)αβ`k if both `, k ∈ ΛRδ

P2(u)αβ`k otherwise.

By the choice of Rδ, we know that ‖P2(u)‖F 6 δ. On the other hand, the rank of P1(u)

is �nite and only depends on Rδ and the number of orbitals that we are considering.

We now see how this a�ects the spectrum of the Hamiltonian. For �xed R, we are con-

sidering the spectrum of HR(x+u) = HR(x) +P1(u) +P2(u). Since P1(u) has some �nite

rank k′, independent of R, we may apply Proposition 3, to conclude that the spectrum of

HR(x)+P1(u) has the interlacing property. That is, after denoting the jth smallest eigen-

values of HR and HR + P1(u) by εj and ε̃j respectively, we have that εj−k′ 6 ε̃j 6 εj+k′

for each k′ < j 6 #σR − k′. Now, by Proposition 4, adding on P2(u) to the resulting

Hamiltonian can only perturb each eigenvalue by at most ‖P2(u)‖F 6 δ.

Now we see what this description of the perturbed spectrum means for the associated

Fermi levels.

Step 2. Using the assumptions from Theo-

rem 2, for all β > 0, we have

lim
R→∞

εβ,RF (u) = εβ,#F .

εβ,RF (u) εβ,#F

εβ,RF εβ,#F

lim
β→∞

εβ,RF (u) lim
R→∞

lim
β→∞

εβ,RF (u)

lim
β→∞

εβ,RF lim
β,R→∞

εβ,RF

metal

Proof. First of all, we note that Step 1 of Theorem 1 still holds in this more general case.

That is, εβ,RF (u) converges to the solution, τ , of the following equation

2

∫
fβ(ε− τ) dρ′(ε) = 1
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where ρ′ is the density of states corresponding to the perturbed system:

ρ′(A) = lim
R→∞

1

#σR
#
(
σ(HR(x+ u)) ∩ A

)
for all Borel A ⊂ R. Therefore, to complete this step, we only need to show that the

density of states corresponding to the perturbed Hamiltonian is the same as in the ho-

mogeneous case. We now �x some interval (a, b) ⊂ R and show that ρ((a, b)) = ρ′((a, b)).

From the interlacing property (Proposition 3), adding on the �nite rank perturbation to

the homogeneous spectrum may introduce at most k′ eigenvalues into the interval from

each end point. On the other hand, by the same argument, no more than 2k′ eigenvalues

can leave the interval. Since k′ is independent of R, the density of states corresponding

to only adding this �nite rank perturbation is unchanged. Now, by introducing the small

perturbation matrix, we perturb the spectrum by at most δ. We therefore obtain,

ρ((a+ δ, b− δ)) 6 ρ′((a, b)) 6 ρ((a− δ, b+ δ)).

As δ > 0 was chosen arbitrarily, we can conclude that ρ = ρ′. We have thus shown that

lim
R→∞

εβ,RF (u) = εβ,#F .

Step 3. Using the assumptions from Theo-

rem 2, we have that

lim
β→∞

εβ,RF (u) exists.

εβ,RF (u) εβ,#F

εβ,RF εβ,#F

lim
β→∞

εβ,RF (u) lim
R→∞

lim
β→∞

εβ,RF (u)

lim
β→∞

εβ,RF lim
β,R→∞

εβ,RF

metal

Proof. We showed in Step 3 of the proof of Theorem 1 that the zero temperature limit

of the Fermi level corresponding to the subsystem is the midpoint of the two middle

eigenvalues. This is purely based upon the fact we have some �nite spectrum and so we

can equally apply this result to σ(HR(x+ u)). Therefore, we have

εβ,RF (u)→ 1

2
(εR(u) + εR(u)) as β →∞

where εR(u) := ε#σR
2

(u) and εR(u) := ε#σR
2

+1
(u). Therefore lim

β→∞
εβ,RF (u) exists but need

not be equal to 1
2
(εR + εR) due to the introduction of new eigenvalues inside the band

gap.
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Step 4. Under the assumptions of Theorem 2, in the case of a metal, the zero temperature

and thermodynamic limits of the Fermi level exist and commute:

lim
R→∞

lim
β→∞

εβ,RF (u) = lim
β→∞

lim
R→∞

εβ,RF (u) = lim
β,R→∞

εβ,RF .

Proof. We know that lim
β→∞

lim
R→∞

εβ,RF (u) = lim
β,R→∞

εβ,RF by Step 2 and Theorem 1. Further,

lim
β→∞

εβ,RF (u) exists by Step 3.

Since lim
β→∞

εβ,RF (u) = 1
2
(εR(u) + εR(u)), we only need to show that, in the case of a metal,

εR(u), εR(u) → ε = ε as R → ∞. However, this follows from the description of the

perturbed spectrum. Indeed, for all δ > 0, there exists a k′ > 0 such that

εR#σR
2
−k′
− δ 6 εR(u) 6 εR#σR

2
+k′

+ δ and εR#σR
2

+1−k′
− δ 6 εR(u) 6 εR#σR

2
+1k′

+ δ.

Taking R→∞, we obtain

1

2
(ε+ ε)− δ 6 lim

R→∞
lim
β→∞

εβ,RF (u) 6
1

2
(ε+ ε) + δ.

Since δ > 0 was chosen arbitrarily, we can conclude.

Step 5. Under the assumptions of Theo-

rem 2, the limit lim
R→∞

lim
β→∞

εβ,RF (u) exists.

εβ,RF (u) εβ,#F

εβ,RF εβ,#F

lim
β→∞

εβ,RF (u) lim
R→∞

lim
β→∞

εβ,RF (u)

lim
β→∞

εβ,RF lim
β,R→∞

εβ,RF

metal

Proof. Recall, we only prove this step for isolated eigenvalues in the band gap. For the

case of a metal, this has been shown in Step 4 and so we assume that there is a band gap

in the spectrum.

We will simply show that the newly introduced eigenvalues in the band gap converge as

R→∞. We will use the following lemma:

Lemma 3 (Lemma 2.2 [6]). Suppose that HR is a Hamiltonian satisfying TB and let

C ⊂ C be a curve in the complex plane such that

dist(C , σ(HR)) > d

for some d > 0 independent of R. Then, there exists a positive constant γ2 > 0, indepen-

dent of R, such that ∣∣(HR − z)−1
`k

∣∣ 6 2d−1e−γ2|`−k|

for all z ∈ C and each R.
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We suppose that there exists a single eigenvalue in the interior of the band gap for each

R and denote this eigenvalue by εR. The band gap is a compact interval and so we

know there exists a convergent subsequence. We suppose there are two such subsequences

(Rn)n, (R
′
n)n such that εRn → ε and εR′

n
→ ε′ as n → ∞ where ε 6= ε′ and ε, ε′ are

contained in the interior of the band gap. This means we can �nd a (R-independent)

curve C ⊂ C encircling the eigenvalues εR and a positive constant δ > 0 such that

δ < dist(σ(HR),C ) and δ 6
1

4
|ε− ε′|.

By removing �nitely many terms from each sequence, we further suppose that εRn ∈

B(ε; δ) and εR′
n
∈ B(ε′; δ) for all n.

We will show that the eigenvector corresponding to εR (for R ∈ {Rn}n) decays expo-

nentially and thus will show that it is �close� to an eigenvector corresponding to εS on

the larger domain ΛS ⊃ ΛR such that S ∈ {R′n}n. We will then use the Inverse Func-

tion Theorem to conclude that there exists a nearby eigenvector with eigenvalue εR, a

contradiction.

We let ψR be an eigenvector of HR corresponding to εR and use the eigen-decomposition

of HR to show that the eigenvector has exponential decay:

1

2πi

∮
C

(z −HR)−1 dz = ψR ⊗ ψR. (4.12)

Now, by applying Lemma 3 we have: for each `, k ∈ ΛR

|ψR(`)ψR(k)| 6 C1e
−γ2|`−k|

for some positive (R-independent) constant C1. We therefore obtain the required expo-

nential decay of the eigenvector:

|ψR(`;α)| 6 C1e
−γ2|`| (4.13)

for all α ∈ Ξ and ` ∈ ΛR.

For given R and Rbuf < R let us de�ne the sets

Λo
R := ΛR−Rbuf

and ∂ΛR := ΛR \ Λo
R.

Now for a given S > R we de�ne ψ̃R on ΛS by

ψ̃R(`;α) :=

ψR(`;α) if ` ∈ Λo
R

0 otherwise.
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If ` ∈ ΛS \ ΛR then, by (TB), we have

∣∣∣HSψ̃R(`;α)
∣∣∣ =

∣∣∣∣∣∣
∑
β∈Ξ

∑
k∈Λo

R

(HS)αβ`k ψ(k; β)

∣∣∣∣∣∣
6 Ce−γ1mRbuf/2

for some C > 0 independent of R,Rbuf and S. Moreover, for ` ∈ ΛR, we have

HSψ̃(`;α) =
∑
β∈Ξ

∑
k∈Λo

R

(HS)αβ`k ψ(k; β)

= εRψ(`;α)−
∑
β∈Ξ

∑
k∈∂ΛR

(HS)αβ`k ψ(k; β).

We can therefore write

HSψ̃R(`;α) = εRψ̃(`;α) + ηR,Rbuf
(`;α)

where

|ηR,Rbuf
(`;α)| 6 C̃e−γmax{Rbuf,R−Rbuf}

for some positive constants C̃, γ > 0 independent of R,Rbuf and S.

At this point we introduce the Inverse Function Theorem [17, Theorem 2.1]:

Inverse Function Theorem. Suppose F : X → Y is Fréchet di�erentiable at a point

x0 ∈ X where X, Y are two Banach spaces. Further, suppose that DF (x0) is invertible

and that there exists strictly positive constants η, σ, L > 0 such that the following holds

2Lσ2η < 1

‖F (x0)‖Y 6 η

‖DF (x0)−1‖op 6 σ

‖DF (x)−DF (x′)‖op 6 L‖x− x′‖X for all x, x′ ∈ B(x0, 2ση).

Then there exists a unique x ∈ B(x0, 2ση) such that F (x) = 0.

We now �x R = Rn and Rbuf su�ciently large so that

C̃e−γmax{Rbuf,R−Rbuf} 6
1

4
δ2

and S = R′m > R for some m. To obtain a contradiction, we will now show that εR is an

eigenvalue of HS. We introduce the function F de�ned by

F (φ) := HSφ− εRφ.
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Notice that zeros φ∗ of F such that ‖φ∗‖ 6= 0 correspond to eigenvectors with eigenvalue

εR. By our choice of R and Rbuf, we know ‖F (ψ̃R)‖∞ 6 1
4
δ2. Moreover, di�erentiating,

we have

DF (φ) = HS − εRI

which is clearly satis�es the Lipschitz condition from the Inverse Function Theorem. By

choice of δ, we know that

‖DF (ψSR)−1‖ 6 δ−1.

Now, the condition 2Lσ2η < 1 is satis�ed with L = 1, σ = δ−1, η = 1
4
δ2 and so, there is a

zero φ∗ of F satisfying ‖φ∗ − ψ̃R‖ 6 1
2
. In particular, as ψ̃R is normalised, we have that

φ∗ is non-zero and thus is an eigenvector of HS with corresponding eigenvalue εR. This

implies εS = εR, a contradiction.

Remark 5. We again stress that we do not prove Theorem 2 in full generality. We have

only shown that Step 5 holds in the case of single isolated eigenvalues in the band gap (as

was the case in Example 4). This can be extended to multiple isolated eigenvalues in the

band gap. In this case, the projector in (4.12) will now take the form
∑

j ψ
(j)
R ⊗ ψ

(j)
R and

similar arguments can be made. If the eigenvalues cluster as R→∞, or we have repeated

eigenvalues, more arguments are needed.
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